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PART I
Introduction

[in preparation]

PART II
Formulations of magnetohydrodynamics

To begin the course, we are going to obtain the equations of magnetohydrodynamics
(MHD) three different ways. The first way will be via conservation laws and simple
physical arguments. This way is the typical route to MHD via the theory of hydro-
dynamics, and should be familiar to you from GPPI. The second way will involve
taking moments of the Vlasov—Landau equation and adopting certain assumptions to
close the moment hierarchy that results. While less couched in physical reasoning, this
route is useful because it better emphasizes the assumptions inherent to MHD. The
third and final way will rely on a knowledge of charged particle drifts: we will make an
explicit connection between guiding-center motion, particle drifts, and the momentum
and induction equations of MHD, which unifies what the particles are doing with what
the fluid elements are doing. Each route to the MHD equations has its utility.

11.1. Equations of hydrodynamics via conservation laws

This route uses things that every physicist should know: mass is conserved, Newton’s
second law (force equals mass times acceleration), and the first law of thermodynamics
(energy is conserved).

II.1.1. Mass is conserved: the continuity equation

Consider a smooth gaseous fluid distributed according to its mass density p, which
in general is a function of time ¢ and position r. Imagine an arbitrary fixed volume V
enclosing some of that fluid. The mass inside of the volume is simply

M:/de. (IL1.1)
v

Now let’s mathematize our intuition: within this fixed volume, the only way the enclosed
mass can change is by material flowing in or out of its surface S:

M
d—i/dV@:—/dS-pu7 (I1.1.2)
a — J, ot s

where u is the flow velocity.
Y
u
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Gauss’ theorem may be applied to rewrite the right-hand side of this equation as follows:

/SdS-pu:/VdVV-(pu). (I1.1.3)

Because the volume under consideration is arbitrary, the integrands of the volume
integrals in (I1.1.2) and (II.1.3) must be the same. Therefore,

dp B
L4V (pu) =0 (IL.1.4)

This is the continuity equation; it’s the differential form of mass conservation.

Ezercise. Go to the bathroom and turn on the sink slowly to get a nice, laminar stream flowing
down from the faucet. Go on, I'll wait. If you followed instructions, then you’ll see that the
stream becomes more narrow as it descends. Knowing that the density of water is very nearly
constant, use the continuity equation to show that the cross-sectional area of the stream A(z)
as a function of distance from the faucet z is

A
Az) = e
V14 2gz/v2
where Ay is the cross-sectional area of the stream upon exiting the faucet with velocity vy and
g is the gravitational acceleration. If you turn the faucet to make the water flow faster, what
happens to the tapering of the stream?

11.1.2. Newton’s second law: the momentum equation

So far we have an equation for the evolution of the mass density p expressed in terms
of the fluid velocity w. How does the latter evolve? Newton’s second law provides the
answer: simply add up the accelerations, divide by the mass (density), and you’ve got
the time rate of change of the velocity. But there is a subtlety here: there is a difference
between the time rate of change of the velocity in the lab frame and the time rate of
change of the velocity in the fluid frame. So which time derivative of u do we take? The
key is in how the accelerations are expressed. Are these accelerations acting on a fixed
point in space, or are they acting on an element of our fluid? It is much easier (and
more physical) to think of these accelerations in the latter sense: given a deformable
patch of the fluid — large enough in extent to contain a very large number of atoms but
small enough that all the macroscopic variables such as density, velocity, and pressure
have a unique value over the dimensions of the patch — what forces are acting on that
patch? These are relatively simple to catalog, and we will do so in short order. But first,
let’s answer our original question: which time derivative of u do we take? Since we have
committed to expressing the forces in the frame of the fluid element, the acceleration
must likewise be expressed in this frame. The acceleration is not

Ju

ot
Remember what a partial derivative means: something is being fixed! Here, it is the
instantaneous position 7 of the fluid element. Equation (II.1.5) is the answer to the
question, “how does the fluid velocity evolve at a fixed point in space?” Instead, we wish
to fix our sights on the fluid element itself, which is moving. The acceleration we calculate
must account for this frame transformation:

_du dr
oot dt

(I1.1.5)

a -Vu, (I1.1.6)
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where dr/dt is the rate of change of the position of the fluid element, i.e., the velocity
u(t,r). This combination of derivatives is so important that it has its own notation:

D .o

Di 8t—&-u-V. (I1.1.7)
It is variously referred to as the Lagrangian derivative, or co-moving derivative, or convec-
tive derivative. By contrast, the expression given by (I1.1.5) is the Fulerian deriative. Note
that the continuity equation (II.1.4) may be expressed using the Lagrangian derivative
as

Dlnp

Dt

which states that incompressible flow corresponds to V -u = 0.

So, given some force f per unit volume that is acting on our fluid element, we now
know how the fluid velocity evolves: force (per unit volume) equals mass (per unit volume)
times acceleration (in the frame of the fluid element):

Du
f= Dr (I1.1.9)
Now we need only catalog the relevant forces. This could be, say, gravity: pg = —pV®.
Or, if the fluid element is conducting, electromagnetic forces. But the most deserving of
discussion at this point is the pressure force due to the internal thermal motions of the
particles comprising the gas. For an ideal gas, the equation of state is

_ phsT .

=—-V. u, (IL.1.8)

P pC?, (I1.1.10)

where T is the temperature in Kelvin, kg is the Boltzmann constant, m is the mass
per particle, and C' is the speed of sound in an isothermal gas. Plasma physicists often
drop Boltzmann’s constant and register temperature in energy units (e.g., €V), and I will
henceforth do the same in these notes. How does gas pressure due to microscopic particle
motions exert a macroscopic force on a fluid element? First, the pressure must be spatially
non-uniform: there must be more or less energetic content in the thermal motions of the
particles in one region versus another, whether it be because the gas temperature varies
in space or because there are more particles in one location as opposed to another. For
example, the pressure force in the x direction in a slab of thickness do and cross-sectional
area dy dz is
oP
[P(t, x—dz/2,y,2) — P(t,x +dz/2,y, z)]dydz =~ dv. (I1.1.11)

Unless the thermal motions of the particles are not sufficiently randomized to be isotropic
(e.g., if the collisional mean free path of the plasma is so long that inter-particle collisions
cannot drive the system quickly enough towards local thermodynamic equilibrium), there
is nothing particularly special about the x direction, and so the pressure force force acting
on some differential volume dV is just —VPdV.

Assembling the lessons we’ve learned here, we have the following force equation for our
fluid:

Du . 0

This equation is colloquially known as the momentum equation, even though it evolves
the fluid velocity rather than its momentum density. To obtain an equation for the latter,
the continuity equation (II.1.4) may be used to move the mass density into the time and
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space derivatives:

8(5):) + V- (puu) = %u + p%l; +pu-Vu+ V- (pu)u
= [Z)JrV-(W)]uﬁL,O(;ﬂLU'V) u
= [ 0 }u-kp%i: =f. (I1.1.13)
Thus, an equation for the momentum density:
8(gtu) 4V (puu) = —VP — pVP (T1.1.14)

This form is particularly useful for deriving an evolution equation for the kinetic energy
density. Dotting (I1.1.14) with w and grouping terms,

0 (1 1

which is a statement that the kinetic energy of a fluid element changes as work is done
by the forces.
Now, how do we know the pressure P? There’s an equation for that. ..

I1.1.3. First law of thermodynamics: the internal energy equation

There are several ways to go about obtaining an evolution equation for the pressure.
One way is to introduce the internal energy,

P
v—1

and use the first law of thermodynamics to argue that e is conserved but for P dV work:

(I1.1.16)

This is the internal energy equation.
Yet another way of expressing the internal energy equation (II.1.17) is to write e =
pT/m(y — 1) and use the continuity equation (II.1.4) to eliminate the derivatives of the
mass density. The result is
DInT
DI = —(vy—=1)V - u, (I1.1.18)
which states that the temperature of a fluid element is constant in an incompressible
fluid (wviz., one with V -u = 0). If this seems intuitively unfamiliar to you, consider this:
the hydrodynamic entropy of a fluid element is given by
1 1

= In Pp™7 =
7 7—1n P v—1

InTp'~. (I1.1.19)

Taking the Lagrangian time derivative of the entropy along the path of a fluid element
yields
Do DlnT Dlnp
— = —(vy—-1 .
ot~ ot O VT
It is then just a short trip back to (I1.1.8) to see that (II.1.18) is, in fact, the second law

(I1.1.20)
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of thermodynamics — entropy is conserved in the absence of sources or dissipative sinks:

Do

27 _p 11.1.21

In this sense, fluid elements in ideal hydrodynamics are thermodynamically isolated from
one another.

I1.1.4. Total energy conservation

Equation (I1.1.17) may be used to derive a total (kinetic + internal + potential) energy
equation for the fluid as follows. Do (I.1.15) + (IL.1.17):

e
= —(y=1)V-(eu) — pu-Vd

;(1;)11 +e> +V- [(;puz—kve)u] =—pu-Vo. (I1.1.22)
Now use the continuity equation (II.1.4) to write
D g
a(gt ) LV (pu) = pu- VD + paat (IL.1.23)

Adding this equation to (II.1.22) yields the desired result:

5, 1, 0P
8t( U +e+pd5> +V. [(2pu +7€+p¢)u} =Py (I1.1.24)

The first term in parentheses under the time derivative is sometimes denoted by £ — the
total energy density of the system.

If the gravitational potential ¢ were due to self-gravity alone, then we could use
Poisson’s equation to perform the following manipulations to the gravitational energy
density in (I1.1.24)) and arrive at an equation for conservation of total energy:

/dr LHS of (I1.1.24)] /dr< pU +e+p@)

/dfr RHS of (I1.1.24)] /drpa /d’rptr { G/d’p }
_ , p(t ap(tT)
= G/dr/d r’| ot
:—G/ / ) Opltr) (switch » and ')

|r /,7.| ot
dp 1 Jdp dp .
/d @at 5 /d'r (@ 9 _Hp(‘?t) (symmetrize)
p
/ dr ( Bt) dt / dr 5P

d¢ . d
= =% dr( pu? + e+ p@) (I1.1.25)
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Note that the self-gravitational potential energy is negative:

1 V2o 2
dr—p® = [ dr o=—[d Vo=-— [ d
/r2” / (4(;) /'" /TSGO
where g = —V@ is the gravitational acceleration and g = |g|. Similar manipulations

allow the gravitational force density in the momentum equation (II.1.14) to be written
as a total momentum flux:

_(_Vg\ _ 1 _
pg—(—m)g— 4WG{V (99) ng}

1
=i {V (gg9) — =Vyg ] since (g-Vg)i = gr0x(—0iP) = —910i0k®P = g0k g
_v. L (7 - _v.g (I1.1.26)
“VilamG \ 2 )| T -
where I is the unit dyadic. Thus,
8(521,) = -V (puu+ Pl+G) (I1.1.27)

expresses conservation of momentum density.

Note that in all of these equations, we did not affix any species labels to any quantities,
implicitly assuming that our hydrodynamics occurs on time scales much longer than the
collisional equilibration times, so that all species are described by local Maxwellians
with the same fluid velocities and scalar pressures. Not all terrestrial and astrophysical
systems are so cooperative, and anisotropic pressures, velocity drifts between species, and
dis-equilibration of species temperatures can often be the norm. You’ve been warned.

I1.1.5. The virial theorem
Equation (I1.1.27) is of the form

d(pu)
ot

= -V.T, (I1.1.28)

where T is the total (Reynolds + pressure + gravitational) stress tensor. Let us use this
tensor to figure out how the quantity

Iz/drr2p (I1.1.29)
%

evolves. Namely, I is the moment of inertia of a continuum system with (fixed) volume
V, and which is subjected to stresses acting within its volume and on its surface S:

14’7 1 2% 1 5 0 bp d(pu)
5@—*/d’r’r w——*/drr fV-(p'u,)—/Vdr ot T
= /drV T)- /dr 1) = T:Vr]
—]{ds -(T-r)—i—/ drtx(T). (11.1.30)
S v
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In order for the system to be in steady state, the stresses on the boundary must balance
those acting on the volume:

2
a8 - (T-7) = | drte(T) = pu® +3P — 2 I1.1.31
fas-(rom = [aruw(m = pt +3p - Lo (IL1.310)
= 2(gykin + 3(’7 - 1)‘%h + (g}grava (IIlSlb)

where we have introduced the total kinetic (&kin), thermal (&i1), and gravitational (&grav)
energies. This steady-state system can only be self-confined — viz., & < 0 without any
boundary stresses — if self-gravity is important. Indeed, setting (I11.1.31b) to zero for
self-confinement, the total energy can be made negative only via self-gravity:

& = Siin + Ein + @@grav = —&kin — (3’7 - 4)&}1 < 0. (11.1.32)

A weird consequence of this is that radiating stars heat up: as a star cools and loses pres-
sure support, it must contract, but this contraction increases its gravitational potential
energy (negatively), which in steady-state requires its thermal energy to increase. The
result is that half of the radiated energy gets converted by gravitational contraction into
thermal energy; put differently, self-gravitating systems have a negative heat capacity.
Without self-gravity, the weighted sum of energies in (I1.1.31b) is strictly positive, so
confinement in this case requires stresses acting on the boundary of the system.
Magnetic fields will be added to this narrative in §11.3.7.

11.1.6. Summary: adiabatic equations of hydrodynamics

The adiabatic equations of hydrodynamics, written in conservative form, are:

9 L5 (pu) =0, (I1.1.33q)
ot
% 4V (cu) = —PV -u. (IL.1.33¢)

The left-hand sides of these equations express advection of, respectively, the mass density,
the momentum density, and the internal energy density by the fluid velocity; the right-
hand sides represents sources and sinks. If we instead write these equations in terms of
the density, fluid velocity, and entropy and make use of the Lagrangian derivative (I1.1.7),
we have

D

D,: - PV -u, (I11.1.34a)
Du 1

— =—--VP-V9o 11.1.34b
D p ; ( )
Do

2 0 11.1.34
Dt ’ ( )

where o0 = (v — 1)7! In Pp=7. The limit v — 0o, often of utility for describing liquids,
corresponds to Dp/Dt = 0, i.e., incompressibility.

I1.2. Mathematical matters

Theoretical investigations of fluid dynamics necessitate a working knowledge of vector
calculus, and so we pause here briefly to review a few mathematical matters that will
come in handy.
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11.2.1. Vector identities

As a start to this section, let me advise you to brush up on your vector calculus. ..
A-(BxC): (CxA)=C-(AxB),
BxC)= (A C)-C(A-B),
A X B)= (V><A) A(VxB
AXxXB)=(B )A (A-V)B-B
) = V)

X

V- ( ),

X ( (
A X (VxB)+Bx(V><A V(A-B)- (A

V-A)+ A(V-B),
B - (B-V)A,

Fluid dynamics is full of these things, and you should either (i) commit them to memory,
(ii) carry your NRL formulary with you everywhere, or (iii) know how to quickly derive
them using things like

€kij€ktm = 5i£5jm - 5im5jz7
where d;; is the Kronecker delta and €;; is the Levi-Civita symbol.

11.2.2. Leibniz’s rule and the Lagrangian derivative of integrals

In the proofs of many conservation laws, a Lagrangian time derivative is taken of a
surface or volume integral whose integration limits are time-dependent. In this case, D/Dt
does not commute with the integral sign. The trick to dealing with these situations is
related to Leibniz’s rule:

d b(t) b(t) b da
- d t = dr —f(t t,b(t)— — . 11.2.1
G, = [ g g e g @2

The integral of a function can change in time because the end points of the integral

move. In three dimensions, if we’re taking the time derivative of a volume integral whose

integration limits V(t) are time-dependent, the generalization of the above is

d )
dt /V(t) REA /vu) Wl j{S(t) A5+ £t ryun(t, 7)), (I1.2.2)

where wuy, is the velocity of the bounding surface S(t). This is known as the Reynolds
transport theorem. In words, the time rate-of-change of a quantity positioned within a
moving volume is a combination of the lab-frame rate-of-change of that quantity (i.e., the
time derivative at fixed position r — note the partial derivative) and how much of that
quantity flowed through the surface. When the velocity of the bounding surface equals
the fluid velocity, up, = u(t, r), so that each moving volume corresponds to that of a fluid
element, we may replace d/d¢ in (I1.2.2) with the Lagrangian derivative D/Dt:

D
Dt Jyu

dv f(t,r) = dv gf(t,r) —&—j{ dS- [f(t,m)u(t,7)] (I1.2.3)
vy Ot S(t)

You've already encountered an example of this — mass conservation, in which the volume
was a “material volume” moving with the fluid element itself:

DM . D
Oziif/ de:/ av f ds - (pu).
Dt Dt )y v Ot Jse

Using the divergence theorem on the final (surface-integral) term gives

Oz/v(t)dv[gt+V (v )},
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which provides us with our continuity equation.

A similar rule to (I1.2.3) is needed for time derivatives of surface integrals whose
integration limits S(t) are time-dependent. For a vector field F' = F(¢,r) and a bounding
surface S(t) whose contour dS(t) moves with the fluid velocity w = w(¢, ), this is given
by

D dS-F:/ dS-[aFJr(V F)u ] ?{ de- (u x F) (IL.2.4)
Dt Js) t) ot aS(t)

(By convention, the contour is taken in the counter-clockwise direction.) Note that
—dl-(ux F) = F-(u x df). In words, the co-moving change of the differential surface
element dS equals the amount of area swept out in a time d¢ via the advection of a
differential line element d€ on dS by a distance w dt:

=\

Thad
-Il\AS("*‘M

Equation (I.2.4) can be used to prove conservation of fluid vorticity (§II.2.5) and
conservation of magnetic flux (§11.3.4).

11.2.3. u-Vu and curvilinear coordinates

The nonlinear combination u - Vu that features prominently in the Lagrangian time
derivative can be complicated, particularly in curvilinear coordinates where the gradi-
ent operator within it acts on the unit vectors within w. For example, in cylindrical
coordinates (R, p, z),

w-Vu=u-V(upR+u,p+u.2)
u2 2 0P uRUW@

= (u-Vur)R+ (u-Vu,)@ + (u-Vu,)z + f@ TR

2
= (u-Vu)e; — R+ f;“’go, (11.2.5)
where, to obtain the final equality, we have used 9@/dp = —R and 8R/3gp = @;

summation over the repeated index ¢ is implied in the first term in the final line. A
similar calculation in spherical coordinates (r, 0, ¢) yields

B 0 ug 0 u, O . P N
u.Vu—<uTa + — " 89+rsin98<p> (ur® + upb + uy, @)

2 2
(- Ve — ug Jru@[f’_'_ (uruQ U c0t0> o4 (ueu@ cot 0 uru¢>

r r r

(I1.2

The last two terms in the cylindrical w - Vu, equation (I1.2.5), might look familiar to
you from working in rotating frames. Indeed, let us write w = v + R2(R, z)@, where {2
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is an angular velocity, and substitute this decomposition into (I1.2.5):
u-Vu = [(v+ R02P)-Vv;|é + [(v+ R2p) - V(R2)|p
(v +R2)? o wr(v, + RQ)@

R R+ R
= |:(’U-V+ (288@)1)1} é; + {2!22 X v — RO?R+ Rp(v- V)02
VRVy . ’Ui ~
+[ = cp—RR} (I1.2.7)

Each of these terms has a straightforward physical interpretation. The first term in
brackets represents advection by the flow and the rotation. The second term in brackets
contains the Coriolis force, the centrifugal force, and “tidal” terms due to the differential
rotation, in that order. (The “tidal” terms can be thought of the fictitious acceleration
required for a fluid element to maintain its presence in the local rotating frame as it is
displaced radially or vertically. They come from Taylor expanding the angular velocity
about a point in the disk.) The third and final term is brackets are curvature terms due
to the cylindrical geometry.

Exercise: Show that the Rp-component in cylindrical coordinates of the rate-of-strain tensor

. Ou; | Ou; 2 _Ouk
WU o al'j + 0x; 5513 Oxy,

is given by
1 Our 0 uy
=——+4+R—=—.
Rop  ORR

Hint: Qu;/0z; = [(é; - V)u] - &; is coordinate invariant.

Wre

11.2.4. Rotating reference frames

The final calculation in the preceding section provides a natural segue into a discussion
of fluid dynamics in rotating reference frames. To begin this discussion, let us first
recall equation (I1.2.5), in which the nonlinearity u- Vu was written out in cylindrical
coordinates for a fluid velocity u consisting of a cylindrical rotation Rf2¢ with angular
velocity 2 = 2(R, z) and a residual velocity v = u — R2¢:

u-Vu= [(U-V—&—Qa)vz}éi—l— {2!22 X v —R92R+R¢(U-V)Q

i

VRVy . ’UWA
- 2R

*[ R R }

When this expansion was introduced in §I1.2, each of its components were described
physically: “The first term in brackets represents advection by the flow and the rotation.
The second term in brackets contains the Coriolis force, the centrifugal force, and ‘tidal’
terms due to the differential rotation...The third and final term in brackets captures
curvature effects due to the cylindrical geometry.” Let’s see these terms in action.

Using (I1.2.5), we may express the equations of hydrodynamics (I1.1.34) in cylindrical
coordinates in a frame co-moving with the differential rotation. With

D 0 0
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to include advection by the rotation, we have

Dp

0=V, (11.2.9a)
DUR 1 2 ’U2
== 20 R2? + 2 11.2.96
Dt pr + 202v, + + R ( )
Dv, 1 K2 ofn VRV
—f = —f,— ——wvp— R, — =2, 11.2.9
Dt~ e Taptr g g (I1.2.9¢)
Du, 1
—~f 11.2.9d
Di pf (IL.2.94)
D
D—‘Z =0, (IL.2.9¢)
where
f=-VP—pVd (11.2.10)
and the combination
022 1 O(RY2?)
2= 40? = 11.2.11
" tomR B OR ( )

is known as the (square of the) epicyclic frequency. Note that R*2? = (2, the square
of the specific angular momentum ¢, and so x? measures how much the specific angular
momentum associated with the rotation increases or decreases outwards. For Keplerian
rotation, k2 = 22.

In §IV.2, these equations will be used to obtain the so-called thermal wind equation,
which describes the relationship between differential rotation and thermal stratification
in steady state. They will also be used in §V.6 to investigate Rossby waves and inertial
waves in rotating systems. In §11.3.8, these equations will be modified for the presence
and evolution of magnetic fields, which will ultimately facilitate a derivation of the mag-
netorotational instability in §VI.8. Before moving on, however, there is one consequence
of rotational flow that is worth mentioning at this point.

