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The Euler equations in conservative form

A system of 3 conservation laws

om+V-(puxu)+0d,P=0

0 E+V-u(E+P)=0

The vector of conservative variables (p,m, E)
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The Euler equations in primitive form
A non-linear system of PDE (quasi-linear form)
00 +udpo + poyu =0

1
ou+udu+ —0,P=0

o,

0P + uo,P + yPoyu =0

The vector of primitive variables (po,u, P)

We restrict our analysis to perfect gases P = (y — 1)pe
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The isothermal Euler equations

Conservative form with conservative variables U = (p, m)

3tp+3xm =0

o:m + 0y (pu2 + paz) =0

Primitive form with primitive variables W = (p, u)

0:p + udp + poxu =0

a2

O + uou + ;axp =0

a is the isothermal sound speed
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Systems of conservation laws

General system of conservation laws with F flux vector.
o,U+0,F(U)=0

Examples:

1- Isothermal Euler equations U = (p, m)

F = (up, um + paz)

2- Euler equation U = (p, m, E)
F = (up,um + P,u(E + P))

3- Ideal MHD equations U = (p, m., my, m;, E, By, By, B;)
2
F = (pra Vily + Py — Bx, Vxiy — BxBya Vil — Bsza

0,vxBy — vyB,,vyB; — vZBx)

Computational Astrophysics 2009 Romain Teyssier




Primitive variables and quasi-linear form

. . _ oF

We define the Jacobian of the flux function as: J(U) = —

oU

The system writes in the quasi-linear (non-conservative) form
We define the primitive variables W (U) IW
and the Jacobian of the transformation P = W

The system writes in the primitive (non-conservative) form

O:W +Ao,W =0

The matrix A is obtained by A = PJP"1

The system is hyperbolic if A or J have positive eigenvalues.
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The advection equation

Scalar (one variable) linear (u=constant)

a + ua =0
partial differential equation (PDE) tP xP

Initial conditions:  p(x,t = 0) = py(x)
Define the function: 1 (¢) = p(xg + ut,t)

Using the chain rule, we have: 0,1 = ud.o + 0,p =0

P is a Riemann Invariant along the characteristic curves defined by ¢y

////

Computational Astrophysics 2009 Romain Teyssier

4)'*




The isothermal wave equation

We linearize the isothermal Euler equation around some equilibrium state.

W =Wy, + AW

Using the system in primitive form, we get the linear system:
0:/AW + Ag0, AW =0

where the constant matrix has 2 real eigenvalues and 2 eigenvectors

- N 1 A
u-p A"=u+a Aa+=—(Ap+p—u)
A . 2 a
0_<a2 > 1 Au
— 4 A =u-a Aa/‘:_(Ap_p_)
P 2 a

The previous system is equivalent to 2 independent scalar linear PDEs.
O, Aa” + (u+a)d,Aa’ =0
0 Aa” +(u—a)d,Aa =0

Aa”™ (Aa™ ) is a Riemann invariant along characteristic curves moving
with velocity u + a (u — a)
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Riemann problem for isothermal waves

Initial conditions are defined by 2 semi-infinite regions with pieceweise
constant initial states (Apg, Aug) and (Apr, Auy)

¢ Mixed state
<€ >

0000
"‘: .t*tt*‘*.
o‘o‘o ‘0 SR 0‘0 KL
s
< > <€ >
Left state Right state

>» X

“Star” state is obtained using the 2 Riemann invariants.

x + -
X Ap™ = Aa; + Aay
u—a<?<u+a

At =2 (Aa; — Aayg)
Jo
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The adiabatic wave equation

1 (AP Au
(U ) Aot = —|— + p—
p0 A" =u+a N 2(a2 pa)
AP
N VA
o, - a
A =u—-a 1 (AP Au

P
We define the adiabatic sound speed: a2 =vy—

The system is equivalent to the 3 independent s'galar PDEs:
O, Aa” + (u+a)d,Aa” =0
A’ + ud,Aa® =0
0,Aa” + (u—a)d,Aa” =0
Aa”, Aaand Aa® are 3 Riemann invariants along characteristic curves

moving with velocityu +a,u — a and u .
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Riemann problem for adiabatic waves

Initial conditions are defined by 2 semi-infinite regions with pieceweise
constant initial states (Apg, Aug, APr) and (Apr, Au;, APp) .

2 mixed states
¢ <€ >

u—a u u+a

> X

< > <€ >
Left state Right state

Left “star” state: (-,0,+)=(L,R,R) and right “star” state: (-,0,+)=(L,L,R).

Auj p = g (Aaj — Aag)  App = A} + Ay + Aag

a
AP}, = 5 (Aaj +Aag)  Ap; = Aaj + Aa) + Ay
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The Burger’s equation

Scalar non-linear PDE 0,u + ud,u = 0 with initial data u(x, = 0) = ugp(x)
Isothermal Euler equation with vanishing sound speed (a=0)

u2

Biirger’s equation in conservative form J,u + d,— =0

Characteristic curve x(f) defined by x'(¢) = u(x(?), 1)
Defining 7 () = u(x(?),7) ,we have I'(f) = x' (£)0xu + Ou =0

I(t) = up(x) is a Riemann Invariant along characteristic lines.

