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If you can talk brilliantly about a problem, it
can create the consoling illusion that it has been
mastered.

Stanley Kubrick

· Klimontovich distribution: Fα(t, r,v) =
∑Nα

i=1 δ(r −Rαi(t))δ(v − Vαi(t))

· Liouville equation:
dPN
dt

.
=
∂PN
∂t

+ {PN ,H} = 0

· Bogoliubov timescale hierarchy: ωp(lnΛ/Λ) ∼ νcoll ∼ (L/λmfp)t
−1
dyn ∼ (L/λmfp)

2 t−1
diff

· BBGKY hierarchy: collisional evolution of fα depends on gαβ ∼ fαfβ/Λ, collisional
evolution of gαβ depends on hαβγ ∼ fαfβfγ/Λ2, etc.

· Balescu–Lenard collision operator:(
∂fα
∂t

)
BL

=
∑
β

∫
dk

(2π)3
k

mα
· ∂
∂v

×
∫

dv′
∣∣∣∣ 4πqαqβ
k2D(k ·v,k)

∣∣∣∣2πδ(k ·v − k ·v′)( k

mα
· ∂
∂v
− k

mβ
· ∂
∂v′

)
fα(v)fβ(v

′),

which is obtained by solving BBGKY after (i) neglecting hαβγ and higher-order corre-
lation functions, (ii) taking fα to be constant and homogeneous in the equation for gαβ ,
and (iii) adopting a Markov assumption that gαβ is not correlated with its past self (so
as to drop gαβ in the source term of its evolution equation).

· Landau collision operator:(
∂fα
∂t

)
Landau

=
∑
β

Γαβ
2

∂

∂v
·
∫

dv′ U(v − v′) ·
(

1

mα

∂

∂v
− 1

mβ

∂

∂v′

)
fα(v)fβ(v

′),

where Γαβ
.
= 4πq2

αq
2
β lnλαβ/mα and U(u)

.
= (I − ûû)/|u|. This is equivalent to the

Balescu–Lenard operator after setting D = 1 and truncating the k-space integral to get∫
dk/k → lnλαβ .

· Boltzmann’s H theorem: The entropy S(t)
.
= −

∑
α

∫
dx fα(t,x) ln fα(t,x) cannot

decrease. If
∫
dx ln fα(∂fα/∂t)c = 0, then fα is a Maxwell–Boltzmann distribution.
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· Test-particle superposition principle: A weakly coupled plasma may be treated as an
ensemble of uncorrelated test charges that are “dressed” by equilibrated Debye clouds.

· Polarization drag: The drag on a moving, charged particle caused by its Debye cloud
lagging behind it. The energy lost by the particles from this drag takes on the form of
radiated plasma waves that are Landau-resonantly absorbed by other plasma particles,
provided a minimum amount of thermal “noise” in the plasma.

· Bremsstrahlung: “Braking radiation” caused by a particle (usually an electron) be-
ing decelerated and deflected by the (dressed) Coulomb potential of another charged
particle (usually an ion). Its transverse (i.e., electromagnetic) polarization has power
∝Z2nineT

1/2
e and its spectrum is cut off at frequency ν = ω/2π ≈ Te/h. Such formulae

are used to determine, e.g., the density and temperature of X-ray-emitting astrophysical
plasmas, the Zeff of fusion plasmas, the density fluctuations in laser-plasma experiments,
and the neutron yield in ICF experiments.

· Fokker–Planck equation:

∂f

∂t
= − ∂

∂v
·
(
Af
)
+

1

2

∂

∂v

∂

∂v
:
(
Bf
)
,

where A .
= lim∆t→“0” 〈∆v〉/∆t and B .

= lim∆t→“0” 〈∆v∆v〉/∆t are, respectively, the
drag and diffusion coefficients. This equation is obtained from the master equation
after adopting the Markov assumption and only small jumps in v space. An example
Fokker–Planck equation for pitch-angle scattering is

∂f

∂t
= ν

∂

∂ξ

(
1− ξ2

2

∂f

∂ξ

)
,

for which Aξ = −νξ and Bξξ = ν(1− ξ2).