11.2.5. Vorticity and circulation theorems
With some vector identities in hand, let’s take the curl of the force equation (11.1.34b):
D 1
V x <uVPV<P) .
Dt p

The potential term vanishes, since the curl of a gradient is zero. Likewise, the pressure
term becomes

1 1

As for the left-hand side, the gradient operator commutes with 9/9¢t, but not with u - V.
Instead,

VX [(u-V)u] =V x %VUQ—UX(VXU) = -V X (uXw),

where
w=Vxu (I1.2.12)

is the fluid vorticity. The vorticity measures how much rotation a velocity field has (and
its direction). Note that it is divergence free, which means that vortex lines cannot end
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within the fluid — they must either close on themselves (like a smoke ring) or intersect
a boundary (like a tornado). Any fresh vortex lines that are made must be created as
continuous curves that grow out of points or lines where the vorticity vanishes.

Assembling the above gives the vorticity equation,

ow 1

Note that the right-hand side of this equation vanishes if the pressure is barotropic,
i.e., if P = P(p), so that surfaces of constant density and constant pressure coincide.
If these surfaces do not coincide, then the fluid is said to have “baroclinicity” or to be
“baroclinic”. I'll demonstrate below using mathematics what (I1.2.13) means physically,
but you already know what the right-hand side means if you pay attention to the weather:
areas of high atmospheric baroclinicity have frequent hurricanes and cyclones. In the
parlance of fluid dynamics, this is called “baroclinic forcing”. Now back to the math. ..

Dot (I1.2.13) into a differential surface element dS normal to the surface S of a fluid
element, integrate over that surface, and use Stokes’ theorem to replace the surface
integral of a curl with a line integral over the surface boundary 9S:

/a—w-dsfj{ (uxw)-dﬁz% <1VP)-dZ?{ E
s Ot as as\ P as P

Using (I1.2.4) to replace the left-hand side by the Lagrangian time derivative of w-dS
yields

D w.dsz—f ar (11.2.14)
Dt Js as P

The surface integral on the left-hand side of this equation may be expressed using Stokes’
theorem as the circulation I

/w-dS:]{ w-de =T (I1.2.15)
S oS

The circulation around the boundary dS can be thought of as the number of vortex lines
that thread the enclosed area S. Equation (II.2.14) then states that the circulation is
conserved if the fluid is barotropic — Kelvin’s circulation theorem:!

br _ _j’{ 92 _ 4 it p = P(p) (11.2.16)
Dt s P

The figure below illustrates how baroclinic forcing generates vorticity.

IThe above manipulations require that the surface is simply connected — that is, the region must
be such that we can shrink the contour to a point without leaving the region. A region with a
hole (like a bathtub drain) is not simply connected.
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g -19 > —%3?
':6? I o s ouced & dpaque ALM—
() ﬂdﬁ IIL:, codw th wiags (Com)

i

Another approach to proving (I1.2.16) is to work with I" = fas u - d€ rather than fs w-dS
and use the following for how an advected line element of S changes in time:

. T

% § () = W8 ~ TF)

-2
ST

Ezercise. The helicity of a region of fluid is defined to be H = fv dV w - u, where the integral
is taken over the volume of that region. Assume that I = const and that w -7 vanishes when
integrated over the surface bounding V, where 7 is the unit normal to that surface. Prove that
the helicity H is conserved in a frame moving with the fluid, viz. DH /Dt = 0. Note that the
fluid need not be incompressible for this property to hold.

The calculation leading to (I1.2.16) can be repeated in a reference frame rotating at a
constant angular velocity §2, in which the fluid velocity is measured to be v = u— 2 X r
(here, u is the fluid velocity in the inertial frame; see §11.2.3). The associated vorticity
in this rotating frame is

Wit =wW—VX(2XT)=w—R2(V-1)+(2-V)r =w-32+02=w-28, (I1.2.17)

where w = V X u. The circulation in the rotating reference frame is then given by

Frot:/wrot'd‘s:/(w_Q'Q)'dS
S S
:74 u-dZ—/QQ-dS
oS S
:F—/ZQ-dS. (IL.2.18)
S

Kelvin’s circulation theorem in this rotating frame is therefore

Dl 7{ dP DS,
0,

— =20
Dt

- o (I1.2.19)

where S, is component of the surface area oriented normally to (2. In words, if the
projected area of the vortex tube in the plane perpendicular to the rotation vector
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changes, then the circulation in the rotating frame must change to compensate (Bjerknes’
circulation theorem). This is the origin of Rossby waves, something that will be discussed
further in §V.6.

Finally, the potential vorticity

PV=2.vs (11.2.20)
p
is a conserved pseudoscalar even in the presence of baroclinic forcing:
D(PV) Dlnp 10w w _0Jo u
= _PV -—.V —V—+—-V(w-V
Dt Dt +p8t a+p 0t+p (w- Vo)
1T 1
:PVV-u-i-; V x (u><w)+p2V,0><VP} 'VU'F%'V(—’LL'VO’)
" L
+—-V(w-Vo)
p
T
=PV~V-u+ — —u-Vw—i—w-Vu—M} -Vo + S-V(—u-VU)
pl p

+ % -V(w-Vo)
—0. (I1.2.21)

To obtain the third equality above, we have used that

1 1 1 —1
—SVpXVP=—VPXVnp 7= —VPxVIhPp "= T vpx Vo,
p " P P

(I1.2.22)
which is orthogonal to Vo. This theorem, due to Hans Ertel (Ertel 1942), does not hold
in the presence of magnetic fields.

11.3. Equations of magnetohydrodynamics via conservation laws
I1.3.1. Newton’s second law for perfect conductors

Ideal MHD describes the hydrodynamics of a perfectly conducting fluid in the presence
of electromagnetic fields. Mass is still conserved, so we still have the continuity equation
(I1.1.4):

ap B
% 49 () 0. (13.1)

The first law of thermodynamics still holds, so we still have the internal energy equation
(I1.1.17):

% LV (eu) = —PV -u. (IL.3.2)

And Newton’s second law still governs the dynamics, so we still have the momentum
equation (II.1.14):

I(pu)
ot
But now we must supplement the force f, which was equal to —VP — pV® in (I1.1.14),
with the force due to the electromagnetic fields on the conducting fluid elements. To do
so, let us view our conducting fluid elements as a coherent collection of ions (with charge
¢ = Ze > 0) and electrons (with charge g. = —e < 0), and ask how electric and magnetic
fields influence each of these species.

+ V- (puu) = f. (11.3.3)
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The electromagnetic force per unit volume on a collection of charges of species « is
given by

FEM = dana (E + u—ca X B) : (I1.3.4)

where n, is the number density of the species and u, is that species’ bulk velocity.
You can think of this simply as the Lorentz force ¢,(E + v X B/c) integrated over
the ensemble of a charges in each fluid element and divided by the volume of said
fluid element. Separating (I1.3.3) into its charged constituent parts, we then have the
momentum equation for species «,

O(patta)
ot

At the moment, the trouble is that our continuity equation (II.3.1) and internal energy
equation (I1.3.2) make reference to the total mass density p, the total fluid velocity w,
the total pressure P, and the total internal energy e. The obvious thing to do, then, is to
sum (I1.3.5) over both species,

V- (Patlatta) = —V Py — pa VP + gana (E n “—: x B) . (IL3.5)

a (0% (03 «

3 % V- (pattatta) = —~V Py — pa VP + gana (E + “7 X B)] . (IL3.6)
[e3

and simplify each of the sums one by one. The first term in (I1.3.6) becomes familiar

after introducing the center-of-mass fluid velocity,

1
u = — E Palle, Where p= E Pa- (I1.3.7)
p « (03

The second term in (I1.3.6) requires a bit more work. Write u, = © + Au,, so that
Au, measures the difference between the bulk flow of species « and the center-of-mass
velocity w. Then

0

0
D pattatia = puu + u (M + (M U+ Y podig At

The first term here (puwu) should look familiar: it’s the flux of momentum density
associated with the total fluid, the same as was seen in §I1.1.2. Moving the final term of
the above expression to the right-hand side of (I1.3.6) and writing > P, = P, we have
a momentum equation that is starting to look more like (11.3.3):
% LV (puu) = —VP - pVd V. (za:paAuaAua) n za:qana (E + “—c" X B).
(11.3.8)
Now, this term involving Awu, has nothing really to do with MHD, and was in fact
implicitly discarded in §II.1.2, the reason being either that our fluid element is composed
of a single species, or that collisions between different species keep their bulk flows very
close to the center-of-mass velocity, or that the total mass density and total momentum
density are completely dominated by a single species (e.g., the ions). In any of these
cases, we may safely drop this term.
Almost there. All that remains to consider is

anna (E—i—ufaxB).
c

In GPPI, you learned that the densities of the positive and negative charge carriers
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surrounding a point charge @) in a weakly coupled plasma satisfies

0
- Q exp(—r/\p)
S tuna = Y - 2y )

where 7., is the mean density of species «, and therefore that the total charge density
is extremely close to zero well outside of that charge’s Debye sphere, i.e., the plasma
is quasi-neutral on scales r > Ap. MHD concerns itself with just such scales, and so
the total electric force on a fluid element in MHD vanishes under quasi-neutrality. This
leaves the magnetic term, (> ganata) X B/c. The sum in parentheses is equivalent
to the current density of the plasma, j, the amount of electric current flowing per unit
cross-sectional area. We these principles implemented, our MHD momentum equation is
finally here:

9(pu)
ot

Another way to think of this additional term is by analogy with circuits: when a current
I flows through a wire of length ¢ in the presence of a magnetic field B, there is a force
on the wire given by I/ X B/c. In the fluid context, the “wire” is the conducting fluid
element through which electrons and ions move differentially.

We now have our continuity equation, internal energy equation, and MHD momentum
equation. However, in deriving the latter, we have introduced two new variables, 7 and B.
The remaining tasks are then to express the current density j in terms of the magnetic
field B (since by summing over the momentum equations of each species, we've lost
information about each species’ bulk flow), and to provide an equation for how the
magnetic field evolves. Both of these tasks are solved via Maxwell’s equations.

+ V- (puu) = —-VP — pVP + JE x B (11.3.9)

11.3.2. Mazwell’s equations for ideal MHD

Maxwell’s equations in their differential form are

ai'B:_CVX_E7 V._B:O7

ot ot

9B _ wxB- i, V-E = 47'[Zq,yn,¥.

(03
An important caveat here is that the final equation in red (Gauss’ law) is rendered
completely useless by the quasi-neutrality assumption, ) gana = 0. The other equations
are (from left to right) Faraday’s law of induction, Gauss’ law for magnetism (no magnetic
monopoles), and Maxwell’s version of Ampére’s law. No offense to Maxwell, but it turns
out that the original Ampére’s law,

j= ﬁv x B, (I1.3.10)

is just fine for most of our purposes in this course. The displacement current,
(47t)"10E/0t, which mathematically and physically connects electromagnetism with the
propagation of light, may be rigorously dropped if the fluid velocity satisfies u? < c?.
Why, you ask? Well, this brings us back to the first sentence of §I1.3.1: we are interested
in perfect conductors.

A perfect conductor is one that has exactly zero electrical resistance, and so by Ohm’s
law must have zero electrostatic field. But this doesn’t necessarily mean that E = 0,
because an electric field can be induced by the motion of a conductor through a magnetic
field (sometimes called the “motional emf”). What we mean by a perfect conductor is then
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that the electric field vanishes in the frame of the conductor, or
E+%xB=0o. (I1.3.11)
c

One way to think about this expression physically is that someone in the lab frame cannot
tell the difference between a particle gyrating about a magnetic field in a train moving
at speed u, and a particle Ex B-drifting at speed w:

\/?jfm-Mm« ,
e

Ion|
M

Inserting (II.3.11) into the Maxwell-Ampére law and ordering 9/0t ~ u/{ for some char-
acteristic bulk flow velocity v and gradient lengthscale ¢, we find that the displacement
current

OE u?cB cB

W ~ 0727 < 7 ~cV X B
if the flow is non-relativistic. As claimed, the original Ampére’s law is just fine.

Altogether then, we may close our MHD momentum equation with the following subset

of Maxwell’s equations:

0B . c

These equations for the electromagnetic fields B and j — taken alongside (I1.3.1), (I1.3.2),
and (I1.3.8) specifying the evolution of the hydrodynamics variables (p, pu, €) — constitute
the equations of ideal MHD.

11.3.3. Ideal MHD induction equation

Using a particular vector identity (see §I1.2.1), the ideal MHD induction equation may
be written in the following form:
0B
E:Vx(uxB):—u-VB+B-Vu—BV-u. (I1.3.13)
Each of the terms on the right-hand side has a physical meaning. The first indicates
that the magnetic field is advected (carried around by) the fluid flow; when placed on
the left-hand side, we obtain the Lagrangian derivative of the magnetic field, DB/Dt, so
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that (I1.3.13) becomes
% =B:Vu— BV -u. (I1.3.14)

In this Lagrangian frame, the magnetic field can evolve because of two effects. The first
term on the right-hand side of (I.3.14), B - Vu, represents stretching of the magnetic
field: if the fluid velocity has a gradient along the direction of the magnetic field, different
parts of the field line will be carried along at different velocities, causing the field line
to stretch. The final term, —BV - u, corresponds to compression or rarefaction of the
magnetic field. Indeed, with the continuity equation giving —V -u = Dln p/Dt, we see
that co-moving increases (decreases) in the fluid density go hand-in-hand with increases
(decreases) in the magnetic-field strength.

A rarely publicized but useful form of the induction equation (I1.3.13) is obtained by
defining the magnetic-field unit vector b= B /B and writing separate equations for it
and the magnetic-field strength B:

DInB
Dt
We’ll need these in §1X.5.

= (BI; —1):Vu and DD—lt) =(I- I;l;) : (B Vu). (I1.3.15)

11.3.4. Flux freezing: Alfvén’s theorem and Lundquist’s theorem

Arguably the most important prediction of the ideal MHD equations is that the mag-
netic flux 5 through the surface of any fluid element is exactly conserved as that element
is advected and deformed by a flow w = w(t,7). This is known as “Alfvén’s theorem”
or, more colloquially, flux freezing. Given Leibniz’s rule regarding the time derivatives
of surface integrals whose integrations limits S(¢) are time-dependent (eq. (I1.2.4)), the
proof itself is trivial:

Do D B
=5 . = dS-B = dS-[a—F(V-B)u}—?{ de-(u x B)
Dt Dt Jse) S(t) ot 28 (t)
(use equation (I.3.13)) = / dS-|VXx (uxB)| — j{ de-(u x B)
S(t) 0S(t)
(use Stokes’ theorem) = j{ d:(ux B) — d¢-(u x B)
aS(t) 0S(t)
=0. (I1.3.16)

In words, the magnetic flux is conserved in a frame co-moving with a fluid element. (This
is analogous to Kelvin’s circulation theorem governing the circulation; cf. (I11.2.16).)

An alternative description of flux freezing can be stated in terms of line tying: fluid
elements that lie on a field line initially will remain on that field line (Lundquist 1951).
Starting from the ideal induction equation (II.3.14), one may use the continuity equation
to show that

REZE-Vu—EV-u—l-EV-u:E-V’u. (I1.3.17)
Dtp p p p p
This equation is formally equivalent to that describing the advection and stretching of a
displacement vector £ by a flow velocity w, which is given by
D¢

T £-Vu. (I1.3.18)

Therefore, if two fluid elements are initially on the same field line, & = const x (B/p),
then they will stay on that same field line.
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I1.3.5. Lorentz force: magnetic pressure and tension

We now know that perfectly conducting fluids advect, stretch, and compress magnetic
fields while conserving magnetic flux. What is the effect of that flux on the dynamics of
the fluid element itself? For that, we revisit the Lorentz force in the MHD momentum
equation (I1.3.9), and use Ampeére’s law to cast the current density in terms of the
magnetic field:

(VX B)x B B> B-VB

—2 = - = — JE—
fM_cXB 47t V87‘[+ 47t

where to obtain the final equality we have used a well-known vector identity (see §I1.2.1).
Because V - B = (), this can also be written as

2
P [B, _ BB} __v.-M, (11.3.20)

(I1.3.19)

8 47

which implicitly defines the “Maxwell stress”, M. This form of the magnetic force suggests
a kind of elasticity. To further see this, use the definition of the magnetic unit vector
b = B/B to write

R R R R R 2
B-VB=DBb-V(Bb) = Bz(b-Vb)—kbb-VB?.

Using this in (I1.3.19) and collecting terms yields

B? . . PN B?

fu= 47T(b-Vb) (1 - bb) Voo (I1.3.21)
The first term here corresponds to a curvature force, with b-Vb =k, being the curvature
of the field lines (see the diagram below). Note that 1/|kc| is the radius of curvature.
When a field line is bent, there is a force pointing towards the local center of curvature
that is trying to un-bend the field line and push the plasma towards a lower-energy
state in which the magnetic field is straight. The second term in (II.3.21) corresponds
to a magnetic pressure force acting perpendicular to the field (thus the projection of the
gradient onto I — Bl;) This term causes the magnetic-field strength to evolve towards
being uniform across itself, again seeking a lower-energy state. Magnetic fields like to be
straight and evenly spaced, and they will coerce the fluid to adopt motions that drive
them towards being straight and evenly spaced.

>

/’_——3
e
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11.3.6. MHD energy equation

In §II.1.3, we derived an evolution equation for the total energy of a neutral fluid,
(I1.1.24). Here we augment that equation for a perfectly conducting fluid to include the
energy of the magnetic field, B?/8m. Take the ideal MHD induction equation (II.3.13)
and dot it with B/4m:

0 B? B B; 0
22 _ 2. B B
Ot 8r  4m VX (uxB)= A eukﬁxj (ux By
0 [B; T 0 B;
_Eijkal‘j 47T(UXB) ] —éijk(uXB)kail‘jE
0 [B; T 0 B;
= €ijk a2, |Ir —(u X B)j |- Q’jkeklmuéBm%jE
9 [Bi 1 o B;
Cijh b —(u X B)g| — (6i68jm — 5¢m5je)ueBmaTUjE
__v. B x (u X B) _uB:VB VEQ
47 47 8w
N 922 Bx(uxB)|  uB:VB uVB—2
ot 8w 4dm o dr 8’

Note that the quantity inside the divergence on the left-hand side of this equation equals
(¢/4m)E x B = 8. ..the Poynting flux! In words, magnetic energy (as measured in the
lab frame; note the partial time derivative) is transported by the Poynting flux. Those
two terms on the right-hand side corresponding to will be cancelled by two equal-and-
opposite terms found in the equation for the kinetic energy, obtained by dotting the
momentum equation (I1.3.9) with w and focusing on the Lorentz force:

B? B-VB
. V—+ — .
v ( 8 + 47 )

Yep, they cancel. So, adding the total hydrodynamic energy equation including these
Lorentz-force contributions to the magnetic energy equation leads to

a (1 B? 1, oP
. Z =p—0o 11.3.22
3t( pu? +e+p€15+8 )+V Kqu +’ye+p<l5>u+8} P o (I1.3.22)

But for the impact of a time-varying gravitational potential, the total MHD energy
density £ = (1/2)pu? + e + p® + B? /87 is conserved.

I1.3.7. Virial theorem, revisited

Now that our system has acquired an additional stress — the Maxwell stress M (I1.3.20)
— let us revisit the virial theorem from §I1.1.5:

1421 gg BB g> B?
—CS . 99 22 (p_ 9 L 2.
2 di? }évds [”"“+4nG o +( 871G+87r” "
2 BQ
/dr (pu v3p— L4 ) (11.3.23)
v 7T

The total energy is now

1 1 B2
&= b+ — 11.3.24
/dr(2pu +e+2p +87‘[) (I1.3.24)
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Recall from §I1.1.5 that, in order for the system to be in steady state, the stresses on the
boundary must balance those acting on the volume:

92 B2
%dS (T-r) /drtr T)=pu®+3P — Bt G—|—— (I1.3.254a)

= 26kin + 3(7 — 1)t + Egrav + Emags (I1.3.25b)

where we have introduced the total magnetic energy &... Again, this steady-state system
can only be self-confined if self-gravity is important, but note that magnetic fields can
provide support against gravitational collapse. One day I might add some things here
about magnetohydrostatic equliibria of self-gravitating clouds.

The virial theorem demonstrates the impossibility of confining a plasma only with
currents flowing within the plasma itself. To see this, note that & > 0 without self-
gravity, which implies that in steady state the stresses on the boundary must be positive

as well:
BB B?
ds - - — P+ —I|- 0. 11.3.26
7{5 [puu i —l—( +87‘[>] r> ( )

Let the volume be a sphere of radius r with » — oo. Because the plasma is entirely
enclosed within S, we have that P = u = 0 on the surface. And the magnetic field will
decay at large radii at least as fast as a dipole field with B oc »=3. With RdS o« R3 in
spherical coordinates, there is no way for the surface integral to be positive and balance
the volume integral.

11.3.8. Curvilinear coordinates and rotating reference frames, revisited

In §I1.2.3, we examined the nonlinear combination w+ Vu in curvilinear coordinates,
finding additional terms that stemmed from differentiating unit vectors and which
included Coriolis, centrifugal, and tidal accelerations. Here we take a similar look at
the combination u+- VB — B - Vu that features in the induction equation (IL.3.13).

First, cylindrical coordinates. Use d¢/0¢p = —R and OR/J¢ = ¢ in (I1.3.13) to obtain

oB B B

E = (—u . VBl)él + (B . VUi)éi + M .
As in §11.2.4, if we then decompose the fluid velocity as u = v + RQ2(R, z)¢, where {2 is
an angular velocity, substitute this decomposition into the above equation, and re-group
terms, we have

— BV -u

DD—%* = B-Vugr — BRV v, (11.3.27a)
DB ofn ofn B ¢UR — BRU
=B. - B, B B,R— 4 2B "R 11.3.27b
o Vo, Vv +Bpg— + BR— + I . (IL3.27b)
DB
th = B-Vu, — B,V -, (I1.3.27¢)

with D/Dt = 9/0t +v -V + 20/0¢. Note that poloidal magnetic fields are sheared into
the azimuthal direction by differential rotation. Likewise in cylindrical coordinates, the
magnetic force becomes

B?> B-VB; B BpB
Fu=-V+ & — L R4 120
4m 47R anr ¥
Note the addition of an inwardly directed hoop stress caused by a magnetic field
oriented in the azimuthal direction, and an azimuthally directed magnetic torque caused
by OR/0p = @. The former guarantees that an azimuthal magnetic field satisfying

(11.3.28)
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B, o 1/R is force free. These equations will be used when deriving the magnetorotational
instability.