4)'*

x = xo + u(xp)t

» X
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Shock formation

Implicit solution:  u(x, ) = ug(x — u(x, 1)t)

—u(x, Hu,(xo)
1+ tu(’)

O = uy(xo) (—u(x,t) — tou) gives O =

1

: ’
min MO

Solution diverges at finite time 7 = —

Discontinuities appear in the flow; uniqueness of the solution is lost.

Search for weak solutions of the flow with an entropy condition.
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Riemann problem for Burger’s equation

Initial conditions are defined by 2 semi-infinite regions with pieceweise
constant initial states ug and uy .

W R

Case 1: Uy > Ug

—>

Uy + U
2

Formation of a shock with velocity § =

Solution: If x < St then u(x,t) = ur else u(x,t) = ug
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Shock speed and the Rankine-Hugoniot relation

St
to /

ﬁ Fi, UL

~

Fr Ug

/ >» X
X1 X2

1) X)
Integral form of the conservation law I fx‘ (6,;U + 3xF) dxdt =0

X? X) 1) 1)
f U(t)dx — f U(t)dx + f F(xy)dt — f F(x))dt=0
X1 X1 h h

Shock relation: Fr —Fr, =8 (Ugr — UL)

t1

2 2
u u

Ur +u
Biirger’s equation: ZR— > =S8 (ugr — ur) gives S = R2 L
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Rarefaction wave

N\

Case 2: Uy < UR

Characteristics are diverging: a rarefaction wave fills the gap.

Solution: If X < urt then u(x,t) = ug
X
If urt < x < ugt then u(x,t) = —

If X > ugt then u(x,t) = ug

Another solution: a rarefaction shock ?
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Vanishing viscosity solution
We know from kinetic theory that the Euler equations are derived under the
LTE approximation: viscosity and conductivity are first-order non-LTE effects.
Goal: solve Burger’s equation with viscosity source term.

The entropy solution is the solution with v — 0

O + uou = v@iu

0, D 5
Hopf-Cole transform: u = —ZVF we get 0, = vo[ D

+00

Solution of the heat transfer equation ®(x, t) = f

—00

4yt

Y
Do(y) exp [— u]dy

Y
with initial condition  ®g(y) = exp [_ZLV f uo(z)dz]
0

=2 D(y) eXp[ (=g ]dy

[ ®o) exp |- 52" |dy

We finally get the viscosity solution u(x, ) =
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Riemann problem for vanishing viscosity

Initial conditions are defined by 2 semi-infinite regions with pieceweise
constant initial states ug and uy .

1 1

For y<0: ®¢(y) = exp |——ury| and for y>0: ®g(y) = exp|——ugry
P172y 2v

When v — 0O , the Gaussian converges towards a delta-function
X = Ymax

and the viscosity solution converges towards
t

where Vmax is the position of the minimum of the function defined by:

(y - x)° ~ x)?
For y<0 )’T +ury and for y>0 (yZ—t + URY

Exercise: show that the vanishing-viscosity solution is unique, and is either
a compression shock or a rarefaction wave.
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Riemann invariants for propagating waves

Define the 3 differential forms:

1 (dP  du 1 (dP  du dpP
+ — — — - e — — —
dI* =S| +p—| dI" = 5|5 —p dr’ —

These are Riemann invariants along the characteristic curves (u+a, u-a, u)
Exercise: using AP = 0P + (u + a)c?xP and the Euler system in

primitive form, show that the previous forms are invariants along their
characteristic curve.

Right-going waves satisfy dl™ = d[o =0
Left-going waves satisfy dJ T = dIO =0
Entropy waves satisfy dJ T = d/I” =o
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Left-going rarefaction wave

N\

The entropy is conserved across the fan

pY T
P(x,t) = PL(_) a(x,t) = aL(ﬁ)

PL PL
4 2a
dJ ™ = 0 across the fan, which gives U + " = constant
’)/ —
2 (x vy-1
Writing X = (U — a)f weget u(x,r) = ——\|— + ur + a
( ) (x, 1) o (t UL L)
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Right-going shock wave

.

Because we have a discontinuity, Riemann invariants are not valid anymore:
we use Rankine-Hugoniot shock relations

pLur — prur = S (oL — Pr)

—>

pLu; + P — prug — Pg = S (oLur — prUg)

(Er + Pr)ur — (Eg + Pr)ugr = S(EL — ER)
One parameter (shock speed) family, fully specified by the right-state.

Exercise: show that for a stationary shock, we get 71 = PrUR = constant
and m(up —ug) + (P — Pr)=0
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Contact discontinuity

)4

Both Riemann invariants and Rankine-Hugoniot relations gives:

t

—>

Py = Pgr up =ugp but pr # PR

Characteristic are moving parallel to each other.
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The Sod shock tube

Analytical solution: we match the pressure and the velocity at the tip
of the rarefaction wave with the pressure and velocity after the shock.
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The Sod shock tube

time Space-time diagram of mass density

position
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Conclusion

- Hyperbolic systems of conservation laws

- Propagation of waves and formation of shocks

- Vanishing-viscosity solution and weak solutions

- Exact solutions to various Riemann problems
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Next lecture: Hydrodynamics 3

Exact solution to the Riemann problem are used to design numerical schemes.

Fundamental property: self-similarity with respect to variable x/t

Toro, E.F., “Riemann Solvers and Numerical Methods for Fluid Dynamics: A Practical
Introduction ”, 2nd Edition, Springer
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