· Langevin equation:

dv

dt
= −γv + a(t), with 〈a(t)〉 = 0 and 〈a(t)a(t′)〉 = εδ(t− t′).

The provided statistics for the random acceleration a(t) are called “white noise”, and rely
on the Markov assumption. The statistical solution to this equation provides 〈v2(t)〉 →
ε/2γ

.
= v2

th/2 as t→∞, i.e., thermalization. The corresponding Fokker–Planck equation
governing the probability P = P (t, v),

∂P

∂t
=

∂

∂v

(
γvP

)
+
ε

2

∂2P

∂v2
,

may be obtained by calculating the short-time jump moments from the Langevin
equation.

· Krook (or BGK) operator: C[f ] = −ν(f − fM) given some specified relaxation rate ν
and target Maxwellian fM.

· Lenard–Bernstein (or Dougherty) operator:

C[f ] = ν
∂

∂v
·
[
(v − u)f +

v2
th

2

∂f

∂v

]
,

given some specified relaxation rate ν, target flow velocity u, and thermal speed vth.
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· Lorentz (or pitch-angle-scattering) operator:

C[f ] = ν(v)L[f ] .= ν(v)

[
∂

∂ξ

(
1− ξ2

2

∂f

∂ξ

)
+

1

2(1− ξ2)

∂2f

∂φ2

]
Note that L[P`(ξ)] = − `(`+1)

2 P`(ξ), where P` are the Legendre polynomials.

· Rosenbluth potentials:

ϕβ(v)
.
=

∫
dv′ fβ(v

′)
1

|v − v′|
and ψβ(v)

.
=

∫
dv fβ(v

′)|v − v′|;

alternatively, ∇2
vϕβ = −4πfβ and ∇2

vψβ = 2ϕβ . The drag and diffusion coefficients are
related to these potentials via

Aα =
∑
β

Γαβ

(
1

mα
+

1

mβ

)
∂ϕβ
∂v

and Bα =
∑
β

Γαβ
1

mα

∂2ψβ
∂v∂v

· Runaway particles: Because the drag force on a superthermal particle is ∝v−2, if some
persistent force is applied to the plasma, then this force will always be larger than than
the frictional drag force for sufficiently fast particles. Such particles can be accelerated to
high energies to form a population of runaways. If an applied electric field is larger than
the Dreicer field ED = (e/λ2

D) lnλ, then even ordinary thermal electrons can become
runaways.

· Spitzer–Härm problem: What is the electrical conductivity of a collisional plasma?
Apply electric field E, measure current density j, infer electrical conductivity σ = j/E =

number× (e2neτei/me), where τei
.
= 3
√
meT

3/2
e /(4

√
2πZ2e4ni lnλei) is the electron–ion

collision timescale. For the Krook operator, “number” = 1; for the Lorentz operator,
“number” = 32/3π; for the Landau operator, “number” ' 1.95 when Z = 1.

· Chapman–Enskog expansion: A systematic expansion of the kinetic equation using
ε
.
= λmfp/L � 1 as an ordering parameter. The leading-order solution (f0) is always

a Maxwellian whose first three moments correspond to number density n, bulk flow
velocity u, and temperature T . The next-order solution (f1) provides the distortion
in the velocity distribution function that is driven by local gradients in T and u and
constrained by collisions. Moments of f1 provide the heat flux q .

=
∫
dw 1

2mw
2wf1, the

viscous stress Π .
=
∫
dwm(ww − 1

3w
2I)f1, and higher-order moments (if desired).

· Braginskii expansion: A version of the Chapman–Enskog expansion with the following
additions: two species (electrons and ions, with

√
me/mi � 1), magnetization of all

species (ρα/λmfp,α � 1), high flows (uα/vth,i ∼ 1), comparable temperatures (Ti ∼ Te),
and βα ∼ 1. The result is the parallel, diamagnetic, and perpendicular transport of heat
and momentum, q = q‖ + q× + q⊥ and Π = Π‖ +Π× +Π⊥, with “ ‖ ” : “× ” :

“ ⊥ ” = 1 : ν/Ω : (ν/Ω)2.