For completeness, here are these same equations but in spherical coordinates (7,6, ¢)
with 2 = Q(r, 6):

DDB;T =B:-Vu - BV, (I1.3.294)
% :B°vafBQV-v+M’ (11.3.295)
DDB: —B-Vu, - B,V-v+ v By, ;vg,BT 4 (ve By, — 1;:/,39) cot 6
+ B, siHH% + By sin@aa—g, (I1.3.29¢)
P = _Vg[ * B.4ZBi € - Bg;chi’Aﬂ e anji “
n B, B, —|—4ii3¢ cot 940. (11.3.30)

These are useful for studying MHD in stars.

11.3.9. Boundary conditions

For a fixed boundary such as a solid wall, the normal component of the velocity must
vanish:

Aeu =0, (I1.3.31)

where m is the unit vector normal to the boundary surface. For a free surface, the
boundary simply deforms at the rate given by 7 -wu. The velocity in the tangential
direction on a fixed boundary is only constrained if there is a “no-slip” condition:

AXu=0. (11.3.32)

As for the electromagnetic fields, the boundaries can be either perfectly conducting or
insulating. For perfect conductors, Maxwell’s equations dictate that the perpendicular
magnetic field and the tangential electric field must vanish on the boundary:

n-B=0 and nXE=0. (11.3.33)
For insulating boundaries, the normal current density must vanish:

f-(V x B) =0. (I1.3.34)

11.3.10. Summary: adiabatic equations of ideal MHD

The adiabatic equations of MHD, written in conservative form, are:

% +V.(pu) =0, (I1.3.354)
d(pu) B B? BB
T +V.(puu) =-V- [(P + o I— | pV P, (I1.3.35b)
Oe
5% +V.(eu) =—PV -u, (I1.3.35¢)
9B _ V X (ux B) =0. (I1.3.35d)

ot
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The left-hand sides of these equations express advection of, respectively, the mass density,
the momentum density, the internal energy density, and the magnetic flux by the fluid
velocity; the right-hand sides represents sources and sinks.

If we instead write these equations in terms of the density, fluid velocity, and entropy
and make use of the Lagrangian derivative (I1.1.7), we have

D
Dii’ = PV -u, (11.3.360)
Du 1 B?\ B-VB
Yo lv(p+ 2+ 222 ve 11.3.36b
o p ( + 87{) i : ( )
Do _, (IL.3.36¢)
Dt .
DB
5 =B-Vu-BV-u, (11.3.36d)

where 0 = (y —1)"t In Pp™".

I1.4. Equations of magnetohydrodynamics via Vlasov—Landau

As promised, another way of obtaining the MHD equations is to start from the
Vlasov-Landau kinetic equation, take moments, and impose some assumptions to close
the resulting moment hierarchy. This is a purely formal approach, which has its own
advantages over the more intuitive derivation in the preceding sections. It also has the
utility of establishing some notation used later in the course.

11.4.1. Viasov—Landau in the co-moving fluid frame

Start with the Vlasov-Landau equation for species «,

faﬁaa§’+v-Vfa+:Z(E+ZxB)-%ZC[fa], (IL4.1)
which governs the evolution of the one-particle distribution function f, = fu(t,7,v)
through phase space. Recall that f, is the probability of finding a particle in a phase-space
interval drdv about point (7, v) at time ¢; that probability evolves because particles with
velocity v move through real space at a rate dr/dt = v and experience forces that change
their velocities — in this case, because of electromagnetic fields that have been coarse-
grained to filter out the spiky fields associated with the discrete nature of point particles.
The effect of those spiky fields is encapsulated in the collision operator C|f,] manifest
on the right-hand side of (II.4.1), which accounts for the cumulative effect of many
small-angle sub-Debye scatterings of particles on the probability of a given particle being
found somewhere in phase space; it represents the effects of the two-particle distribution
function on the one-particle distribution function (see Kunz’s lecture notes for AST554).
Because we’ll use quasi-neutrality to eliminate E at one point, it will be beneficial to
add to (IL.4.1) an additional force on the particles that is independent of g,, such as that
due to gravity, ma.g:
f'aﬁ%ﬂ.vm[%(E+”><B)+g]-%=0[fa1. (114.2)
ot Ma c ov
The velocity coordinate v could contain both random (“thermal”) and mean velocities;
because these two components might have very different magnitudes, it is useful to split
them apart:

w=v—u,(tr), (I1.4.3)
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where
1 .
uy(t,r) = - /dv v, na(t,r)= /dv fo- (I1.4.4)

This split also makes the bookkeeping a bit easier. We then boost to the frame co-moving
with the fluid flow w,(t,7) by means of a transformation of variables f,(¢t,7,v) —
fa(t,r,w), writing

0 0 ow 0 0 Ju, 0
ol "o, ot |, e ot ot ow (I1.4.5)
0 0 ow 9] 0 ou, O
ar|,~ or|, or |, Bw ~ or|, or ow (IL.4.6)
In this frame, equation (I1.4.2) becomes
Dfa da v Du, fa _
D, +w-Vf,+ [ma (E+ o X B) +9-— Dr, w-Vua] P Clfa), (I1.4.7)
= aq(t,r)
where
D .0
i =g eV (IL4.8)

is the usual Lagrangian time derivative. The additional acceleration terms in (11.4.7)
that result from the frame transformation, viz. Du,/Dt, and w - Vu,, are the result of
boosting to a time- and space-dependent frame. The former term is fairly self-explanatory
— particles must be accelerated so as to continue residing in the “fluid element” they
comprise, which is itself being accelerated by various (magneto)hydrodynamic forces that
result in Du, /Dt, — but the latter deserves some discussion. Imagine you are trying to
walk at constant velocity w = wa across several layers of differentially moving conveyor
belts with velocities u = u(z)y, as in the figure below. In your frame (and the frame of
the conveyor belts), your velocity will always be w&. But, in the lab frame, your velocity
will include the velocity of the conveyor belts. This means that, every time you step onto
a new conveyor belt that has some velocity oriented in the y direction that is different
from that of the last conveyor belt, you will be accelerating in the lab frame. That is,
your velocity in the lab frame will change over an interval of time from one conveyor belt
to the next. Mathematically, the figure below corresponds to an acceleration wAu,/Ax
every time you step from one conveyor belt at position x with velocity ugy to another
conveyor belt at position z + Az with velocity (u + Au)g. The difference between these
two points of view is enacted by adding —w - Vu,, to the acceleration term of (11.4.7).
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11.4.2. Moments of the kinetic equation

With velocity-space coordinates anchored in the co-moving fluid frame, taking mo-
ments is straightforward. The zeroth moment of (11.4.7) is

/dw (IL4.7) : %MIJME% 'MO
—/dw(w'Vua)-%:/d - 0

2 (V-u,) fderfs

Dn,,
Dt,

The first moment is

D 0 O fa
dwmyw(11.4.7) : DL d JWfo + [ dwmoaww- -V, +meas- | dw w%

—_———

b
£ —nel

=

+naV-uy, =0]| (continuity equation for species ) (11.4.9)

0
—/dwmaw . ua).T{Z‘:/dwmawC[fa]

= |V-P,—mynaaq = /dw mawC|[fa] = Ro| (force equation for species )

(I1.4.10)
where

P, = / dwmaww fq (I1.4.11)

is the thermal pressure tensor of species @ and R,, is the friction force on species « (recall
Newton’s third law, ) R, = 0). Equation (I1.4.10) may of course be rewritten in the
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following, more familiar, form:
D « «
Malla —2 = Mana [q (E +2x B) + g:| ~V-P,+R.. (IL4.12)
m c
If we sum (I1.4.12) over species, the electric-field term vanishes by quasineutrality,

Z gane = 0. Then, deﬁnlng the total mass density p = Z maene and the mean
center-of-mass velocity u = p~' Y manaua, equation (11.4.12) implies

0
(at—I-u V)u-pg V- (P+D), (11.4.13)
where P =" P, is the total pressure tensor and

D= mangAugAug, (11.4.14)

is a tensor composed of species drifts relative to the center-of-mass velocity,
Auy =u, —u. (I1.4.15)

(Note that ) manaAu, = 0, by definition.) The second moment is

D
/dwmawiwj(HA.?): Di. /dw mawiwj—&—/dw Maw;w;w + V fo

%,_/
Ofa

+ Mo g kM /dw Maw;w; (W + Vg Z)Qfg
= /dwmawiij[fa]. (I1.4.16)

Define the heat flux tensor for species a:
Q, = /dw MeWWW fo. (I1.4.17)

Then, equation (I1.4.16) becomes, after integrating by parts the final term on its left-hand
side,

DP,.q;
Dt,

aua’g

+ (V- Qun)ij + (6i¢Paji + 0jePai + 5klpa,ij)67rk

= /dw maw; w;C|fa]

(I1.4.18)
Usually the trace of this equation is taken, with the scalar (isotropic) pressure being
given by

1
P, = gtr P.. (I1.4.19)
Then (I1.4.18) provides an evolutionary equation for the internal energy:
3DP, 3
-P, V. P,: = 11.4.2
2Dt a+2aV Ug + Py :Vu, = Qq, ( 0)

where

1
q, = /dw imaw2wfa (I1.4.21)
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is the conductive heat flux of species a and

Qo= [ dw smauicls.) (11.4.22)

is the collisional energy exchange between species. Further writing

|P. =Pl + 10, (I1.4.23)

where IT,, is the viscous stress tensor of species o and using (I1.4.9) to replace V - u,, in
(I1.4.20) by DInn,/Dt, the internal energy equation (II1.4.20) provides an equation for
the hydrodynamic entropy:

3 D P,
§PaDito(ln@ - _V‘qa _Ha°vuo¢+Qa (11424)

Note that, in the absence of conductive heat fluxes, viscous stresses, and energy exchange
amongst species, the hydrodynamic entropy of a fluid element is conserved (as it should
be). Finally, using (I1.4.23), the force equation (II.4.12) becomes

D @ @
mana—u = MaNa [q (E + 2% B) + g] -VP,-V-II,+R,, (I1.4.25)
Dt, Mg c

giving our final form of the momentum equation for species a.

I1.4.3. Dimensionless free parameters and the reduction to ideal MHD

To arrive at our ideal-MHD equations, two reductions to the above equations must
be performed. The first reduction is to sum over all species, leading to a “single-fluid”
framework with p =Y pa, P =Y, Pa, = p 'Y palla, etc. The only place where
this is a non-trivial exercise is in the momentum equation. As mentioned earlier (after
(I1.3.8)), the drift that appears between u,, and the center-of-mass velocity u = u,—Au,
can usually be neglected, e.g., if collisions between different species keep their bulk flows
very close to the center-of-mass velocity, or if the total mass density and total momentum
density are dominated by a single species. The latter situation is a statement about the
mass ratio of the constituent species (e.g., me/m; < 1 in an ion-electron plasma). This
means that, so far, we’ve accumulated two dimensionless free parameters. In AST554, you
will obtain expressions for I, and g, for a collisional plasma; that procedure introduces
additional dimensionless free parameters.

For an electron-ion plasma with a single species of ion, exhibiting characteristic scales
along (L) and across (L) a magnetic field, here is a list of possible free parameters:

M=l e ge D <rU) Aoty - Tgmo I
VA L” L, L,

C my - 32/87'[

The first is the Mach number — the ratio of the characteristic fluid velocity U to the
sound speed C — which features in various “high-flow” or “low-flow” orderings employed
in magnetized plasmas (e.g., Braginskii 1965; Mikhailovskii & Tsypin 1971, 1984). The
second is the electron-to-ion mass ratio, a natural expansion parameter in much of plasma
physics. The third is the plasma beta parameter — the ratio of the gas pressure to the
magnetic pressure. There are various orderings that involve combinations of 5 and m; /me,
or 8 and M; in the latter case, one can alternatively specify the Alfvén Mach number,
My = U/uva, where va = B/+\/4mp is the Alfvén speed. The fourth free parameter is the
ratio of collisional mean free path (Amgp) to the characteristic gradient scale along the
magnetic-field direction, L. This parameter being small allows one to obtain expressions
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for IT,, and q,, in terms of the lower-order moments, thereby closing the “fluid” equations.
The idea is that a short mean free path constraints the velocity distribution function of the
particles to be nearly Maxwellian in all velocity coordinates. The fifth free parameter is
the ratio of the charged particles’ gyroradii to the characteristic gradient scale across the
magnetic-field direction, L, . Magnetized fluids generally have rgy;o < Ampp << Ly ~ L,
although the ratio L) /L can be large or order unity (in a magnetized plasma it’s never
really small, because the magnetic field constrains particle motion across it).

Single-fluid ideal MHD generally employs the following ordering: M ~ 3 ~ L;/Ly ~ 1
and (me/mi, Amtp/L||, Tgyro/L1) — 0. The latter ensures that the electron mass, the
collisional mean free path, and the gyro-radius never appear in the equations. With 5 ~ 1,
Teyro/L1 — 0 also means that the ion inertial length (i.e., skin depth) d; cannot make
an appearance. Extensions of single-fluid ideal MHD might include finite-Larmor-radius
effects (with 7gy0/L1 small but finite) and diffusive transport (with Awmg, /L) small but
finite). Other extensions may be obtained from the electron momentum equation after
using the smallness of the electron mass to drop the inertial term :

0= —ene (E + 2o x B) _V.P.+R.. (11.4.26)
c
With the current density for a quasi-neutral plasma satisfying j = eno(u; — ue) =
(¢/4m)V x B, this equation may be re-arranged to obtain

(V><B)><B_V-PE+Re

E + "X B = .
47ene eNe ene

(I1.4.27)

This expression is a generalized Ohm’s law for the electric field, written in the frame of
the ion flow. The first-term on its right-hand side corresponds to the “Hall effect”, which
is analyzed and discussed in §X; one may estimate its size in an electron—ion plasma by
comparing it to the ideal electric field with u; ~ va:

¢c (VXB)xB

vA B Arten, L’

showing that it is a finite-d; term. One may drop finite-Larmor-radius effect but include
the Hall effect if the plasma beta parameter is sufficiently small, since rgyr0; = v/Bid;.
The importance of the other two terms in (I1.4.27) may likewise be estimated:

c V-P P, c R, 1 di

e d ) ei - -
vaB ene B an va B ene ~( T) L

Again, finite-d; terms, but ones that may become large depending upon S, and the
magnetization (2e7e;.

I1.5. Equations of magnetohydrodynamics via charged-particle drifts

The final means of arriving at the MHD equations involves calculating the currents
associated with the guiding-center drifts of the constituent particles. From GPPI, you
should know that the single-particle guiding-center drifts are the E'x B drift, the grad-B
drift, the curvature drift, and the polarization drift:

. 2, A 1 ¢ OE
vE:%Exb, ’UVB:;U(;‘ bx VinB, vC:Q—”bx(b-Vb), rupolzg—%a—tl.
(IL5.1a,b,c,d)
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The latter two are part of a more general “acceleration” drift,

D, . D . 0 -
xﬁ(vaJrvE), where D—t:a+(v“b+vlg)-v

Ql e

is the Lagrangian time derivative in the parallel-streaming and E x B-drifting frame. Note
that all of these drifts are perpendicular to the magnetic field. To make a connection
between these single-particle drifts and the MHD equations, we actually need something
additional called the magnetization current. Before getting to that (it will be discussed
in §I1.5.2), let us compute the currents associated with the above drifts. As you surely
know by now, the E'x B drift is species independent, and thus contributes no current in
a quasi-neutral plasma. What about the others?

11.5.1. Guiding-center drift currents

To compute the perpendicular currents associated with the particle drifts, 7 4,, we
imagine a plasma whose particles’ velocities are distributed according to a distribution
function f,(t,7,v) for each species a. The perpendicular current is then obtained by
affixing a species label a to the drifts we computed, multiplying each of them by qq.,
summing over species, and integrating over the velocity space after weighting each drift
by fo, viz.

Jiar = ZQa /d’U Var,afa
= an/dv

Cz 1 C -~ - A
= BbelnBza:/dUQmawifa—l—Bbx(b-Vb)za:/dvmavlzfa

2 . b D, .
X VInB 4 oo x = (vjb+on) |

2 2 Dt

C 4 b PN
—I—be (at—i—vE.Vb—&—b-VvE)?/dvmav”fa

C . ovg
+ be <8t +UE°VUE> za:/dvmafa (1152)

Each of the above integrals over the distribution function f, have a name: f dvmefo =
MaNe is the mass density, f dvmav| fo = Manal|q is the parallel component of the
bulk momentum density, and

1
/d'U §mawifa =Pla, /dv mavﬁfa = PHa + manauﬁa

are measures of the particle energies perpendicular and parallel to the magnetic-field
direction. Namely, P, (P),) measures the energetic content of the random (“thermal”)
motions of the particles of species « in the direction perpendicular (parallel) to the local
magnetic field; for a collisional plasma in which collisions fully isotropize the particles’
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random motions, P), = Pj, = P,. Substituting these expressions into (I1.5.2) yields

gder = ZPLQB X VinB+ Z(P”a + manauﬁa>f) x (b-Vb)

8’UE

ot +’UE'V’UE .

b A )
UHQE + U VE * Vb+ u”ab- Vvg +

+ Z mana5 X
(I1.5.3)

This may be further simplified using bxb = 0 and recalling the definition of the
Lagrangian time derivative

D .0 ) R
Di. =5 +uy -V, where uq = ujob+ vE. (I1.5.4)

The result is that

B . N N R -~ Du,
—7 = P ,b InB Py,b b-Vb alab
Il g b X Vin —&-; o X ( V)-i-gmn th

(IL5.5)

(03

So there are currents associated with the grad-B drift, the curvature drift, and the
acceleration drifts (which include the polarization drift). We return to this formula in
§11.5.3 after discussing the magnetization current.

11.5.2. Magnetization current

Plasmas are diamagnetic, a fact made manifest in p conservation: the greater the
plasma (perpendicular) thermal energy, the more it excludes the magnetic field. There is
a macroscopic current, not caused by single-particle drifts, associated with this property.
Essentially, because a magnetized plasma may be thought of as being composed of
magnetic dipoles, each of which being associated with a gyro-orbiting particle, a plasma
may be considered as a magnetic material. From basic electromagnetism, the current of a
magnetic material in which the magnetization is non-uniform is given by j,, = ¢V X M,
where M is the magnetization per unit volume due to these magnetic dipoles. The latter
may be obtained by integrating up all the magnetic moments of each of the particles,
— ,uB where 1 = mw? /2B, weighted by the particle distribution function:

. b 1 b
M = —bZ/dvuafa = —EZ/dv imawﬁ_fa = —EZPM. (IL.5.6)

The resulting current is

: b
Jmu=cVXM=—-cVX (B ;PJ_Q>~ (IL5.7)

The figure below illustrates the origin of this current. In this example, there are more ions
gyrating about the (uniform) magnetic field in the center of the plasma than near the
edge, and so there is a density (and thus pressure) gradient pointing inwards (indicated by
the blue arrows). Therefore, there are more particles whose field-perpendicular velocities
are oriented clockwise along the red dashed line than there are particles whose velocities
are oriented counter-clockwise. The difference results in a current that flows as indicated,
in the b X Vn direction. A similar effect occurs if the density of guiding centers is uniform
but the particles’ perpendicular velocities are larger in some region of space than they
are elsewhere. Alternatively, one may think of the magnetization current in terms of
diamagnetism: if the perpendicular thermal energy of the particles is larger in one region
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than in another, the ability of the plasma to exclude magnetic fields is inhomogeneous.
This produces a current.
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11.5.3. Total plasma current, momentum equation, and diamagnetic flow

Let us add up all the perpendicular currents we have discussed thus far:
Ji=JIm+J1ar
b c - c - . -
= —cV X (B ;PM> +5 Zajpmb X VInB+ Z(;P”ab x (b-Vb)
c -~ Du,
+ B za:manab X Dt
The first two terms may be combined to yield

B . AP . Du,
—jL=-Vx (bza:Pm> +2a:13”ab>< (b-Vb) +2a:manabx o (115.9)

(IL5.8)

[

This next step will be made clearer later in the course, but for now let use simply
introduce the tensor

P, =P (I - bb) + P,bb, (IL.5.10)
where I is the unit dyadic. (This is the form of the thermal pressure tensor in a magnetized
plasma.) Noting that V. x b—b- (b- Vb) = bb- (V X b) is parallel to b, equation (I.5.9)
becomes simply

B - Du
—3, =b V-P, oMo —2 . 1I.5.11
CJJ_ XZO;< + mean, Dta> ( )

Taking b X (IL.5.11) and using the vector identity b x (b x A) = —A, , we obtain

Z(manadua +V- Pa> _IxB (IL.5.12)
dt,, B c

[e%
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Voila, the perpendicular component of the momentum equation! To go from here to the
single-fluid, ideal-MHD momentum equation, one simply takes the pressure tensor to be
isotropic, P = PI, and further sets D = 0 (see (I1.4.14)). All the single-particle drifts are
contained in MHD.

Allow me to close by pointing out that the quantity
V-P,

MaNe

)
Udia,a = 97(1 X (11.5.13)
that appears implicitly in (I1.5.11) has a name — it is referred to as the diamagnetic flow
velocity of species a.? Tt is not a particle drift, but rather refers to net flux of gyrating
particles passing through a reference surface due to an inhomogeneous distribution of
guiding centers.

2T am deliberately not calling it the “diamagnetic drift velocity”, as some are wont to do. Nothing
is actually drifting, so this moniker makes no sense! One may show that the diamagnetic flow is
what one obtains when Taylor-expanding an equilibrium distribution f(€, u, R) that is a function
of the particle energy £, magnetic moment u, and guiding-position R about the particle position
r = R+ p and computing its first velocity-space moment.
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PART III
Magnetostatics

II1.1. Magnetic surfaces, coordinates, and representations
A magnetic surface or “flux surface” is a surface that is covered completely by a
magnetic-field line. Alternatively, given a smooth surface S with normal vector n, that

surface is a flux surface if B-n = 0 everywhere on S. In this case, the magnetic surface
defined by ¥ (r) = const satisfies

B-Vi(r) =0. (I11.1.1)

This, and other functions f(r) that satisfy B-V f(r) = 0 everywhere on S, are called
“flux functions”, and can be used to label the flux surfaces. In an MHD equilibrium
between the pressure and Lorentz forces, we have that

) X B
0=-vpP+?

B-VP=0 and j-VP=0. (IT1.1.2)

The first of these indicates that P is a flux function, and therefore can be used to label
the surfaces. The second indicates that P is also constant along surfaces defined by the
current density j, i.e., -1 = 0 on S defines a current surface. Physically, current flows
between, and not across, isobars; but because isobars are also flux surfaces, current flows
between, and not across, flux surfaces. (While j and B lie on flux surfaces, this does not
imply that they are parallel to one another.)

In devices like tokamaks, flux surfaces (and therefore isobars) are generally nested tori:

-l MJ@M /V'M’GQL%#

az/—quk T axg

Indeed, the Hopf—Poincaré theorem states that a non-vanishing, continuous tangential
vector field cannot lie on a sphere in 3D, and so flux surfaces cannot be spherical surfaces.
But it is important to emphasize the adverbs “completely” and “everywhere” (on S) in the
preceding paragraph, which are absolutely crucial to the definition of a flux surface. For
example, suppose that there is a field line wrapped around a torus on which B- VP =0,
but that that field line bites its tail after some distance (i.e., closes in on itself after a
finite number of toroidal and poloidal circuits around the torus). Then all we know is
that P = const on the entirety of that “rational” field line, not that P = const defines a
surface. Indeed, there could be a neighboring rational field line lying on the same torus
that also satisfies B+ VP = 0, but for a different pressure P. It is only if the field line fills
a surface (i.e., is “irrational”) that the surface is covered completely by the field line and
thus the quantity P can be considered a label of that surface. In general, there are many
more irrational field lines than rational field lines. That is a good thing, because rational
field lines can break the nested, clean, torus-shaped flux surfaces that are desirable for
confinement.

Now, suppose we have a set of flux surfaces. One may define magnetic fluxes through
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these surfaces. For example, the poloidal flux is defined by
v, = / dS- B, (I11.1.3)
Sp

where S, is a ring-shaped ribbon stretched between the magnetic axis and the flux
surface; ¥, counts how many field lines pierce this surface. Likewise, we can define a
toroidal flux:

wti/ dS- B, (IT1.1.4)
St

where St is a poloidal cross-section of the flux surface. These cross-sections are shown in
the figure below:

With ¥, and ¥; being flux-surface labels, we can bake that knowledge into our choice
of coordinate system. In toroidal geometry, we may introduce the triad (v, 6, (), where
1 = 1(r) specifies the “radial” location of the flux surface away from the magnetic axis,
0 = 0(r) specifies the “poloidal” angle around the surface, and ¢ = ((r) specifies the
toroidal angle around the “azimuthal” extent of the surface:

>

Note that these surfaces do not have to conform to perfect tori in order to establish
this “general toroidal coordinate system”, only that v (r), () and ¢(r) must be smooth
functions with the Jacobian

J =V (V0 x V) (II1.1.5)

being positive and finite everywhere. For example:
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That being said, it is useful to establish a link between these coordinates and the more
standard ones for the case of a perfect torus, in which (¢, 0,¢) — (ro, 00, ¢p) with

ro = (R — R0)2 + ZQ, 90 = tan_l (R —ZR())’ CO = —p. (11116)
These are labelled in the figure below:
2

—p

Note that

9(7‘0, 0o + 21tm, (o + 27T’I’L) = 9(7“()7 0o, C()) + 271tm, (11117)
C(ro, 00 + 27tm, (o + 27tn) = ((r0, 0o, Co) + 271 (II1.1.8)

for any integers m and n. In words, 6 and { are arbitrary poloidal and toroidal angles
such that 6 increases by 27 when the the torus is traversed the short way around (the
poloidal direction), and ¢ increases by 27 the long way around (the toroidal direction).
The generalized radial coordinate 1 (r) must be single-valued:

w(To, 0o + 2mtm, (o + 27Tn) = ¢(T0, 0o, (:0) (11119)

In this case, ¥ = const defines a set of nested tori.

We may make a direct connection between the flux surfaces and these magnetic
coordinates by using Gauss’ law to write the poloidal flux (III.1.3) in terms of the volume
enclosed by the surface Sp:

271%:271/ dS-B = dS-B@:/drv-(Be)z/drB-va. (I1.1.10)
S ov 1% 4

P
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The key step is the second equality, which imagines that the surface S, shown as the
red ribbon in the figure above, is actually two neighboring surfaces created by radial cuts
from the magnetic axis outwards to the flux surface: one at # = 0 and one at § = 27t. The
volume between these two surfaces that span the discontinuity in 6 from # = 0 to § = 27
is denoted by V. We may perform a similar calculation for the toroidal flux (I11.1.4),
now imagining the blue cross-sectional area in the figure above as being composed of two
neighboring surfaces created by slicing normally through the torus ( = 0 and bounding
the volume of the flux tube within:

27TLl7t:27r/ dS-B = dS-Bg:/drv-(Bg):/drB.Vg. (ITL.1.11)
St % %

oV

The quantities in (IT1.1.10) and (II1.1.11) occur sufficiently frequently that carrying

around the 27t becomes cumbersome:?
v, 1
= ~~=_——_ | drB-V0 II1.1.12
(0 = @) /v rB-V0, ( )
v, 1
= —~=——_ | drB-V I11.1.13
X=on (27)2 /v " ¢ ( )

Note that we’ve used the symbol ¢ twice in two different contexts: first, as the “radial”
location of the flux surface away from the magnetic axis, and now as the poloidal flux
(divided by 27). But this is by design: we can label the “radial” location of the surfaces
by the amount of flux that penetrates them. From this association follows a general
representation of the magnetic field expressed in terms of these flux functions and the
generalized angles:

B=V({(XVyY+VxXVI+Vx XV (I11.1.14)

where A = A(x, 0, () is a function that is 27-periodic in the two angles § and ¢ so that its
contribution to the integrals in (III1.1.12) and (II1.1.13) vanishes by periodicity. Indeed,
inserting this expression into (II1.1.12) gives

w;ﬁ/dr(VCwa+VX><V9+VX><V)\)-V9
v

1
= (QW)Q/VdTVW(V@XvC)Jr (2;)2AdrVA-(vexvx)
Ad
- (2711)2/vd¢d€dC <1 - ggdf;) =v+0=19. (II1.1.15)

Likewise for (III.1.13) with x:

1
X=W/dr(VCxV¢+VX><V9+VX><V)\)'V<
\Z

! 1
= G Jy 97 I (TOX VO o [ ar9A-(Tex T

1 )
= Gy /deded( (1 + ae) =x+0=y. (I1L.1.16)

3Warning! Some fusion practitioners use 1 and x to mean the poloidal and toroidal flux functions,
respectively; others flip the definitions so that 1 is the toroidal flux function. The latter is more
often associated with those who work on stellarators. For example, the review by Helander
(2014) defines ¥ (x) as the toroidal (poloidal) flux. Sometimes even the direction of ¢ is flipped
to make the coordinate system left-handed instead of right-handed. Yikes! Be careful.
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We can exploit the freedom in choosing A to insist that

do dy

—=—-1 Ir.1.17

i da b ( )
which relates the coordinates to the poloidal and toroidal fluxes. The utility of this choice
is apparent if we define ¢ = 6 + A, for which (III.1.14) becomes

|B=V(xVi+VxxVi| (II1.1.18)

and (II1.1.17) gives

9 Ay VY- (VIX V()  (V(XVY)-VY  B-VI
d¢  dxy  Vx-(VIx V() (VxxV9)-V( B-V( = ) (IL.1.19)

In these (¥, () coordinates, the average pitch of the field lines on a surface as calculated
from the fluxes and the local pitch of the field lines on that surface are equal to one
another. As a result, the magnetic-field lines expressed in these new “straight-field-line
coordinates” (¢, 9, () are straight lines on each flux surface ¢ with a constant rotational
transform ¢ = 1(v):

In this sense, A is the function that describes the difference between the local pitch of
the field lines (as measured in the general toroidal coordinates system) and the average
pitch of the field lines. Using ¢ = d/dy from (I11.1.19), we may then rewrite (IIL.1.18)
as

|B=VxxV(©-i)=V(-q))x V| (I11.1.20)
where
dy d
q(v) = ﬁ = £ = % (IIL.1.21)

is called the safety factor.

Before continuing, a few words on the physical interpretation of ¢ and q. The former
() is the average change in poloidal angle per single transit in the toroidal direction, or
the number of poloidal turns in one toroidal turn for a field line. Likewise, the safety
factor ¢ indicates how many toroidal turns a field line makes during each poloidal turn
around the flux surface. Namely, if ¢ = n/m with both m and n integers, a field line will
return in its original position after n toroidal and m poloidal transits around the torus.
If the value of ¢ is irrational, the magnetic surface is covered ergodically by the field line.
An example of a torus with a field line having ¢ = 3/2:
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This quantity is called the safety factor because ¢ > 1 is the Kruskal-Shafranov stability
condition for the toroidal field to stabilize the plasma against the kink mode (about
which we’ll learn in §VI.9).

To work with straight-field-line coordinates, analytic modeling of stellarators often
defines the angle

a =19 —1{ such that (II1.1.20) reads B = Vx X Va. (I11.1.22)
Tokamak modeling more often uses ¢ than ¢, and so one can similarly define
a=(—qY such that (II1.1.20) reads B = Va X V1. (II1.1.23)

In both cases, B - Va = 0 and « is constant along the magnetic field. Then each magnetic-
field line can be identified by two coordinates, o and ¢ (or a and x). Indeed, we follow
a field line once around the torus toroidally, the poloidal angle changes by ¥ — ¢ + 27,
so that (¢, @) and (¢, + 27t1) label the same field line.

The representation of a magnetic field as the cross product of the gradients of two
potential fields is known as the Clebsch representation. It is a general way of (locally)
writing divergence-free vector fields (even those that do not possess flux surfaces). Given
two scalar functions ¢(r) and a(r) such that B = Va X Vi, any magnetic-field line can
be described by the equations a = const, 1) = const. Moreover, if B evolves according to
the ideal induction equation (i.e., flux freezing), then

0B oY da
E—VQXV@*V"{#XV&—VX(UXE)
=V X [ux (Vax V)]
= VX [Va(u- Vi) — Vi (u-Va)]
=-VaxV(u-Vy)+ Vi xV(u-Va)
Da _ Oa _ Dy _ 9y _
D o +u-Va=0 and DE = o +u-Vy =0. (111.1.24)

This is an alternate way of expressing flux freezing: the field line lying at the intersection
of two magnetic surfaces is advected by the plasma and therefore moves with the plasma
flow.

IT1.2. Hamiltonian structure of field lines

Magnetic-field lines are a Hamiltonian system. To see this, start with the poloidal-
toroidal Clebsch representation of the magnetic field:

B = V(X Vi+ Vyx V. (IIL.2.1)
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By definition, magnetic-field lines are specified by B - d€ = 0, where d¥ is an element along
the field line. Choosing to label our flux surfaces using the potential y, this definition
implies the following equalities:

dy W A
B-Vy B-VY B-V(

(IT1.2.2)

Upon substituting in our Clebsch decomposition, these equalities may be re-arranged to
obtain

d9 d d d
- % an d% = —£ (I11.2.3)
These are Hamilton’s equations if we adopt ¢ = 1(x, 9, () as our Hamiltonian and ¢ as
our time coordinate, the latter of which requiring ¢ to be non-singular. Where does this
come from?

Recall from classical mechanics that magnetic fields contribute to the Lagrangian of a
system the following term:

Lom =v- A, (IT1.2.4)

where A is the vector potential (we have set the “charge” to unity). A vector potential
corresponding to (I11.2.1) is

A= —pV(+ YV, (I11.2.5)

note that I didn’t say the vector potential, because of gauge freedom. Substituting
(I11.2.5) into (I11.2.4) and writing v = d€/d¢ (because we are considering ¢ as our time
coordinate), we find that

Lo = dl (leg - ¢>. (I11.2.6)

Dropping the arbitrary pre-factor of d¢ and the no-longer-accurate “em” subscript on L,
we have

Y
where 9 is playing the role of the generalized coordinate ¢ and yx is playing the role of
the conjugate momentum p. Evidently, the flux function % is our Hamiltonian. This only
works if the variational principle from which the Lagrangian £ is derived involves finding
the path along which the action

S = /de.A: /(—¢d§+xd19) = / dc<¢+sz’_> (I11.2.8)

is stationary. In other words, magnetic-field lines are the paths that extremize S. One
way to visualize this? is to start from the definition of the action and relate it to magnetic
flux by integrating around a closed loop:

j{de-A = /dS-B. (I11.2.9)

To extremize the action, the curve should lie along the local magnetic field, otherwise a
magnetic flux will be produced through the enclosed surface.

One consequence of this perspective is that axisymmetric fields are associated with an
integrable Hamiltonian: d¢/d¢ = dx/d¢ = 0 in (II1.2.3) implies that each field line lies on
a flux surface given by ¥ = 1(x, ) = const (or x = const for that matter). In this sense,

L£(¢,9,0) —p = H=v¢((9,x), (I11.2.7)

41 learned this from Thomas Foster.
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our magnetic surfaces are tori, and the trajectories of the associated Hamiltonian lie on
nested toroidal surfaces defined by values of the “energy” 1. (Recall that symmetries are
associated with conserved quantities.) Another consequence is that the equation for the
poloidal angle reduces to

— ﬁ(g) =g+ =1 — C/q (III.2.10)

So, indeed, if the safety factor ¢ = m/n is rational, then ¥ returns to its initial value 9
(mod 2m) after a finite number of toroidal circuits, with each field line on the rational
surface being closed.

Suppose the axisymmetry is broken by a perturbation, such that

POGI,C) =) + D Pmalx) ™ (IT1.2.11)

m,n#0

Then Hamilton’s equations (II1.2.3) read

v d ~
W_W i+ 3 ) om0, (IT1.2.12a)
dC dX m,n7#0
dx _ dv ~ i(m9—n)

S CE S g (x) e 111.2.12)
¢ do - L= im Yrun (x) @ ( )

with ¢ = dypg/dx. Take ¥, < ¥ so that we may take the perturbation to be linear,
corresponding to the magnetic field almost possessing good flux surfaces. Then (I11.2.12)
become

Y ~ 190 + L(XO)C; (III?lSQ)
X = Xo+ Z M ellmdo—(n—mu(x0))¢] (I11.2.13b)
2y = maxo)

Note the singularity at ¢(xo) = n/m, which is a rational surface. It is around these
rational surfaces that magnetic islands can form. If such islands become wide enough to
overlap with one another, then the magnetic field can become chaotic and will not possess
nested flux surfaces everywhere in the plasma. (The island width is Ax ~ \/®%mn/t (X0),
where ' denotes the shear in the pitch of the magnetic field from one flux surface to
the next; strong shear limits the width of the islands.) These islands may be removed by
adding a current, with a magnitude chosen to cancel the rotational transform and thus
unwind the twisted magnetic field within the island. That’s all for now.

IT1.3. Hamada and Boozer coordinates
Instead of adding Vx x VX with A = A\(x,0,¢) in (II1.1.14), one could have instead

added VA x Vi with A = A(¢, 6,(), again without changing v or x. Then instead of
introducing 9 = 6 + A, one would define £ = ( + A to obtain the representations

B=VEX Vi + Vy X VO =Vy X V(0 — i) = V(¢ — gb) X Vb,

with
dy d¢ 1
= =aq) = —=.
dy  de ()
In this case, (6, &) is a perfectly valid straight-field-line coordinate system. The difference
between this representation and equations (III.1.18) and (II1.1.20) is only in how one
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moves to straight-field-line coordinates: by using A to adjust 6, or by using A to adjust
(. As long as the field lines remain straight in the new coordinate system, one may even
introduce two different A functions and adjust both:

B =V((+Ay) X V) + Vyx X V(0+A).

with Ay = Ay (¢, 0,¢) and X\, = A\ (x, 0, (). The standard convention (used in §§III.1 and
II1.2) is to set Ay = 0 and use A, = A to adjust 6 such that df/d\ = — 1. But suppose
we were to choose

A =A—w and Ny =-—w,
where w(y, 9, ) is well behaved and 27-periodic in the poloidal and toroidal directions.
Then B would be unchanged from the standard straight-field-line coordinates:

B=V({(—-w)XVy+VxXV(@+A—w)=V{XVip+ Vxx Vi
Let us use this freedom to introduce ¢/ = ( — w and ¥ = 9 — w, and write
B=V{ xV¢+Vyx V. (I11.3.1)

Our first goal is to choose w such that the streamlines of the current density are also
straight lines in our coordinate system. We’ll start by using (x, ¢, {) coordinates, in which
our magnetic-field lines are already straight.

The manipulations we employed to arrive at our straight-field-line coordinate system
began with calculating the poloidal and toroidal magnetic fluxes through S, and S, and
then demanding that the new coordinates make the local pitch of the magnetic-field lines
on a flux surface equal to their average pitch on that flux surface. For the current density,
we work instead with the poloidal and toroidal currents:

C
1 i/ dS.-j=— de¢- B, (I11.3.2)
St 4m Jas,
C
1 i/ dS.-j=— de¢- B, (I11.3.3)
' Sp At Jas,

where the closed contours are taken around the toroidal and poloidal cross-sections,
respectively. Because V -3 = 0, we can play the same game with 5 as we did with B
(cf. (II1.1.12) and (IIL.1.13)) to write

S 1 .
“= o = @npe /vd” v (1HL5:4)
p=to o 1 /d j- V¢ (II1.3.5)
2 (2m)2 ), " ' o

Then, following (I11.1.14), we may write
J=VIXVI+VGEXV(+ VK X Vy, (I11.3.6)

where K = K(x, 9, () is a function (just like \) that is 27-periodic in ¢ and ¢. The idea is
to choose K such that the pitch of the local current streamlines on a flux surface matches
the average pitch of the current streamlines on that surface, and then relate the gauge
function K to the other gauge function w. This task is performed by first using (III.3.6)
to recover an alternative representation of the magnetic field:

C C
J 47TV X = in VI+GV(+KVyx+ VH,

where H = H(x,v,() is a gauge function. Substituting in the latest set of coordinates,
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¢(=("+4wand ¥ =9 + w, yields

ﬁB = IV +w) +GV(( +w) + KVx + VH
=IVY +GV{ + {K — wdi(d + G)} Vx+V [H +w(l + G)}
X
=IVY +GV{ +K'Vx+VH. (I11.3.7)
If we then choose K’ = 0 by setting K = w(d/dx)(tI + G), then

c

4m
This choice of K’ = 0 results in what is known as Hamada coordinates, in which the
streamlines of both B and j are straight lines but with different rotational transforms.
Indeed, by introducing

B=IV) +GV( +VH = |j=VIxVV+VGxV(

(I11.3.8)

1 dG
l=<=———— 111.3.
r=s= (ITL.3.9)
we may write the current density in Clebsch form:
J=VIXVW -i")=VGEx V(' —¢?). (I11.3.10)

Hamada coordinates are especially good for simplifying MHD stability analyses, calculat-
ing neoclassical transport, and offering good convergence in Fourier space when analyzing
stellarators or low-aspect-ratio, strongly shaped tokamaks.

The reason to set K’ =0 in (II11.3.7) was so that only a full gradient (VH’) remained
to join the desired current terms, IV + GV(’. That gradient is then annihilated by
taking the curl to obtain the current density. But this choice isn’t unique. The so-called
Boozer coordinates result by instead choosing H' = 0 by setting H = —w(¢] + G). In this
case,

4m / / /

?B =IVY +GV( + K'Vy, (I11.3.11)
thus providing the magnetic field in a relatively simple, covariant representation. Another
utility of Boozer coordinates is seen by crossing Vx with (I11.3.11) to obtain

4
gvx X B=Vyxx (IVY +GV()=IVxXV (19/ + ?g) (I11.3.12)

thus eliminating K’ (a useful simplification because K’ is an arbitrary function of all
three coordinates). If the electrostatic potential is a flux function (which it usually
is to lowest order because charges can rapidly move along field lines and short out
potential differences), then the electric field is a “radial” electric field pointing along
V. In this case, Boozer coordinates transform the streamlines of the E x B drift
into straight lines (not necessarily perpendicular to the straight magnetic-field lines in
this coordinate system). Boozer coordinates are useful in analyzing stellarators (which
generally have G > I), especially in quasi-axisymmetric configurations, i.e., those for
which the magnetic-field strength B(x,?’,¢’) is independent of ¢’.