· Braginskii heat flux:

q = −nκ‖b̂b̂ ·∇T − nκ×b̂×∇T − nκ⊥∇⊥T,

where the conductive diffusion coefficients satisfy κ‖ ∼ v2
thτ , κ× ∼ v2

th/Ω, and κ⊥ ∼
v2

th/(Ω
2τ). The electrons dominate the heat flux by a factor ∼

√
mi/me. [The full

Braginskii solution with the Landau collision operator has additional terms in q‖e and
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q⊥e proportional to the plasma current, which are caused by the speed dependence of
the collision frequency: slow electrons acquire the mean ion velocity more quickly than
fast electrons. The differential slowing-down of electrons with different energies gives
rise to an electron heat flux.]

· Braginskii viscous stress:

Π = −mnµ‖
(
b̂b̂− I

3

)(
b̂b̂− I

3

)
:W

+mnµ×

[
b̂×W ·

(
I + 3b̂b̂

)
−
(
I + 3b̂b̂

)
·W × b̂

]
−mnµ⊥

[
I⊥ ·Wi · I⊥ +

1

2
I⊥b̂b̂ :Wi + 4I⊥ ·Wi · b̂b̂+ 4b̂b̂ ·Wi · I⊥

]
,

where W .
= ∇u+ (∇u)T − 2

3 (∇·u)I is the rate-of-strain tensor, I⊥
.
= I − b̂b̂, and the

viscous diffusion coefficients satisfy µ‖ ∼ v2
thτ , µ× ∼ v2

th/Ω, and µ⊥ ∼ v2
th/(Ω

2τ). The
ions dominate the momentum flux by a factor ∼

√
mi/me.

Example #1: Compressible flow in Cartesian coordinates (x, y, z) with u = u(x)x̂ and
b̂ = x̂. Note that ∇u ‖ b̂, so the transport is entirely along the magnetic field. The
rate-of-strain tensor is W = 2(du/dx)(x̂x̂− I/3) and so

Π =Π‖ = −mnµ‖(x̂x̂− I/3)
4

3

du

dx
.

Example #2: Incompressible shear flow in Cartesian coordinates (x, y, z) with u = u(x)ŷ

and b̂ = ŷ. Note that ∇u ⊥ b̂, so the transport is entirely across the magnetic field.
The rate-of-strain tensor is W = (du/dx)(x̂ŷ + ŷx̂) and so

Π = −4mnµ×
du

dx
(ŷẑ + ẑŷ)− 4mnµ⊥

du

dx
(x̂ŷ + ŷx̂).

Suppose that n, T , and B are functions only of x. Then

−∇·Π =
d

dx

(
4mnµ⊥

du

dx

)
∝ d

dx

(
n2

B2T 1/2

du

dx

)
.

This stress is diffusively transporting linear y momentum across the magnetic field into
the x direction.

Example #3: Differentially rotating flow in cylindrical coordinates (R,φ, z) with u =

R$(R)φ̂ and b̂ = φ̂. Note that∇$ ⊥ b̂, so the transport is entirely across the magnetic
field. The rate-of-strain tensor is W = (d$/d lnR)(R̂φ̂+ φ̂R̂) and so

Π = −4mnµ×
d$

d lnR
(φ̂ẑ + ẑφ̂)− 4mnµ⊥

d$

d lnR
(R̂φ̂+ φ̂R̂).

Suppose that n, T , and B are functions only of R. Then

−∇·Π =
1

R2

d

dR

(
4mnµ⊥R

2 d$

d lnR

)
∝ 1

R2

d

dR

(
R3n2

B2T 1/2

d$

dR

)
.

This stress is diffusively transporting angular momentum across the magnetic field into
the radial direction.