11I.4. MHD equilibria in cylindrical geometry

Imagine a straight, cylindrical (R, ¢, z) plasma in magnetohydrostatic equilibrium with
the fields depending only upon the cylindrical radius R:

ixB d(P+Bg+B§)+Bg

0=VP-— (I11.4.1)

c 0= dR 87 AR’
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Here we have used the fact that the solenoidality constraint on the magnetic field implies
zero radial magnetic field:

1 d(RBpR)

- Br = 0.
R ar  Br=0

Note that (I11.4.1) may be also written as

d B? B, d(RB,)
P+ = — £, 111.4.2
0= dR( + 8T[>+47TR dR ( )
This configuration, in which the current satisfies
dB, B, dP , d(RB B, dP
JJ— = and g, — < dBEBy) B, dP (I11.4.3)

4t dR = B2 dR 4nR  dR B2 dR

is known as a screw pinch, diagrammed below:

The field lines spiral while residing on a cylindrical surface. Indeed, making the replace-
ments ¢ — z and ¥ — ¢ in (II1.1.18) yields the following expression for the magnetic
field:

. ¢ _dy . Ldx,

B=zxV Vx X = ——= 111.4.4

EXVUEVXX = 7P T Rar” (ITL.4.4)
where ¢ and x are the fluxes associated with B, and B, respectively. Using these
coordinates to compute the safety factor (II1.1.21) yields

dy - RBZ(R)

W B (I11.4.5)

q(R) =

This will become useful in the next section.
Note that we may multiply (II1.4.1) by R? and integrate from R = 0 to the pinch’s
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radius a to obtain the following:

a d B2 _|_BQ a 32

dRR?>—(P+ £ 2 / dRR?>—%£

/0 dR( * 81 ) * 0 4mR
B2 +B2 a B2 +B2 a B2
E’a?(PJr“H) —/ dRzR(P+“"Z)+/ dR2R=%
87t R=a 0 87{ 0 87'[

B2 +B2 1 a B2
(*") ——2/ dR27rR(P+ )
87 hea TG% Jo 8m

= (P) + (BZ)/8n

o
I

=0

Then we may define the quantity

g o STUP) | BE) (B

“ B@ B0a) (I11.4.6)

Freidberg (2014) calls this the “poloidal beta”, except that for the pinch it certainly looks
like the toroidal beta: the magnetic energy referenced is the azimuthal magnetic field
evaluated at the surface of the pinch. The reason it’s “poloidal” is because, when viewed
with one’s eyes oriented from above (pointing towards —z), the ¢ direction is oriented
in the poloidal direction. To make a tokamak, one simply takes a screw pinch and wraps
it back onto itself periodically in a toroidal geometry; in this case, the toroidal direction
is actually along the (now-bent) z axis (thus our associations ¢ — z and ¥ — ¢). Again,
more on this in the next section. For now, simply note that

Bo < 1:(B2)> B2(a) “paramagnetic”
Bp >1:(B2) < B(a) “diamagnetic”

The situation 3, > 1 is diamagnetic in the sense that the average field inside the z-pinch
is less than the field on the surface (where the pressure vanishes); this occurs because
the internal plasma pressure pushes outwards against the confining azimuthal field. As
Bp increases, the plasma becomes better at excluding the magnetic field from its interior.

There are two limiting cases of the screw pinch: one called the #-pinch when j = j,
and B, = 0 (despite “§” not being ¢ ...), and the other called the z-pinch when j = j,
and B, = 0. The #-pinch is just a cylinder with the magnetic field oriented along its
symmetry axis:

Force balance across field lines gives P + B2/8m = const: either the plasma is confined
by a magnetic field (i.e., diamagnetic), or the magnetic field is confined by a plasma (i.e.,
paramagnetic):
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- Blr) Pce)

[?z@)
— =3

-_—

We will show later in the course that this configuration is stable.

The z-pinch is a cylinder with the magnetic field oriented in solely in the azimuthal
direction:

In this case, force balance is given by

dP B, d(RB,)

which implies 5, = 1. To obtain this configuration, it is the current that is usually
supplied rather than the azimuthal field, and so
47-( R / / - /
B,(R) = — dR' R'j.(R). (111.4.8)
CR 0

This configuration is an equilibrium because the field loops want to contract inwards in
the direction of their curvature kK = —R/ R, but the magnetic pressure (and the plasma
pressure) prevent this. While this configuration confines the plasma, it is unfortunately
horribly unstable. There is more in HWO02 on the pinch, including the so-called Bennett
relation and the use of z-pinches for magneto-inertial fusion (e.g., Sandia’s Z machine).
Some amount of B, can help stabilize the z-pinch, and so B = B,(R)@ + B, % is often
investigated (see §VI1.9).

The main trouble with all pinch devices for confinement is the loss of plasma at the
ends of the cylinder, which is why this configuration was bent into a torus for axial
confinement. . .

I11.5. MHD equilibria in toroidal geometry

Take a screw pinch and wrap it into a torus with major radius Ry.
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&? ({‘W‘o\m >
[in progress — see HW02 for more]

II1.6. Grad—Shafranov equation
Suppose we were given a plasma pressure profile and a current density distribution.
What would be the magnetic geometry that would satisfy the equilibrium

) X B
VP:JT with j:iVxB and V.B =07 (I1L.6.1)

Alternatively, suppose we were given a magnetic-field geometry and the currents consis-
tent with that geometry. What would be the equilibrium pressure profile? Both questions
are answered by the solution to the Grad—Shafranov (GS) equation.

II1.6.1. GS equation when 0/0z =0

To derive the GS equation, let’s start simple. Suppose I have a plasma that is
translationally symmetric, with 0/0z = 0. We can use the fact that z is a symmetry
direction alongside V - B = 0 to write

B=Vyxz+B.z, (I11.6.2)
where ¢ = ¥(z,y) is a scalar potential and B, = B.(z,y). By Ampére’s law, the current

satisfies

47t . 2 ~ N

?J =V XB=(-V“))2—-2xVB,. (111.6.3)
We've already seen that P is a flux function, B -V P = 0, and so can be used to label

the flux surfaces: P = P(¢). What of B,? Force balance also implies j - VP = 0, from
which follows

(<2XVB.)-VP=%.(VPXVB.)=0 = B.=B.(P)=B.(¢).

So both P and B, are flux functions. Accordingly, force balance becomes

j X B 1
vp=1 == [(—v%)z X (Vi X 2) + (VB. X 2) X (Bz,%)]
1 2
- [(V DYV + BZVBZ] (IIL6.4)
The key step in the GS formalism is to express P and B, as functions of 1, so that
dpP dB?
VP=-—Vy and VB?=_—"2Vy. (111.6.5)

dy dy
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Substituting (II1.6.5) into (II1.6.4) and rearranging leads to

Art _dp  1dB?
2 = — =
VW= T T2 dy

This is the GS equation for translationally symmetric plasmas.
There are a few simple solutions to this equation. For the first, set P = const and
B, (¢)/V4m = arp. Then we have

~V*)p =a*p = 1 =1pcos(ax)cos(ay)

(111.6.6)

in Cartesian geometry. Another simple solution involves a linear pressure profile,
d(P + B2/8m)/dy = const. Then

C
*V2¢:C - ¢:Z($2+yz)+X(l’7y)v
where y is any harmonic function satisfying V2x = 0, e.g.,
x = A(z? — y*) + Bxy + Cz + Dy.
This solution is the Cartesian analogue of the so-called Solov’ev solution, which is

discussed briefly in the next section and featured in HW02.

I11.6.2. GS equation when 0/0p =0

Next suppose that the plasma is azimuthally symmetric, with 9/9¢ = 0 in cylindrical
coordinates (R, p,z). We can use the fact that ¢ is a symmetry direction alongside
V B =0 to write

B=VyxVp+RB,Vyp (I11.6.7)
where ¢ = (R, z) and B, = B,(R, z). By Ampére’s law, the current satisfies
47 | 0% 0 (1 0y

:sz-(%> = A%y

Because j - VP =0 and P = P(v), this equation implies
[V(RB,) x V| - VP =Vy- [VP X V(RB,)| =0 = RB, = (RB,)(%).
With both ¢ and RB,, being flux functions, force balance (with Vo = ¢/R) becomes

_JxB 1 .
vp=IZZ - [(A ¥)(V) + RB,V(RB,)|. (I11.6.9)
Now we express P and B, as functions of :
dpP d(RB,)
pP=— B £ . I11.6.1
v dez/) and V(RB,) = v Vi (I11.6.10)

Substituting (IT1.6.10) into (II1.6.9) and rearranging leads to

apP d(RB(p)Q

AR = —— = 477 2"

(I11.6.11)
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This is the GS equation for axisymmetric plasmas. Sometimes the combination RB,, is
replaced by the symbol F', which is proportional to the poloidal current:

47 dP 1dF?
2nRB, = ——1I, = 2nF —A*) = 4nR?— + - — I11.6.12
This form is useful when it is the current that is being supplied rather than the azimuthal
field.

A special class of solutions to (II1.6.11) are due to Solov’ev (1968), in which

2
47c£ =—C and 1dr7 A, (I11.6.13)

dy 2 dy

where A and C' are constant parameters. These are explored in HW02.

II1.6.3. GS equation for e < 1 and B, ~ 1

[in progress|

II1.7. Waéltjer—Taylor relaxation and force-free states

In some systems (e.g., the solar corona, experiments in plasma confinement using a
toroidal pinch), the plasma evolves towards a preferred configuration known as a “relaxed
state”. This state is in a configuration of minimum magnetic energy, but a minimum
energy subject to the constraint that the global magnetic helicity Ho = fvo dr A-B is
conserved during relaxation. Here, A is the vector potential satisfying B = V X A and
Vo is the total volume of the isolated plasma under consideration. One can show that
magnetic energy decays faster than magnetic helicity when both the magnetic energy and
fractional magnetic helicity decrease with increasing wavenumber k and if the magnetic
energy spectrum is not too steep (Blackman 2004). Helicity can be interpreted in a
topological sense as the number of linkages of magnetic flux tubes (7) with one another:

le/ rA-B= | d¢ -dSA- B :/ (deA.i))(dsi)-Bz})
T T1 T1
~— N~ ~~
d¢b dSb = Bb
:/ (A-d0)(B-dS)= & A-de =& @, . (IIL71)
T Ti
' ~— — ~
flux through flux through hole flux through

tube 1 in tube 1 tube 2
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For a system with many linked flux tubes, the helicity of tube 7 is

M = B; Dinroughishole = Di »_ D Nij, (II1.7.2)
J
where V;; is the number of times tube j passes through the hole in tube i. The total
helicity of all of the flux tubes is then

Ho=> &N, (II1.7.3)
iJ
i.e., the number of linkages of flux tubes. Even when the plasma is not ideal, helicity
conservation seems to remain a fairly good approximation.’
While A - B is not gauge invariant, its integral within a flux tube is. Let A — A+ V1.
Then, with B =V X A, the combination

A-B—(A+Vy)-B=A-B+Vy-B (IT1.7.4)

is not gauge invariant. But if we take its integral within a flux tube of volume V,

/drA-B%/drA-BJr/der/;-B
% % %

—/VdrA-B+/drV-(Bw)

1%

:/drA-B+?§ dS- By, (I11.7.5)
% oV

we see that the helicity stays invariant provided that B at the boundary of the flux tube
is parallel to the boundary (i.e., no field lines stick out of the volume). For Hy to be
a gauge invariant then, the total volume of the isolated plasma must enclose all of the
magnetic-field lines.

H, is a conserved quantity in ideal MHD (but not in resistive MHD). In resistive MHD,

0B 0A
E:Vx(uxB—anB) S E:uxB—anBJrVX (I11.7.6)
for some scalar function y. Thus,
0

aA B=(uxB-nVxB+Vy)-B+A-[VX(uxB-nVXxB)]
= ~nB-(V X B) + |V+(By) ~ x¥-B]|

+{—V-[A><(u><B—v7V><B)]+(M—v7V><B)-(VXA)}

——
=B

=V:[Bx—uA-B+BA-u+nAXx (VxB)|-2nB-(V x B). (IIL7.7)

5Some history: W('jltjer (1958) showed that there are an infinite number of integral invariants
in ideal MHD: H; = fv dr A- B = const on each and every flux tube V; in the system. These
invariants are related to the well-known property that the magnetic field is frozen into an ideally
conducting plasma. J.B. Taylor (1974) realized that, in a slightly resistive turbulent plasma
contained within a perfectly conducting boundary, the only flux tube to retain its integrity is
that which contains the entire plasma. Then, only Ho will remain invariant. Taylor’s conjecture
is that MHD systems tend to minimize their magnetic energy subject to the constraint that the
total magnetic helicity remains constant. This is what this section and the next are all about.
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Integrating this over Vy and using Gauss’ law gives

drA-B = dS-[Bx—uA-B+ BA-u+nAXx(V x B)]
dt Jy, aVo

- 277/ dr B-(V x B). (I11.7.8)
Vo

The surface integral vanishes if and only if both w and B are parallel to the boundary
0Vo; physically, no magnetic fields can stick out and no flow can cross the boundary.
Neglecting the 1 term in the surface integral is perhaps a bit more subtle, but it clearly
vanishes if there are no currents on dVy; this may be accomplished by arranging V,
appropriately (e.g., placing it far away) or simply by taking n — 0. Thus,

d
Ao _ —2n [ drB-(V x B) (IIL7.9)
dt Vo

Hy is conserved in ideal MHD.

Because helicity is generally better conserved than magnetic energy, the game here
is to minimize magnetic energy subject to constant helicity. This can be accomplished
using the variational principle:

5/ dr (B> - aA-B) =0, (IIL.7.10)
v

where « is the Lagrange multiplier introduced to enforce the constant-helicity constraint.
The first (B?) term in (I11.7.10) is

5 drBQ—2/drB (5B—2/drB (V x35A)
% v
—2/dr -(Bx6A) +(V x B)-0A]
— o as-(BxsA)+ 2/ dr (V x B)-5A. (IIL.7.11)
oV %
The second (oA« B) term in (I11.7.10) is

5/draA-B:a/dr(&A-B—&-A-&B):a/dr[(SA-B—i—A-(VX(SA)}
1% v v

_a/dr[aA.B—v-(Ax(sA)+(VxA).5A}
%

———
=B
= Za/ drB-JA—a [ dS:-(AXJA). (I11.7.12)
% v
Subtracting (II1.7.12) from (II1.7.11), equation (II1.7.10) becomes
2/ dr (Vx B —aB)-6A+ / dS-[(«A —2B) x 6A] = 0. (ITL.7.13)
v ov

To simplify the surface integral in (II1.7.13), one may use the linearized induction
equation written in terms of the Lagrangian displacement £ of a fluid element into
which the magnetic field is frozen: 6B = V X (& X B) — see §V. This equation implies
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0A = & X B + Vy for some gauge function x, and so

AXIA=AX(EXB)+AXVx=€&A-B)—-B(A-¢{)+ Ax Vy,
BXxJA=BX(£xB)+BxVy=¢B?-B(B-£)+BXxVy.

The surface integral thus vanishes if € and B are parallel to the boundary 9V, i.e., if
there are no displacements and magnetic-field lines through the boundary. This leaves
the volume integral,

2/dr(VxB—aB)-5A:0,
v

which implies that B is a linear force-free field:

N

so called because j X B = 0. Taking the curl of (II1.7.14) and using V - B = 0 gives the
Helmholtz equation:

(V> +a®)B=0. (IIL.7.15)
We explore some important solutions to this equation below.
Before obtaining some force-free fields, it is worth noting two things. First, when « is
a constant, the force-free relation V X B = aB implies B = aA + Vy, where x is a
gauge field. As a result, the helicity density

2
h=a.B=2 _B.g, (I11.7.16)
« «

Then

2
» B (I11.7.17)
o

Ho = /dré(Bz —xB-Vna) f]{dS-Bg :/d
where the final equality follows from (II1.7.18) and n - B = 0. Thus, when o = const,
the total helicity is proportional to the magnetic energy.

The second thing to note is that « can be promoted to being a function of space
(or even time) and any magnetic field satisfying V x B = aB is still force-free. In such
“nonlinear force-free states”, the parameter o can be used to label the flux surfaces: taking
the divergence of both sides of (II1.7.14) and using V - B = 0 implies

B-Va=0. (I11.7.18)

This is nice. Unfortunately, force-free fields cannot have simple structure. For example,
it is not possible for a force-free field to contain a set of nested field lines that all lie on a
common surface. The proof is by contradiction. Suppose a set of nested field lines does
exist on a surface S. If one such field line runs along a closed contour I" on the surface
S, then by Stokes’ theorem,

?{dEoB:/dSﬁ-(VxB):g/dSﬁ-j.
r S ¢ Js

But because the field is force-free, j is parallel to B, in which case n-B = 0 (i.e., B
lies on the surface) implies 7+ j = 0. Hence the right-hand side of the above equation is
zero. However, we began by assuming that the configuration is such that the left-hand
side of the same equation is nonzero: the field lines reside on the surface. Contradiction.
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II1.8. Force-free magnetic configurations

For our first example of a linear force-free magnetic field, let us work in Cartesian
coordinates. Consider a field configuration that is uniform in the y direction, sinusoidal
in the z direction with wavenumber k., and exponentially decaying over a lengthscale
k7! in the z > 0 direction, with a? < k2:

B, = Byosin(k,z)e "% B, = Bygsin(k,x)e "%, B, = Bycos(kyz)e 7. (II1.8.1)
The coefficients B,o, Byo, and By may be related by imposing V X B = aB:
k‘ZByO = Oz.B;,[;O7 —szm() + kao = Oszo, kmByo = OéB(), (11182)

which are readily solved to obtain

B.k,  Byk.

. 0 = Bysin(kyz)e "%, B, = Bycos(kyx)e ", (I11.8.3)

with k2 = k2 — a? > 0. These formulae correspond to sinusoidally arched fields line in
the z-z plane whose projection onto the z-y plane are parallel straight lines given by
dy/dx = a/k.. Indeed, using dz/B, = dy/B, = dz/B., we can obtain the parametric
equations

LL'(S) =S, y(S) =1y + g(s _ x0)7 Z(S) — 20+ i In Sil’l(kxs)

_— 111.8.4
k, k., sin(kyxo) (ITL.8.4)

Sturrock (1994) describes this as follows [with his notation changed to suit these notes|:
“...begin with a potential field of the form shown in (I11.8.3) with & = 0... then shear
the z-y plane in such a way that strips parallel to the y-axis are displaced in the y-
direction. This shear is uniform... increasing the shear amounts to increasing «.” An

image taken from his text is provided below:
z y

/

W [ AT

Fig. 13.3. Panel (a) shows the projection in the x-z plane of the force-free field
defined by (13.3.4). Panel (b) shows the projection in the x-y plane. (Figure
reproduced with kind permission from Priest 1982.)

Next, consider a relaxed, force-free field having cylindrical symmetry: 9/0p = 9/0z =
0. In this case, the z and ¢ components of V X B = a(R)B are

1
RdR

dB,

RB,) =a(R)B. and - 57

a(R)B,,. (I11.8.5)
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Combining these leads to

“4dmz TRAr - YT 4r ar
B, (,_dlna)1dB.
dnR )R AR

2
1d<Rde>_de 1dB. 5,  dinadB

+a?B, = 0. (I11.8.6)

First, suppose that o = const, in which case (I11.8.6) is a Bessel equation in R for B,
with solution

B. = ByJo(aR) and B, = ByJi(aR), (I11.8.7)

where J,, is the nth Bessel function and By is some (arbitrary) constant (the solution
for B, follows from the identity Jj = —J;). Equation (II1.8.6) corresponds to a field
twisted about a cylindrical surface, with the pitch of the field (i.e., the safety factor)
q = RB./B, = RJy/J, being a function of cylindrical radius. On the symmetry axis,
q = 2/a; away from the axis, ¢ varies from oo to —oo as aR progresses through the
various zeros of the Bessel function J;. Demanding that the cylinder have finite radial
extent requires an external pressure. Here are some field lines on three flux surfaces
(R =1,2,3) for this force-free pinch with o = 2:

16 .
14
12

10

and the pitch angle of the field versus radius:
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90 T T T

60 - 8

= tan"![J;(aR) / Jo(aR)]

0 .
—30} |
Il —60} 4
& 90
= 1 2 3 4
R

Provided that 7 - B = 0 on the surface, the magnetic helicity enclosed within a cylindrical
volume Vy = ma?L, for this configuration is
. _ B3 > 2
constant ov:  Ho = dr [J5(aR) 4+ Ji(aR)]
(67 Vo
B3 2 2 2
= EV() Jo(aa) + 2J7 (aa) + J5(aa) — Q—Jl(aa)Jg(aa) . (I11.8.8)
a
One can then solve implicitly for & = a(Hy), which provides an expression for the
magnetic field in terms of its helicity.
One obtains a different solution if the safety factor is taken to be a constant, in which
case

gdlnB, a(R)g—2 2q
-4 =— = . IIL.8.
olR) = g g =" = al®) = (11L5.9)
Our equation for B, then becomes
dln B, 2 dIn(q? 2 B Bog?
nB., 2R _ _din(¢" + 1Y) B, =% _ 200 (q11810)
dR >+ R? dR R >+ R?

The vector potential corresponding to (II1.8.10) is readily obtained by integrating B, =
—dA,/dR and B, = R™'d(RA,)/dR:

’B B

Then h = A- B = 0. But the field lines are clearly twisted! Question. What’s going on?
The above cylindrical solutions are symmetric about the z-axis and constant along z.
More general solutions for o = const may be obtained by solving

10 0B 1 0°B, 0°B
V?+a?)B, = - R—= B+ =5 = =0 I11.8.11
(V+ %) RaR< 8R)+a TRz T o ( )
using separation of variables (e.g., Chandrasekhar & Kendall 1957). First, write
Bo(r) = fmn. (R) e imetike (I11.8.12)
m,k.

for mode numbers m and k. Then define 2% = (o — k?)R? with a > k, and re-arrange
(IT1.8.11) to obtain the following Bessel equation for f,(z):
o fm  dfm
x

o + v + @ =m)fm=0 = fm=DBoJn.(z). (I11.8.13)




General Plasma Physics 11 58

Taking the real part of the solution provides

B.( = By Z JIm () cos(mep + K 2). (I11.8.14)

Use the R and ¢ components of V X B = aB to match the Fourier harmonics:

aBromp. + ik By p. — imBoy/a? — 2 @)
€T
aB(p;m’k;z - ikZ‘BR;m,kZ = _BO\/mJ:n({L')

Adding and subtracting these and then taking the real part leads to

Ba(r, #,2) = By ko (0) 4 ma

] sin(me + k.z), (I111.8.15)

Zﬁ
__BOZW

This solution is valid if Bg(a) = 0.

As a last remark on the subject of relaxation to force-free states, boundary conditions
can change the relaxation. For example, at a perfectly conducting boundary, the normal
component of the magnetic field B, is fixed and so the toroidal flux in the plasma is
invariant. Expressed in terms of the vector potential, the loop integrals § A-d€ and
¢ A-dS (the toroidal flux) taken along closed paths the long and short way around the
toroidal boundary should be fixed. In this case, it is convenient to work instead with

H:/drA-B— (%dﬁ-A) (de-A),

which is manifestly gauge invariant when a complete conducting shell surrounds the
plasma, even for multivalued gauge potentials (Taylor 1980). If the boundary of the
plasma is not a flux surface, then the helicity is gauge dependent and therefore not well
defined.

If you're interested in learning more, consult the review by Taylor (1986) and the
textbook by Marsh (1996).

B, (x, Jm(x)

{04']7/71(37) + mk; ] cos(my + k.z). (I11.8.16)
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PART IV

Steady flows

IV.1. Taylor—Couette flow

A Taylor—Couette flow is a solution for a hydrodynamic fluid enclosed within two
concentric, rotating, cylindrical walls. Let the radius of the inner cylinder be R; > 0
and that of the outer cylinder be Ry > R;. The inner (outer) cylinder rotates with an
angular frequency (21 ({22). Radial force balance for the rotating fluid between the two
cylindrical walls is simply

1dP
=_—-— + 7*’R. IvV.1.1
0 SaEt R ( )

But what causes the fluid to rotate? If the walls were perfectly frictionless, the fluid
would remain stationary if initiated at rest. The trick is that viscous stresses at the walls
enforce a no-slip condition, which torques the fluid just inside the walls into co-rotation
with its confining wall. The fluid interior to these co-rotating layers rotates because of
viscous coupling to this rotating boundary-layer fluid. In steady state, the flux of angular
momentum from the walls, from radial shell to radial shell of the fluid, must vanish. To
determine the resulting rotation profile, we examine the azimuthal component of the
momentum equation with u = R2(R)® (see (I1.2.9¢) with v = 0), being sure to include
the additional stress from the fluid viscosity v (taken here to be constant):

1 dP v d ds?
0= —— — 4+ — — | R322). IvV.1.2
JRdp R dR( dR) (IV-1.2)

The viscous term here comes from the divergence of the viscous stress:
2
-V-I=-V-(—vW)=-V- {—V {Vu +(Vu)l — 3(V-u)l] }

_, 442 2 4o
“YdRdmR '~ RdnR

=vV- [‘W(R¢+¢R)}

dIn R
v d 5df2
= —— — . IV.1.
R? dR(R dR) (IV.1.3)
In axisymmetry, the solution to (IV.1.2) is
b

with a and b being constants set by boundary conditions on the inner and outer surfaces:

_ R -R (- @)RIRS

IV.1.5
e B (IV.1.5)

IV.2. Thermal wind equation and baroclinic forcing

In steady state with v = 0, the radial and vertical components of the momentum
equation, equations (I1.2.9b) and (I1.2.9d) respectively, become

10P 09
-z 77 0?2 d == Iv.2.1
pOR 8R+R and 0 p 0z 0z (IV-2.1)
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Taking 0/0z of the first equation, using the second equation, and rearranging yields

o’ @
— ==%+(VP X Vp). IvV.2.2
9 = 2 ( p) ( )
This is the @ component of the vorticity equation. Note that, if p is constant or if
P = P(p), then the angular velocity 2 must be constant on cylinders; this is a version
of the Taylor—Proudman theorem. Now, let us recall the definition of the hydrodynamic
entropy, 0 = (7 — 1)~*In Pp~7 and use it to replace V In p. The result is

002 -1 1 1

RE- =1 . <Va>< VP) = - (VPXV]nT). (IV.2.3)
0z ¥ P p

In the Sun, g = (1/p)V P is an excellent approximation, with only a tiny angular com-
ponent due to centrifugal effects. Adopting this simplification and working in spherical
coordinates (1,0, ), equation (IV.2.3) becomes

002> ~y—1g0o

where ¢ = GM/r% |The right-hand side of (IV.2.4) can also be written as
—(g/r)0InT/00.] Equation (IV.2.4) is known as the thermal wind equation. It is
used often in geophysical applications (e.g., longitudinal entropy gradients driven by
temperature differences cause wind shear) and to understand the rotation profile in the
convection zone of the Sun.

IV.3. The Parker solar wind

It’s common knowledge these days that the Sun produces a wind; solar storms, coronal
mass ejections, and the aurorae they produce are routinely covered by news outlets. But
before deriving a physical model for this wind, it helps to understand why such a wind
should exist at all. Indeed, when Eugene Parker proposed the existence of the solar
wind in his groundbreaking 1958 paper, the manuscript was initially rejected by The
Astrophysical Journal, with one of the reviewers calling it “utter nonsense”. Fortunately,
the ApJ Editor-in-Chief S. Chandrasekhar knew better, overruled the reviewers, and
published it. The very next year (1959), the Luna 1 satellite launched by the USSR
measured energetic particles streaming from the Sun; a few years later (1962), those
observations were confirmed by NASA’s Mariner 2 spacecraft, which also detected two
distinct streams of solar wind, a slow stream at ~0.1 km s~ ! and a fast stream traveling
at approximately twice that speed.

The origin of the wind can be understood as follows. Suppose a hydrostatic equilibrium
between the thermal pressure of the solar atmosphere and spherical gravity from a point
mass M:

1dP GM
pdr 2’

(IV.3.1)

For simplicity, adopt a power law for the temperature beyond the solar surface at r = rg:

T(r) =T, (?) o (IV.3.2)

An isothermal atmosphere corresponds to @ = 1. The temperature should fall off with
distance (i.e., a < 1), however, if anything because thermal conduction would carry heat
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from the solar surface out into the interplanetary medium. Substituting this power law
into (IV.3.1) and integrating from rg out to r yields

P(r) = Pyexp {— GMm {1 - (”’)a] } . (IV.3.3)

argTy T

Note that there is a finite pressure at infinity. Let’s put in some numbers. The typical
number density and temperature at the base of the solar corona at 7q ~ 10° km
are ng ~ 3 x 107 em™3 and Ty = Tijo + T.o ~ 200 eV, respectively. The mass of
the Sun is Mg ~ 2 x 103 g. Setting a < 1 yields P(r — oo) < 1073P,. With
Py ~ 0.01 dyne ecm ™, this gives P(r — 00) < 1075 dyne cm™>. This is to be contrasted
with the gas pressure of the interstellar medium (ISM), which may be estimated using the
mean density nigm ~ 1 cm ™3 and mean temperature Tigy ~ 0.5 €V of the ISM to find
Prgu ~ 10712 dyne em ™. This is clearly many orders of magnitude less than P(r — o),
the implication being that the solar atmosphere is vastly over-pressured compared to its
surroundings. This is what lead E. Parker to conclude “that probably it is not possible
for the solar corona, or, indeed, perhaps the atmosphere of any star, to be in complete
hydrostatic equilibrium out to large distances. We expect always to find some continued
outward hydrodynamic expansion of gas.” Let us calculate that expansion.

Consider a steady, gravitationally unbound, spherical flow away from a central mass
M, with the sound speed being ¢y at the base of the solar corona ry and the flow velocity
tending to v, at infinity. The radial equation of motion is

du 1dP GM

_— = ——— — . Iv.3.4
udr p dr r2 ( )

Adopting an adiabatic equation of state, for which the pressure P = Kp” with v > 1,

provides

1dP d (KYvpl=i/v d [yKp'—1 d 2

t_ oAl Ty g )4 % ), (IV.3.5)
pdr dr 1-1/y dr\ v-1 dr\y-—1

where ¢2 = dP/dp = yKp?~1. Then (IV.3.4) may be integrated to obtain what amounts
to Bernoulli’s equation:

2 2
U s

GM

5 o const. (Iv.3.6)
The constant on the right-hand side can be evaluated both at the base of the corona
(where u = 0) and at infinity (where ¢2 = 0) to obtain an expression for the asymptotic
wind speed:

2 GM 2 2 GM
const = —0_ =Yoo u?, =2 S0 _ . (Iv.3.7)
v—1 0 2 v—1 0
Note that a nearly isothermal gas (i.e., v = 17) can have a sound speed that is a

small fraction of the escape velocity and still become unbound. The radius at which the
outflow speed u reaches the sound speed (the so-called “sonic point”) may be calculated
from (IV.3.6) by setting u = ¢; and solving for r = rg:

1 —1
re = QGM@: & u§o> . (IV.3.8)

Note that this is currently an implicit equation because c? evaluated at 7 = 7, is unknown.
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Returning to (IV.3.4)...

u

du GM 1dP d c? o dIn(r?u)
s Tl S ) = L. IV.3.
drjL r2 p dr dr(v—l) S ar (IV-3.9)

To obtain the final equality, we used the continuity equation to write

1 dlne¢Z dlnp 7dln(r2u)

1v.3.10
vy—1 dr dr dr ( )
Upon rearrangement, equation (IV.3.9) leads to
du  w? (22 - GM/r
—_— = =), 1v.3.11
Yar 7°< u? — 2 ) (IV.3.11)

This equation indicates that the sonic point 4 can only be crossed if 2¢2 = GM/r,
at the radius where u? = ¢2, so that the numerator and denominator vanish together.
Combining this requirement with the Bernoulli relation (IV.3.8) yields an expression for

the sound speed at the sonic point,

< u? (IV.3.12)

with the inequality arising because the velocity must rise monotonically beyond the sonic
point. This requires v < 3/2 for a wind solution to exist. Equation (IV.3.8) can then be
evaluated to determine rg:

5—3y GM
rg = 221 22 (IV.3.13)
v—1 2uZ
Integrating (IV.3.10) from the sonic point r4 to any other radius r provides
2 v-1 2 -1
() = p(r) - |5 ) . (Iv.3.14)
i(rs)  Lp(rs) r? u(r)

Feeding this profile into (IV.3.6) provides a solution for the wind speed. The steps
to obtain the full solution are then: (i) use (IV.3.7) to calculate u%, using quantities
evaluated at the base of the wind; (ii) use this quantity in (IV.3.12) and (IV.3.13) to
calculate the sound speed at and location of the sonic point; (iii) use these to determine
the radial profile of the sound speed with (IV.3.14); and (iv) substitute this profile into
(IV.3.6) to determine the radial profile of the wind speed.

Following the same procedure for an isothermal wind (y = 1) results in the following

expressions:
2 4,2 M
“211n<7" . > 4<7"S1), ro= M, (IV.3.15)

42 2
cs Te CE T 2cz

This solution is shown in the diagram below:
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2F Parker wind

Bondi accretion

0 1 1 T
0 2 4 6 8 10

/7

Note that there is an additional solution to (IV.3.15), traced by the red line and marked
“Bondi accretion” (Bondi 1952). This solution corresponds to mass accretion of material
starting at large distances and small velocities, accelerating in through the sonic point,
and accreting onto the central massive object with a supersonic radial velocity.

While the solar wind is directed radially outwards, this is only true in the frame of the
Sun. With the Sun rotating every ~24 days at the equator, the solar wind in the “lab”
frame sweeps back into a spiral (as if from a rotating lawn sprinkler). This spiral is now
referred to as the “Parker spiral,” the trajectory of which in the equatorial plane is given
by

u, R de U

_ e nde — R = - IV.3.1
L=n =Ry = R-Ro= (e ) (IV3.16)

where {2 is the angular velocity at the solar surface Rg, and g is the angular location
from which a particular solar-wind stream is launched. By the time the solar wind reaches
the Earth’s orbit (at ~215 R) the angle is roughly 45°, becoming more azimuthal farther
out away from the Sun.

This flow entrains the interplanetary magnetic field and, assuming ideal-MHD evolu-
tion, coerces it to follow the stream lines (at least at distances greater than the Alfvén
radius, beyond which the solar-wind speed is larger than the local Alfvén speed; this
Alfvén radius varies between ~15 Rg and 30 Ry, depending on the solar cycle). The
result is that B,/Br = u,/ur = Rf2/u. With the radial component of the (solenoidal)
magnetic field decreasing from By at R = R, following

R\ 2
Br(R) = BO<R®> : (IV.3.17)
the azimuthal magnetic field then follows:
QRo Ry

B,(R) = By (IV.3.18)

7
Note that the pitch angle

BuB) B2 ([ B\ Two\( u \
T T ’ IV.3.1
BR(R) U (1 au) (24 dayg 400 km 871 ( 3 9)

increases with distance.




General Plasma Physics 11 64
PART V

MHD waves

V.1. Linear theory: Alfvén, magnetosonic, and entropy modes

Consider a uniform, stationary, ideal-MHD, non-self-gravitating fluid, threaded by a
uniform magnetic field By. To orient our coordinate system, we choose the magnetic field
to lie along the z axis, so that By = Bp2. Then the perpendicular direction (denoted
by a subscript L) lies in the a-y plane. We perturb the fluid with small displacements,
which we take to be sinusoidal:

pt,r) = po + dpexp(ik-r —iwt),

u(t,r) = 0 + Jduexp(ik-r—iwt), (V.11)
B(t,r) = Boz + B exp(ik-r—iwt), o
P(t,r) = Py + P exp(ik-r—iwt).

In general, the wavevector k = k|2 4+ k1 has components along (||) and across (L) the
background magnetic field. Because ideal MHD has no dissipation or dispersion, and
because we took the background to be uniform and stationary, the wave frequency w is
purely real, corresponding to a plane-wave oscillation; more generally, w can be complex,
allowing for growing or decaying solutions.

If you paid close attention, you noticed that I qualified the perturbations as being
“small”. Small? What’s “small”? I mean that all nonlinearities that result when perturbing
our equations will be dropped, leaving behind a set of linear equations for which the
sinusoidal form adopted above represents exact solutions. The result is linear theory,
from which one may obtain the relation between w and k called the dispersion relation.
It’s important to bear in mind, however, that when substituting the eigenvalues w = w(k)
back into the linear equations to compute the eigenvectors, one must take the real parts
to obtain actual observable quantities. Now down to business.

Substituting (V.1.1) into the ideal, adiabatic MHD equations (see (I1.3.36)) and
retaining only those terms proportional to § leads, after some re-arrangement, to the
following set:

W —ik - Su, (V.1.2a)
Po
0P 0B 0B
—iwdu = —ik [ 2—— + v3 '> + ik =, V.1.2b
<‘7Po Ag, IVA g, ( )
. (6P 5p>
—iw| ——v—] =0, V.1.2¢
(Po ,Ypo ( )
B
wB ikjou — 2 ik - u, (V.1.2d)
By

where v3 = B2/(47pg) is the Alfvén speed and c2 = vP/py is the adiabatic sound speed,
both evaluated in the background state. Before crunching on this, note that (V.1.2¢) has
two solutions: P = ¢2§p and w = 0. The former is the familiar adiabatic relation between
the perturbed pressure and perturbed density. The latter is commonly referred to as the
“entropy mode”, which in the ideal case corresponds to an inconsequential relabeling of
fluid elements that preserves the entropy of the system. When conductive mixing of fluid
elements is allowed, this mode acquires a non-zero frequency.

As a first pass, set k = k|2, in which case the divergence-free constraints on the
magnetic field, V-0B = 0, guarantees that §B| = 0. The parallel and perpendicular
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components of the equations then separate cleanly:

—iwdl = —ik:”<5u|| (V.1.3a)
Po

opP 0B
—iwéu” = —ikJ”CSi (V.1.3b) —iwéul = ik\lvi L

V.1l.4a
vPo By ( )

OB
5B =0 (V.1.3¢) —lwp =ikjouy  (V.14D)

0
. (0P 6p>
—iw | — — =0 V.1.3d
(5 -2 (V.1.3d)

On the left are equations describing compressive fluctuations: the entropy mode (w = 0)
and a parallel-propagating sound wave. The dispersion relation for the latter is obtained

by setting 6P = c2§p and combining the continuity and parallel momentum equations to
find

S _ 0w

w = *kjcs with
o Cs

(V.1.5)
With k| > 0, these represent forward-propagating (+ sign) and backward-propagating
(— sign) sound waves. The equations on the right side of (V.1.4) describe incompressible
fluctuations called shear Alfvén waves:

5BL §uL

w = tkjva with Ba :FK' (V.1.6)

These waves are not associated with any motion along the field nor any changes in density.
The fluid motion here is exactly the E x B velocity, which is what it needs to be for the
perturbed magnetic field to remain frozen into the fluid.

(B Can hawe Wfo

Now for the general case. Start by splitting (V.1.2b) and (V.1.2d) into their parallel
and perpendicular parts:

, L 5 0P . , SP  ,0B)\ .., ,0B,
—lwdu) = —1k|‘c§ﬁ —iwéu; = —ik (cgm + U‘QABOl) + 1k||vf\ Be
(V.1.7a) (V.1.80)
B B
—iw = ik -y —iw et = ik du, (V.1.8b)
0 0

(V.1.7b)
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Do kj(V.1.7a) + ki -(V.1.8a) and use (V.1.2a) and (V.1.2¢) to replace k-du with
w(dP/~Py) to find that

éB

(w2 . k202)5i — k2,2 Il

S /yPO ABio. (V.l.g)

Solve this expression for the pressure perturbation and substitute it back into (V.1.8a)
and re-arrange to obtain

5BL UJ2 (SB”
2 2,2 _ 2
(OJ - k”'UA)iBO = _k”kJ_UA <w2 — k203> 730 . (\/ 110)

Finally, use k- 9B = 0 to eliminate d B in favor of —(k/kj)-0B:

2
2 2 2 2 w B _
|:(OJ —kllvA)I—kLklvA<w2 —kzc§>:| . BO =0. (\/111)

Taking the determinant and setting it to zero gives the dispersion relation

w2

Before proceeding with the analysis, I'll note that the factor in square brackets is often
written instead as

w — Wk (2 +v3) + k%gkﬁvi

after multiplying through by w? — k?cZ, but I like it as written in the boxed equation
because one can more easily take limits in large or small 8 = (2/7)(c?/v3).

Equation (V.1.12) admits six roots; the entropy mode (w = 0) discussed earlier in this
section was lost when we set P = c¢2§p. Two of these roots are clearly the forward- and
backward-propagating shear Alfvén waves, w = 4k va. The remaining four roots are

B2(c2 4 02 E4(c2 1+ 02 )2

wr=wiy = (CB;_ va) + \/ (< IUA) — k2cZk{og (V.1.13)
202 1 2 A (2 1 02 )2

w=wi,, = i (CS;_ vA) _ \/ (< IUA) — k?cgkivg. (V.1.14)

These are “magneto-sonic” modes, so called because they combine the effects of the
magnetic field and the fluid pressure. Two of these modes are labelled “fast” and two are
labelled “slow”; each pair corresponds to a set of forward- and backwards-propagating
waves. The names “fast” and “slow” are assigned because of the + and — signs; clearly,
waast > w§10w‘

Take the limit 8 > 1. Then w? , ~ k*c? and w?_ =~ kﬁvi. The former is proportional
to k? because, when the sound speed is much faster than the Alfvén speed, the main
restoring force is the (isotropic) pressure. The latter is sometimes called “pseudo-Alfvén”
wave, because its dispersion relation matches that of a shear Alfvén wave but its
polarization is different. Take the limit 8 < 1. Then wi , ~ k*v} and w?,, =~ kﬁcg
The latter is a sound wave propagating along straight field lines.

Another set of limits that are useful to examine concern the wavevector orientation.
The sketch below illustrates a fast mode with kj = 0, which is powered by a combination

of increased gas and magnetic pressure in regions of compression (where V- & < 0):
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When k) # 0 but satisfies kj/k. < 1, corresponding to scales along the background
magnetic field being rnuch larger than scales across the magnetic field, the magneto-

2
sonic waves become w?,, ~ k3 (¢Z +v3) and w3, ~ TR

k2v% (1 + v3 /c2)~1, the difference

being whether the gas pressure and magnetic pressure are in phase or out of phase:

Bk

W

((ME l"”/7'& TS \mxﬂ

lowp LMK(NP g} (v

Recall from (V.1.9) that
oP k*vi 0B
vPy k22 —w? By
With &k < k1 and w? = w3, ~ kﬁ 2 (1 +v3/c2)~1, this becomes

=0.

0P kivi JBH
R + —_—,
TPy KGR+ 03 /3) " By
or
BOcSBH
oP + ~ 0.
47t

This is just a statement of total pressure balance. Visually:

wil ‘Lu! hLd\ :

N2

(V.1.15)

(V.1.16)
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V.2. Lagrangian versus Eulerian perturbations

Before proceeding to study more waves, and even the possibility of instabilities, it is
worth discussing a different approach to perturbation theory. Just as there is an Eulerian
time derivative and a Lagrangian time derivative, there is Eulerian perturbation theory
and Lagrangian perturbation theory. The former, in which perturbations are denoted by
a 0, measures the change in a quantity at a particular point in space. For example, if
the equilibrium density at 7, p(r), is changed at time ¢ by some disturbance to become
o' (t,7), then we denote the Eulerian perturbation of the density by

p'(t,r) = p(r) =dp < p(r). (V.2.1)

Again, these perturbations are taken at fixed position. The latter — Lagrangian pertur-
bation theory — concerns the evolution of small perturbations about a background state
within o particular fluid element as it undergoes a displacement €. For example, if a
particularly fluid element is displaced from its equilibrium position = to position r + &,
then the density of that fluid element changes by an amount

pt,r+&) —p(r) = Ap. (V.2.2)
This is a Lagrangian perturbation. To linear order, § and A are related by
Ap=p(t,r) +&-Vp(r) —p(r) =dp+&-Vp. (V.2.3)

There are many situations in which a Lagrangian approach is easier to use than an
Eulerian approach; there are also some situations in which doing so is absolutely necessary
(e.g., see §IIle of Balbus (1988) and §lc of Balbus & Soker (1989) for discussions of the
perils of using Eulerian perturbations in the context of local thermal instability).

Question: It is possible to have zero Eulerian perturbation and yet have finite Lagrangian
perturbation. What does this mean physically? Is there a physical change in the system?

The Lagrangian velocity perturbation Aw is given by

D¢

Au = =8
Y

0
= (87,‘ + u-V) £, (V.2.4)
where u is the background velocity. It is the instantaneous time rate of the displacement
of a fluid element, taken relative to the unperturbed flow. Because Au = du + £+ Vu,
we have

_ 9¢
ot
Note the additional & - Vu term, representing a measurement of the background fluid
gradients by the fluid displacement.

ou +u-VE—-§-Vau. (V.2.5)

Ezercise. Let u = R2(R)®, as in a differentially rotating disk in cylindrical coordinates.
Consider a displacement £ with radial and azimuthal components {r and &,, each depending
upon R and ¢. Show that

Dén B
o = du, + fRdlnR' (V.2.6)

The second term in the latter equation accounts for the stretching of radial displacements into
the azimuthal direction by the differential rotation.

D ds?
=dur and %
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You can think of both § and A as difference operators, since we’re only working to
linear order in the perturbation amplitude: e.g.,

(1) -y s
p) p+op p p*

But you must be very careful when mixing Eulerian and Lagrangian points of view. Prove
the following commutation relations:

W 5] =0
i) | ;‘xi]:o,
i [52] - t0
@) |4 5] =G
(v) A ]ft}:o;
(vi) ll)jt] gjai] DDt
o0 | o)~ 5

We can use these to obtain linearized versions of the continuity equation, momentum
equation, induction equation, and entropy equation expressed in terms of Lagrangian
perturbations.

First, apply a Lagrangian perturbation to the continuity equation:

Dlnp
A =-V-ul.

The left-hand side is straightforward, because A commutes with D/Dt:

Dlnp| D DAp
A[ Dt ]DtAlnp Dt p

The right-hand side can be cleaned up using the commutation rules above:

A{—V.u} — A

Tziui a (9561 6[5@ 87% B 8.Ii Dt 8ZZZZ 81’]‘
(vii) 2 0 Ou; 0 08 Ou; D
- (Dt oz " 0w 0, )5 ws 0w, Dtv ¢

Combining the left- and right-hand sides provides

A
| L= — (v27)

Now let’s run the same procedure on the entropy equation:

_a|Ps|w D AP Apl _ D1AT 4
O_A{Dt}_Dt[AS} Dt[P 7 Dt T ~0=D |
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Using the continuity equation for Ap yields

AP AT
e I

iz T —(y=1)V-£& (V.2.8)

The ideal induction equation requires more work, but it’s made a bit easier by writing it

in the form of (I1.3.17):
A {DB _B, Vu].
Dtp p
As with the continuity equation, the left-hand side is straightforward:
A D B] (v DA Bl DJ[AB BAp| D[AB+B(V-§)
Dp| Dt p| Dt| p p p| Dt p ’

where the linearized continuity equation was used in the final step. For the right-hand
side, use the chain rule and several commutation rules to re-arrange as follows:
B B B, 0 iv B B, [ 0 0¢; 0
A{-Vu} :A{] -Vu+A[ u} (@) A[} -Vu+( Au— “)
p p p L0z p p \Ox; Ox; Ox;
A[B] gy B0 DE_ B0 u
P p Ox; Dt p 0x; Oz,
W) A Bl gy  Bi(DOE, O 08 _Bi 9§ 0u
p p \DtOx; = Ox; Oz; p 0x; Ox;
D(B V)ff)gg& B; Qu; 0€
dx; Dt p p Oz Ox;

Dt \ p
_|[AB+B(V-§)] . D (B _ Bi 9 0u
_{ p } Vu+Dt(p Vg) paxjiaxj
 [AB+B(V-£) - (B-V)¢ D /B
b 3 (0

Moving the D/Dt term to the left-hand side results in
D {AB+B(V-§) - (B-V)&} B [AB+B(V-§) —(B-V)¢
Dt p B p

This is just the equation for a vector being advected and stretched by a flow velocity
u, written in the Lagrangian frame: Dz /Dt = (x+ V)u (recall (I1.3.18)). The general
solution to this equation is

}.Vu.

|AB=(B-V)é-B(V-£)| (V.2.9)

The boxed equations are particularly useful for linear analyses, so let us collect
them here, written in terms of both Lagrangian and FEulerian perturbations:

Ap=—p(V-§) op ==V -(p€)
AP = —yP(V - £) 6P =-V-(P§) - (y—1)P(V-§)
AB = (B-V)t — B(V-¢) §B =V X (£ X B)

The utility of these equations are that they are expressed in terms of the displacement
&; in some cases, this facilitates a clearer physical picture of what’s going on.
Finally, the momentum equation. Denoting all the forces on its right-hand side by f,
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we have
Du] @ D D?¢ f1_4f f
Ai :7A :7:A—:7——V. .
{Dt} Dt{ u} D¢? p p p( 9
If we are perturbing about an equilibrium in which the sum of all the forces vanishes
everywhere, f = 0, then the final term on the right-hand side vanishes and Af = 6 f,
leaving

D2¢

o g e Vel (V2.10)

B-6B) SB-VB B-ViB
- +

Just remember that there’s a w -V inside of that D/Dt.

V.3. Lagrangian MHD

The above equations for governing the evolution of Lagrangian perturbation are part
of a more general Lagrangian MHD framework, due to Newcomb (1962). This framework
is presented here and then linearized to afford an alternative route to our Lagrangian
perturbation equations.

At t = 0, label each fluid element by its position ry. At any future time, the location
of those fluid elements can be obtained, provided that their displacements &(¢, 7o) are
also known:

r(t,ro) = 1o +&(¢,70).
You can think of ry as a label that a fluid element carries around with it, marking the
location from which it began its journey. In this sense, r¢ is a Lagrangian label; by
contrast, r(t,7¢) is a Eulerian label that states where in the lab frame that particular
fluid element has ended up after some time t.
Because mass is conserved, the amount of material in an infinitesimal volume element
as it moves around must be constant:

po(ro)dro = p(r(t,ro))dr = pr(t,ro)dr. (V.3.1)

On the left-hand side is the mass enclosed in the initial volume of the fluid element at
t = 0. Because this mass must be constant as it moves around, it will equal the amount of
material located at r within volume dr if that volume were connected back to its initial
position at rg via &(¢, 7). The notation on the right-hand size of this equation makes the
Lagrangian viewpoint clear: pr,(¢,70) is the density of the fluid element starting from 7,
which is found at r(t, 7o) at time t. The volume element dr( is connected to dr through
the determinant of the Jacobian:

or 1 dr; Or; Ory
dr = J(t,ro)d h = || = Z€ijk€imn o = . V.3.2
" j( 7T0) 0, where j 81"0 66 jkel 87‘0[ 8r0m 87”()” ( )
Mass continuity is then
po(ro)
t,rg) = ———. V.3.3
pultimo) = £ (V-3.3)

Before obtaining the other MHD equations within this Lagrangian viewpoint, let us take
the displacement &€ to be small, in which case J = |l + 0&/0r¢| ~ 1+ V- £ to leading
order in £. Then

Ap = pr(t,m0) = po(ro) =~ —po(r0)(Vo - §), (V.3.4)
exactly what we found in §V.2 (see (V.2.7)). Applying this methodology to pressure is
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trivial given the assumed adiabatic equation of state:

Py(r .
PL(t,’!‘U) = M — AP = PL(t,’I”()) — Po(’l'o) ~ —’}/Po(’l"o)(VO é), (V35)
J(t,ro)
just as in (V.2.8).
For the ideal induction equation, we follow a similar strategy as in §V.2 by working
with the equation for (D/Dt)(B/p) (see (I1.3.17)):

Bﬁ ﬁ-Vu By 0rg v *BL-aTO-V Dr

— - 2L 70 === — V.3.6
Dt pr  pL pp or "’ pr or ’Dt ( )
The solution to this equation that satisfies By /pr, = Bo/po at t = 0 is
BL BO Bo(’l"o) 'Vo’r'(t77'0)
(R Vf,' :} B t’ r = . V37
pL po £(t;7o) Tt o) (V-3.7)

Again taking the displacement £ to be small, and using (V.3.4) to replace pr,, leads to
AB = By(t,10) — Bo(ro) = Bo(ro) - Vo& — Bo(r0)(Vo - §). (V.3.8)

This matches (V.2.9).

Nothing particularly educational is gained by spelling out the derivation of the momen-
tum equation in the Lagrangian picture, and nothing particularly useful beyond (V.2.10)
is gained by having the answer. But here it is:

wDPr _ (oro) o (P |Bo-VorP), Bo o By or
J D2 <8r) VO(JWJF LNE T am7 V0T T arg (V.3.9)

V.4. Nonlinear MHD waves

It is worth noting that some waves in ideal MHD are exact nonlinear solutions to the
equations. For example, a shear-Alfvén wave with

B
B = Boz + By sin[k(z —vat)|& and w, = vaB—L sin[k(z — vat)| @ (V.4.1)
0

satisfies u - Vu = u - VB = 0 and is an exact nonlinear solution if the pressure satisfies

32
P+ 8—; sin®[k(z — vat)] = const. (V.4.2)
In principle, such a pressure profile could be arranged, but it seems a bit contrived. A
more natural nonlinear solution for an Alfvén wave applies when the wave is circularly
polarized:

B, = —\/4mpu, = B, coslk(z — vat)]& + B sink(z — vat)]y. (V.4.3)

For this polarization, the total field strength satisfies B? = B + B? = const, and so the
background pressure can remain constant.
A set of equations for nonlinear Alfvén waves can be constructed following Elsasser
(1950). Assume incompressibility with p = const, and define the Elsasser fields
B

Zt —ut+ ——. 4.4
u o (V.4.4)
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Take the incompressible momentum and induction equations in the following forms:

ou B-VB 1 B?
B
%—t—s—u-VB:B-Vu. (V.4.6)
Divide the latter by 1/4mp, and add and subtract the equations:
0Z* N B L 1 B?
-VZ¥=4+—-VZ= - -V(P+— ). V.4.7
5 T U v T v pV( + 87r> ( )
Defining i = (P + B%/87)/p and re-arranging, we obtain
0Z* ~
STl ZT.VZ*t=_-Vh (V.4.8)

Note that Z* is advected by ZT, a feature that is extremely important for theories of
MHD turbulence. Because V - Z* = 0, h is determined by

Vh=-VV:ZtZ". (V.4.9)

This is the pressure required to ensure incompressibility.
It will prove beneficial to split the magnetic field into its background and perturbed
parts, so that

ZF = tupaz+06Z7% (V.4.10)
Then (V.4.8) becomes

+ +
5(58Zt T aé@i +6ZF.V6ZF = —Vh (V.4.11)

We’ll explore this equation more in the next section, and further on when discussing
MHD turbulence, but there are a few things to note now while I have your attention.
First, if Z~ = 0, then 6Z™" satisfies a linear equation representing the propagation
of an Alfvén-wave packet at velocity va2. Likewise, if §ZT = 0, then §Z~ satisfies a
linear equation representing the propagation of an Alfvén-wave packet at speed —vaZ.
Therefore,

0Z% = f(rtuptz), 0ZF =0, (V.4.12)
where f is an arbitrary function, are exact nonlinear solutions of incompressible MHD.
Such isolated Alfvén-wave packets, called “Elsasser states” never interact with one an-
other, because they all travel at the same velocity (+va2) and so can never catch up
with one another. But if both Elsasser states are active, then these counter-propagating
Alfvén-wave packets can nonlinearly interact through the term 6Z7F - V§ZF in (V.4.11)
and distort one another. Despite this interaction, however, there are certain conserved
quantities.

Equations (V.4.8) independently conserve the total energy,

d L(1ZT)? |z~ >\ d v  B*\

and the cross-helicity:

d L(1ZT]? |Z7|)? d B

E
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The cross-helicity is sometimes called the imbalance, because it measures the difference in
energies between the counter-propagating Alfvénic fluctuations. In the solar wind, there
is significantly more energy in Alfvénic fluctuations propagating away from the Sun than
towards it, increasingly so nearer to the corona (e.g., Wicks et al. 2013).

V.5. Reduced MHD

Reduced MHD (RMHD) is a nonlinear system of fluid equations used to describe
anisotropic fluctuations in magnetized plasmas at lengthscales £ > 74y,0; and frequencies
w < {2, where rgyroi and (2 are the ion Larmor radius and frequency, respectively. It
was initially used to model elongated structures in tokamaks (Kadomtsev & Pogutse
1974; Strauss 1976, 1977), but has since become a standard paradigm in astrophysical
contexts such as solar-wind turbulence (Zank & Matthaeus 1992a,b; Bhattacharjee et al.
1998) and the solar corona (Oughton et al. 2003; Perez & Chandran 2013).

While one may formulate different versions of RMHD, here I will confine the discussion
solely to ideally conducting fluids whose equilibrium state is homogeneous (py = const,
Py = const), stationary (ug = 0), and threaded by a uniform mean magnetic field oriented
along the z axis (By = Bp2). The fluid is perturbed with small displacements, which we
take to satisfy the ordering

b0 0P wi w 8By 0By Ky

e, V5.1
Po PO Cs Cs BQ BO i ( )

where the sound speed ¢, = (yPy/po)'/? is of order the Alfvén speed va = Bo/(47pg)"/2.
In other words, the plasma beta parameter

. 87TPO 2 Cg

8= B2 "yt (V.5.2)
is taken to be of order unity; subsidiary limits in high and low 8 may be taken after
the e expansion is performed. The fluctuations are therefore sub-sonic, sub-Alfvénic, and
spatially anisotropic with respect to the magnetic-field direction, with a characteristic
length scale parallel to the field (Nkr) that is much larger than across the field (~k7").
Because our focus is on Alfvén-wave fluctuations, the characteristic frequency of the
fluctuations is taken to satisfy w ~ kjva, so that w ~ ekj va. As a result of this ordering,
fast magnetosonic modes are ordered out of the equations. The ordering (V.5.1) is applied
to each of the ideal MHD equations and the result examined order by order in €. Before
doing so, note that the Lagrangian derivative

D 0 7]
D—t: a5t +U|‘V‘|+ul°Vl:aJFUL'VLWLO(Ew)a
~ e N —

so that fluctuations are nonlinearly advected to leading order by the E X B flow. This
is important, as it indicates that, while the fluctuations are assumed small, they are not
infinitesimally small. Let us proceed.

First, the continuity equation:

Do
Dt po
—— ——  N——

@ @ ©

=—Vju - Vi -uy,
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where the order in e at which each term enters relative to w is indicated. To leading

order, we have
v

i.e., the perpendicular dynamics is incompressible. This implies that u, can be written
in terms of a stream function:

u, =2XV, 0. (V54)

Likewise, the solenoidality constraint on the magnetic field allows us to write §B in
terms of a flux function:

0B |
VAo

Thus, the Alfvénic fluctuations can be described in terms of two scalar functions, @
and ¥. (The compressive fluctuations involve the higher-order terms in the continuity
equation, and are discussed below.)

The evolution equations for @ and ¥ are obtained by applying the RMHD ordering
(V.5.1) to the ideal-MHD induction equation:

0B
DB _Ju <(SBl -V¢>u+ (Vn)u Z(V- U)—(%B(V ‘).

=2X VW (V.5.5)

Dt BO 0z BO 0
—— = —_—— ———
® ® 0] ® 0] ®
To leading order, the perpendicular magnetic-field fluctuations satisfy
D éB, 0 6B}
—— == -V V.5.6
Dt B, <8z By l) (V-5.6)

The term in parentheses in (V.5.6) is just b+ V written out to O(ek_ ), and so field-parallel
gradients in the perpendicular flow drive (Lagrangian) changes in the perpendicular
magnetic-field fluctuations. Using the expressions (V.5.4) and (V.5.5) for v, and 6B,
respectively, equation (V.5.6) implies

ov 645
R — 5.
ot +1 b= 82 (V-5.7)
where the Poisson bracket
.. 5‘45 ov 0P o

The evolution equation for @ is obtained from the perpendicular component of the
momentum equation (II.3.8):

Dt + () Vur +— 2 Dt JF ( uVijur =-V c ’y? + 03—+ B,
e
> o ) 5 >

sB> ., 0B SB SB 5B_ \ 6B
_ 2y, B L+v< lVL) L 403 ( 'V) L

2B2 Aaz By By By By By '

@ @ @ @

(V.5.9)

where the order in € at which each term enters relative to wes is indicated. At O(1), we
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have perpendicular pressure balance:

opP 0B 0P 26B v2 6B
2 I e A 7l
- 2 = — —y—A 5.1
VL(CS'YPO+ ABo> 0 = Py~ B B *ycg By (V.5.10)
At O(e),
D’U,J_ 5P2 2 |(SB|2 8 5BJ_ 5BJ_ 5BJ_
Dt = VL( ’)/P +v VA 232 Aa BO 'UA B VL BO s (V511)

where § P; is the second-order pressure fluctuation. Fortunately, d P, need not be deter-
mined, since its only role is to enforce incompressibility, equation (V.5.3). Indeed, taking
the curl of (V.5.11) eliminates the entire pressure term, leaving

V. X [D];”; = géBL +03 (5]1;; -VL> 5;?] (V.5.12)
Noting that
ViX(2xV.®) =2V,
VI X(2XV, ¥)= zviw
ViX[(2XV.i®)V (4XV.P)]=22-(V,&XV Vi),
ViX[(EXV.W)- Vi (2xV. W)]=2%2-(VUXV VIV),
the 2 component of (V.5.12) may be written as
9 2 2 0 2 2
5 V1% + {®,Vi0} =vag ViU + {w,viv} (V.5.13)

This is essentially an equation for the flow vorticity.
Equations (V.5.7) and (V.5.13) form a closed set of equations for the Alfvénic fluctu-
ations:

Dy oP

Di'[f = 'UAE, (V514a)
D ~
ﬁvié =vab-VV3 Y, (V.5.14b)
where
D 0 . 1o} 1
— D, d b-V=—+—{v, ... L 5.1
i =g TP} and bV =g (V.5.15)

Note that the compressive fluctuations make no appearance in the equations for the
Alfvénic fluctuations, and so the former exert no influence on the latter.

Finally, there is an advantageous combination of (V.5.14) that makes clear the foun-
dation of theories of Alfvén-wave turbulence. Define the Elsésser potentials

(f=o+w (V.5.16)
Then @ = (¢T +¢7)/2 and ¥ = (¢t — ¢7)/2, and so (V.5.14) may be written as
9 (¢t —¢ CF+¢ ¢F= . 0 (¢ +¢
e N
4 CHC G+ e (CF=C
atVL( 5 >+{ 5 Vi 5 }_vAaZv‘j< 5 )

+ {C+ ;C_,vi < ; < } (V.5.17b)
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Noting that {¢*,¢(*} = 0 and taking V2 of (V.5.17a), these become

A —<—)+1vi({<—,<+}—{<+,<—}) o V(4 C),

gtvl(c_'i_g ) <{<+ \%ie }"’{C VLC_}) —UA(?VL(C—’_ C_)
o (GRS ER (SN Tas)]

which may be added to and subtracted from one another to obtain

0
at

Vit Fua o VACE = 2 ({CH VAC )+ {0 VA # VL))

(V.5.18)
The left-hand side of this equation captures the propagation of linear Alvén waves: (* =
[T (x,y, zFvat). What is notable is that these solutions are also exact nonlinear solutions
if either (= = 0 or (T = 0, since the nonlinearities on the right-hand side of (V.5.18) then
vanish. In fact, in this case the fluctuation (or, indeed, wave packet) may be of arbitrary
shape and magnitude, simply propagating along the mean magnetic field at the Alfvén
speed. The key here is that only counterpropagating fluctuations can interact (Kraichnan
1965). They do so by scattering off each other without exchanging energy; indeed, it is
easy to show by multiplying (V.5.18) by po¢* and integrating by parts that the nonlinear
Alfvén-wave energy

1
Wiy = 5/d% polV L CE? (V.5.19)

is conserved. This conservation law plays an important role in theories of Alfvén-wave
turbulence, particularly the fact that, whatever the compressive fluctuations are doing,
they are doing it independently of the Alfvén-wave cascade.

Now, the evolution equations for the compressive fluctuations will be derived and
analyzed by you in a problem set. But let me state them here without proof:

D(5(7

Dtog 0, (V.5.20)
DDt Z) - —mlg/%%i;-vul, (V.5.21)
]g)ti?BOl B HJW’A"V% (V.5.22)
D Dl = vib- V5130| (V.5.23)

where o = (y—1)"!Inpp~7 is the specific entropy. Equations (V.5.21)—(V.5.23) describe
the slow-wave-polarized fluctuations, for which perpendicular pressure balance (equation
(V.5.10)) holds. Equation (V.5.20) describes the zero-frequency entropy mode. Note that
the only nonlinearities in these equations are via the derivatives defined in (V.5.15). Ques-
tion: What does the imply about the relationship between the compressive fluctuations
and the Alfvénic ones?
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V.6. Waves in rotating systems
V.6.1. Rossby waves

Consider a two-dimensional, incompressible fluid on the surface of uniformly rotating
sphere (e.g., a planetary atmosphere). For a constant density or a barotropic equation of
state, equation (II.2.19) describing Kelvin’s circulation theorem becomes

% (Lot + 2028 cos ) = 0, (V.6.1)
where 6 is the angle between the rotation vector and the surface oriented normal to the
fluid element. (Note that incompressibility assures S = const.) This equation states that,
as a fluid element makes its way from the equator northwards (viz., from 6 = 7t/2 towards
6 = 0), its circulation as measured in the rotating frame must decrease. This means that
the element must then rotate in the clockwise direction. Likewise, a fluid element that
starts at the north pole and moves southwards towards the equator (viz., from § = 0
towards 6 = 71/2) increases its relative vorticity and thus rotates in the counterclockwise
direction.

With this behavior in mind, let’s now imagine a small-amplitude, wave-like disturbance
at constant latitude (see diagram below). Northward displacements in this wave acquire
negative relative vorticity and rotate clockwise; southward displacements acquire positive
relative vorticity and rotate counterclockwise. These changes in the velocity of the
disturbance actually feed back on the wave itself to make it travel westward; in effect,
the wave is advecting itself to the west.

N Tror < 0

[t >0 I
The relationship between the frequency w and wavevector k for this wave — the dispersion
relation — is given by

B ky 20sind

= *m r s (V62)

where = denotes the local poloidal direction (pointing southward), y denotes the local
azimuthal direction (pointing eastward), and r the spherical radial distance. With £ > 0
and k, > 0, the phase velocity of the wave w/k, < 0, i.e., the wave travels westward.
Note that the group velocity, dw/0k,, can be either positive or negative; in general,
shorter wavelengths (higher k) have an eastward group velocity and longer wavelengths
(smaller k) have a westward group velocity.

These waves are named after the meteorologist Carl Rossby, who derived the mathe-
matics governing this phenomenon in 1939 while at MIT (after which he became assistant
director of research at the U.S. Weather Bureau and then moved to University of Chicago
as Chair of the Department of Meteorology).®

6See https://elischolar.library.yale.edu/journal_of_marine_research/516.
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V.6.2. Spiral density waves and inertial waves

In rotating disks, there are effects that modify the standard MHD waves and effects
that introduce new kinds of oscillations. These effects are explored in this section. We
first neglect magnetic effects and work in ideal hydrodynamics.

We work in cylindrical polar coordinates (R, p, z) with z oriented along the axis of
a differentially rotating disk with angular frequency 2z. For simplicity, we’ll take the
background pressure to be barotropic, in which case {2 = 2(R) only (remember §IV.27),
but allow for radial and vertical stratification in the density, p = p(R, z). Starting from
(I1.2.9), the linearized equations are

9 Qi dp _  109(Révg) 19dbv, v, 5 dlnp 5 Olnp
ot ‘9p)p ~ R OR R op 09z "Far a0
(V.6.3a)

0 0 0oh

— + 02— =——+20 .6.
(8t+ &P>5UR 55 T 20200, (V.6.3b)

0 0 1 96h K2

00 eu, =0 6.
<8t+ 64,0)5%’ R 99 2051}3, (V.6.3¢)

0 0 dSh

2102 - 6.
(8t+ a@)avz . (V.6.3d)

where 6h = §P/p = ¢2dp/p is the enthalpy. Working in the WKB limit, we may adopt
solutions of the form exp(—iwt + imy + kg R + ik, z); the idea is that the perturbations
vary on lengthscales much shorter than those characterizing the background disk, wiz.,
krLgr ~ kgrR>1and k,L, > 1, where Lr (L) is the characteristic disk lengthscale in
the radial (vertical) direction. Substituting in this plane-wave solution yields the following
set of equations for the perturbations’ Fourier amplitudes:

)
fiw?” = —ikpdvp — 1%5% — ik v, (V.6.4a)
- . 20p

—iwdvg = —ikgc; n + 20200, (V.6.4b)
K} 2

—iwdv, = —i%czf - ;—QévR, (V.6.4¢)
5

_iwéu, = —ik:chf, (V.6.4d)

where W = w — mJ{?2 is the Doppler-shifted frequency.
In the “tightly wound” limit in which kg, k. > m/R, these equations may be straight-
forwardly combined to obtain the following dispersion relation:

w' —w? (k* + k°cZ) + kK22 =0, (V.6.5)
where k? = k% + k2. Another way to write this result is
k2 k%2

—2 122 s
K22 = , V.6.6
w == 3 ( )

which has the usual sound-wave dispersion relation on the left-hand side (except that
w? — w?) and has a right-hand side that includes effects associated with the differential
rotation.

Consider first the case k, = 0. The result is the dispersion relation for spiral density
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Waves:

w0 = K>+ k2. (V.6.7)

Such waves are thought to be particularly important in theories of galactic structure
and protostellar disks, especially when a —47ntGp is appended to the right-hand side to
account for the disk’s own self-gravity. Note that rotation is a stabilizing influence and
boosts the frequency of the wave, as is differential rotation as long as x2 > 0 (the usual
situation in astrophysical disks). This is because the angular momentum of a displaced
fluid element is conserved: as the fluid element is compressed in the sound wave it spins
up, and the accompanying centrifugal force resists the contraction and thereby boosts
the frequency of the oscillation.

Now take k,cs > k in (V.6.6) to obtain the dispersion relation for inertial waves:

2
L
-

These waves are essentially incompressible, and are the only fluctuations in a polytropic,
non-self-gravitating disk having frequencies less than k. Note the dependence on k,, which
in concert with their incompressible nature tells us that the fluid displacements in this
wave are primarily in the disk plane. The force responsible for this wave is the Coriolis
force, which arises from the geometric terms in w - Vu — thus the moniker “inertial wave”.
Inertial waves are basically epicycles that have been modified by pressure forces.

Finally, let us obtain a general equation without adopting the WKB approximation.
Take the perturbations in (V.6.3) to have the form f(R, z) exp(—iwt 4+ imep). After much
work, the following linear wave equation for the potential §h = §P/p emerges:

1 0 (Rp 0 10 0 m2p 1 9 [(202mp B
[Rc’)R (DaR) = <f’a) “®D ' GROR ( D )|oh=—0e (V68

where D = 12 —@? Note the resonances at D = 0 and @ = 0, which are referred to as the
Lindblad resonance and the corotation resonance, respectively. Near these resonances,
the waves couple strongly to the disk. (The WKB treatment formally breaks down at
the Lindblad resonance, at which kr must vanish.) These resonances are important in
the study of tidally driven waves and planetary migration. For more on this topic, see
Goldreich & Tremaine (1979, 1980) and Balbus (2003).

Including magnetic fields will change the dynamics completely when 2 = 2(R), driving
the disk linearly unstable in what is now known as the magnetorotational instability.
We'll come to that in §VI.8. For now, let us only consider the case of rigid rotation (k2 =
4(2?) and a magnetic field aligned with the rotation axis of the disk (B = By + 6 B).



General Plasma Physics 11 81
Equations (V.6.3) then become

O T
(V.6.9a)
<§t+nai)5 R:f%mm 5&‘9‘;?, (V.6.9b)
(§t+rz; >5U¢=—11%%(f;l—2ﬂ5vR+4§T()p(9(;§p, (V.6.9¢)
(§t+rzaa )5%:—%?+£;agfz, (V.6.9d)
(gf + 98‘9 >5BR — By ang (V.6.9¢)
<§t + rzaa )513 — B, 3(‘;2*0 (V.6.9f)
<§t + !286 )532 = —%7‘3(1;‘;“) - %833’. (V.6.9¢)

Following the same process as earlier in this section, the WKB dispersion relation in the
tightly wound limit (kg,k, > m/R) is

(w — k”'UA) [w4 — w2k2(c -+ 'UA) -+ kzczk”'UA} = 4(2252 (w2 — kgcg) (VG].O)

Note that the rotation has coupled the Alfvén and magnetosonic branches. In the limit
k%c? > w?, which has the effect of enforcing incompressibility, this dispersion relation
becomes

25 2k2
which provides the following four roots describing magneto-Coriolis waves:

w —iQ'M Q2k§+kv and  Wglow = Q|k2|i QQk—EJFk%? (V.6.12)
fast — k ” A SIOW_:F k k2 ” A .0.

When the two signs are the same, the Lorentz force and Coriolis force work reinforce
one another, boosting the wave frequency. This is essentially an inertial wave modified
by the magnetic force. When the two signs are opposite, the Lorentz force and Coriolis
force oppose one another; these waves are sometimes called magnetostrophic waves.
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PART VI

MHD instabilities

With some waves under our belts and now equipped with both Eulerian and Lagrangian
viewpoints, let’s do some MHD linear instabilities. The program is to set up some
equilibria and then subject them to small-amplitude perturbations in the fluid and
magnetic field. There are a few different ways of doing this and assessing whether
the system is stable or unstable to these perturbations. There’s something called the
MHD Energy Principle, which will tell you whether a given set of perturbations about
some equilibrium state will bring the system profitably to a lower energy state. There’s
something called Eulerian perturbation theory, where you subject the equilibrium state
to small-amplitude perturbations, formulate those perturbations in the lab frame, and
ask whether the perturbations oscillate, grow, or decay (this is the approach we took
to studying the MHD waves). And there’s something called Lagrangian perturbation
theory, which is same as Eulerian perturbation theory but is formulated in the frame of
fluid (thus the groundwork laid in the last chapter). Each of these has its advantages
depending on the equilibrium state, boundary conditions, and questions being asked.
Eulerian perturbation theory is the most straightforward procedure, so we’ll start there.

VI.1. A primer on instability

Before attacking the MHD equations, let’s do something simple to establish notation
and learn the procedure. Consider the following ordinary differential equation:
d?z dz

E gt 2*(x — x9) =0, (VL1.1)

where v and {2 > 0 are constants. You may recognize this as the equation for a damped
simple harmonic oscillator of natural frequency {2 whose velocity along the z axis is
damped at a rate v > 0. But let’s not yet commit to any particular sign of v. First, the
equilibrium state. This is easy: the oscillator is at rest at x = z3. We now displace the
oscillator by a small amount &, so that z(t) = 2o + £(¢). The equation governing this
displacement is
2

% + 21/% + 2%¢ =0. (VL.1.2)
This equation admits solutions £ ~ exp(—iwt), where w is a complex frequency that
satisfies the dispersion relation

Wiy - 22 =0 = w=-iv+t/0N2-12 (VL.1.3)

How do we assess stability? If the imaginary part of w is positive, then —iw has a positive
real part, and the displacements will grow exponentially in time. If the imaginary part
of w is negative, then —iw has a negative real part, and this corresponds to exponential
decay of the perturbation. If w additionally has a real part, then this represents a growing
or decaying oscillator. It’s clear from a cursory glance at the dispersion relation (VI.1.3)
that the perturbations oscillate and decay exponentially if 2 > v > 0. If v > 2 > 0,
then the perturbations decay without oscillating. But if v < 0, then there is always an
exponentially growing solution. Thus, v > 0 is the stability criterion for this system.
Now, suppose the equation of interest were instead
d%x dzx

T i 2% sin(x — x) = 0. (VL.1.4)
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The equilibrium is still the same, but if we want simple harmonic oscillator solutions,
we're only going to get them if the displacement is small, i.e., |{| < xo. In that case,
we can Taylor expand sin(z — zo) ~ & — £2/6 + .... To leading order in &, we’re back
to where we started with (VI.1.2). This is linear theory: identify an equilibrium, perturb
the system about that equilibrium, and drop all terms nonlinear in the perturbation
amplitude.

Note that we are not solving an initial value problems. We are agnostic about the
initial conditions and only ask whether some disturbance will ultimately grow or decay.
In some situations (most notably, Landau damping), solving the initial value problem
is absolutely essential to obtain the full solution and all the physics involved. But if
you just want to calculate the wave-like response of a system to infinitesimally small
perturbations and learn whether such a response grows or decays, you need only adopt
solutions ~ exp(—iwt), find the dispersion relation for w vs k, and examine the sign of its
imaginary part. (The difference is related to a Laplace vs a Fourier transform in time.)

VI1.2. Linearized MHD equations
Take (I1.3.36) and write
p=po(r)+dp(t,r), w=du(t,r), P=P(r)+diP(t,r), B=Byr)+diB(tr);

i.e., consider a stratified, stationary equilibrium state threaded by a magnetic field and
subject it to perturbations. Never mind how the equilibrium is set up — it is what it is,
and we’ll perturb it. Neglecting all terms quadratic in §, equations (I11.3.36) become

% (5w V) py — po(V - u), (VL.2.1)

oou 1 Bo-0B\  dp B2

= py =0 "= g P, 4+ =0

o P0V<5 T >+pév<°+8n
4mtpo 4mpo Po 4r

00B

5 = ~(0w-V)Bo + (Bo- V)ou — Bo(V - du), (V1.2.3)
0 (6P §p) P
— = A7) = —fu-Vin—. VI1.2.4
ot <Po "o Pg ( )

(Again, a quick way of getting these is to think of § as a difference operator that commutes
with partial differentiation.) If the equilibrium state satisfies

B2> n (Bo-V)By

0=-V (PO + =2 o — po Vo,

87

then the linearized momentum equation (VI.2.2) reduces to
096 By-dB\ ¢ By:-V)éB (0B-V)B
u 008 31y, (B V15 055

1
& _—v(er+
ot Po ( 47t Po 47'[[)() 47Tp0

—Véd. (VI.2.5)

Pretty much every gradient of an equilibrium quantity here will give an instability
(otherwise, you just get back simple linear waves on a homogeneous background). So
let’s not analyze this all at once. But I write this system of equations here for two
important reasons: (i) it makes clear that we can adopt solutions § ~ exp(—iwt) for
the perturbations, since the equations are linear in the fluctuation amplitudes and
the background is time-independent; (ii) we can only adopt full plane-wave solutions
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d ~ exp(—iwt + ik - 7) if the fluctuations vary on length scales much smaller than that
over which the background varies (the so-called WKB approximation). Otherwise, we
have to worry about the exact structure of the background gradients and their boundary
conditions. In some cases, we'll do just that. So these are the themes of most linear
stability analyses: a WKB approximation whereby plane-wave solutions are assumed on
top of a background state that is slowly varying, and a focus only on whether fluctuations
grow or decay rather than their specific spatio-temporal evolution from a set of initial
conditions.

Now to calculate something. .. I’ll start with two simple instabilities, the first of which
(Jeans instability) will be analyzed using Eulerian perturbation theory, and the second
of which (Kelvin—Helmholtz instability) will be analyzed using Lagrangian perturbation
theory. Hopefully you’ll see why one approach is sometimes easier than the other.

VI1.3. Self-gravity: Jeans instability

One of the simplest hydrodynamical waves is a small-amplitude sound wave propagat-
ing on an infinite, homogeneous background. Take (I1.3.36), set By = 0, and assume pg
and Py to be constant. The resulting linearized equations are
) 0du 1 o (0P 1
L0 vou, EE = —wiP-vs, — (S —4%2) =0, (VL3.la)

at po at P() p()
I've retained the perturbed gravitational potential §® in the second equation, because
we’re going to assume that the fluid is self-gravitating with a potential that obey’s
Poisson’s equation:”

V25d = 41Gop. (V1.3.1b)

These equations are linear in §, and so we may adopt plane-wave solutions,
d ~ exp(—iwt + ik - 7). Substituting this form into (VI1.3.1) gives

) oP oP )
“iw?? = Cikedu,  —iwdu = —ikS —ik0D,  —iw ( - 7”> =0, (VL3.2a)
Po Po Fo Po
—k20® = AnGop. (V1.3.20)
Taking k- the second equation and using the other three yields the dispersion relation
w(w? = k*c 4 4nGpy) =0, (VL3.3)

where ¢2 = vPy/po. The w = 0 root comes from the perturbed entropy equation, and
corresponds to a isentropic relabelling of the fluid elements; its name is the ‘entropy
mode’. The other two roots correspond to forward- and backward-propagating sound
waves under the influence of their own self-gravity:

4nGp
w=tkay/1— k2a2° (VL.3.4)

1/2
)

Self-gravity reduces the speed of the wave for wavenumbers satisfying k¢, > (4nGpp)
for which the (expansive) pressure force is greater than the (attractive) gravitational
force. At ke, = (4mGpo)'/?, these two forces balance exactly, and the mode is neutrally

"Wouldn’t an infinite, homogeneous, self-gravitating fluid collapse under its own weight? Indeed
it would. Ignoring this inconvenience is known as the Jeans swindle. Following Binney &
Tremaine (1987): ‘it is a swindle because in general there is no formal justification for discarding
the unperturbed gravitational field’.
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stable. But for kcs < (4Gpo)'/?, the wavelength is long enough to include a sufficiently
large amount of mass in the perturbation to overwhelm the pressure force. Instability
ensues, and the mode grows without propagating. This is the Jeans instability, named
after Sir James Jeans (although Sir Isaac Newton understood the concept over 200 years
before the calculation). The critical wavelength

T
Ay =cCoy/— VI1.3.5
J = GCs Gpo ( )
is referred to as the Jeans length.

Some astrophysics propaganda: For an isothermal (y = 1) molecular cloud of temper-
ature 10 K, number density 200 cm™3, and mean mass per particle 2.33m,, the Jeans
length is ~1.5 pc. The corresponding Jeans mass enclosed within a spherical volume with
Aj as its diameter is

o 0 3/2 n —-1/2
My = Zpoad = 20. M. L.3.
1= oA =203 (10 K) (200 cm3> © (V1.3.6)

Giant molecular clouds with these parameters have typical masses >10* M, indicating
that more must be going on than just thermal pressure support against self-gravity (see:
magnetic fields and turbulence). Note that My = Mg at a density n ~ 8.2 x 10* cm™3.

VI.4. Shear: Kelvin—Helmholtz instability

Consider two uniform fluids separated by a discontinuous interface at z = 0, as in the
figure below:

2
AR A%

— >x

b

The fluid above the interface (z > 0) has density py and equilibrium velocity ug = Ug.
The fluid below the interface (z < 0) has density p; and is stationary. (We can always
transform to a frame in which this fluid is stationary, so why not take advantage of that?)
There is a uniform magnetic field By = By, & + By ¥ oriented parallel to the interface
that permeates all of the fluid, which we take to be perfectly conducting. For simplicity,
take the fluid to be incompressible, viz. V -u = 0.

We seek the dispersion relation governing small-amplitude perturbations. It turns out
that this problem is most easily analyzed using Lagrangian perturbations rather than
Eulerian perturbations — the reason being that the interface and the interfacial pressure
between the two fluids must remain continuous as the fluid is perturbed, and it’s easier
to measure this interface in the frame of the fluid element than in the lab frame.

Take the momentum equation in each of the fluids, above and below, and apply the
difference operator A = § + £ - V while recalling that [A,D/D¢] = 0 and Au = DE/Dt:

2 .
Al Du :_V<P+B) +BVB]

pﬁ 8 47t

D2¢ B2\ B,-ViB
S ws(py ) 20 V0T 1.4.1
E W( + 871) T (VI41)
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the form of the right-hand side following because VBy = V Py = 0. Use the linearized
induction equation (V.2.9) with VB, = 0, which reads B = (By+ V)&, and rearrange
to obtain

D?  (By-V)? 1 B? 1
20V e = P+ — ) = —-=V4II. [.4.2
D = ] 3 pva( + SW) pV(S (V14.2)

Note that taking the divergence of this equation and using V - € = 0 (incompressibility)
implies that the total perturbed pressure I satisfies

V351 = 0. (V1.4.3)

With the x and y directions being infinite in extent and the background state possessing
no structure in those directions, we may write 61T = 01I(z) exp(ik,x + ikyy) to find

d2
(k2 + dz2) 0Ill(z) =0 = OII(2) < exp(—|kz|), k= /kZ+k2 (VI4.4)

The absolute value in the argument of the exponential indicates that the perturbation
must die off as z — +00. We may now adopt solutions of the form exp(—iwt) and evaluate
the z component of (VI.4.2) above and below the interface:

L (k-BO)Q] 1
—iw + 1k, U2 + L | €9 = +— k|61, V1.4.5a
[( P+ G = KT, (VI.4.50)
k- By)? 1
—iw 2 4 <0] = ——|k|6IT4, VI.4.5b
[( P | G = ke (VL4.50)

respectively. At the interface, £,1 = £,2 and All; = Alls, i.e., the two fluids must move
together at the interface and their pressures must hold continuous as they are perturbed.
Because VBy = VP, = 0, the latter implies dII; = §II>. Using this information to
match (VI.4.5a) and (VI.4.5b) leads to

k- Bg)?

(w— ko U)%po + w?py = (- Bo)® (VI1.4.6)
27
kU B . ; (k- Bo)?

= = e == — |1l - —= VI.4.7
YT { l\/ﬂz [ TpkzU? ( )

where p = 2p1p2/(p1 + p2) is the reduced mass density. For

(k-Bo)?  [(k,U\”

VI.4.8
o S\ 2 ) ( )

the discriminant is positive and there is a growing (and propagating) mode whose growth
rate is proportional to the wavenumber and the velocity shear across the interface. Note
that, for p1 = pa = p, we have p = p, and then (VI.4.7) becomes

(k- Bo)?
mpk2U?

w:kIU 1+i4/1—

)

for U = 0, this returns a stably propagating shear Alfvén wave, w = F(k-v,). This
indicates that it is the tension in the magnetic-field lines that is responsible for stabilizing
the instability. That being said, if the magnetic field is oriented such that By, = 0, then
(VI.4.8) can always be satisfied for small enough |k, /k;|, no matter how strong is Bo,.
The physics is as follows. An upwardly displaced distortion of the interface into
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region 2 causes a constriction of the velocity there, and the fluid must move faster to
conserve its mass. But when it moves faster, the pressure must drop (Bernoulli!). The
opposite happens below the interface. Now there is a pressure gradient pushing upwards,
reinforcing the displacement, and the process runs away (unless the magnetic tension
can stabilize the displacements and propagate them away as Alfvén waves). That’s why
pressure perturbations were vital in (V1.4.2).

Question: Does this instability occur in a simple linear shear flow, e.g., ug = Sz&? No! The
proof goes as follows. Drop the magnetic field for simplicity. With wo = uo(2)&, one can show
using V - £ = 0 and the momentum equation that

dze,
dz?

"
k Ug

_ k2 , = —0
2{ w — kzuo

z-

Multiply this by & (the ‘*’ denotes the complex conjugate) and integrate between the upper
and lower boundaries z = £+ L to obtain

v * o1 2 2 v kzug 2
L L W — RgUo
The first term on the left-hand side may be simplified using integration by parts and assuming
either periodicity or that &, or £, vanish at the boundaries. Then

v 112 2 2 o kaug 2
[ (-ler-rier) = [ asFejep,
L —L W — Rz Uo
If the system is unstable, then w must have an imaginary part, wy. Writing w = wr + iwr, the
imaginary part of the above equation is simply

L "
wl/ de—Fat e g
—L

\w — kzuo|2

This states that uj must be positive over part of the integration range, and negative over
the remainder, i.e., uy must pass through zero. Thus, instability requires an inflection point
(Rayleigh 1880). (Note that the converse is not true: a velocity profile with an inflection point
is not necessarily unstable.)

VI.5. Buoyancy: Rayleigh—Taylor instability

Using Lagrangian perturbation theory, it is easy to generalize the calculation in the
previous section (§VI.4) to include gravity. Again, let the fluid above the interface (z > 0)
have uniform density ps, and the fluid below the interface (z < 0) have uniform density
p1. Include the same uniform background magnetic field as before, Bg = By, & + Bo,¥.
But now place these fluids in a constant gravitational field g = —gZ, with the gas pressure
either side of the interface satisfying hydrostatic equilibrium in the vertical direction:

1 dP 1 dP,

p1 dz p2 dz

The entire calculation goes through as before, but with the following additions and
modifications. First, we must include the perturbed gravitational force in the momentum
equation (VI.4.1), viz. A(pg) = —(Ap)gz. Secondly, because of the background pressure
gradient in each of the fluids, we no longer have that A(VP) = VP, but rather that
A(VP) = V6P + £-V(VP). Using hydrostatic equilibrium, this may equivalently be
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written as A(VP) = VP — &-V(pgz). Making these two changes in (VI.4.1) leads to

D2¢ B? By-VéB
"Dz ~ V5<P+87r)+ 4r
Despite this extra work, however, those two additional terms cancel one another if the
fluid is incompressible and the density is constant in each region, since then Ap—&-Vp =
0p = 0. As aresult, the only difference between this calculation and the Kelvin-Helmholtz
calculation in §VI.4 is that the imposition of pressure continuity at the perturbed interface
does not imply that dI1; = 6115, but rather

Ally = Ally = 011y — &1prg = 0112 — &apag = 611 — 6111 = E.(p2 — p1)y-
We may then use this in (VI.4.5) to jump straight to the dispersion relation (cf. (VI.4.6))

k- Bg)?
& Bol 4 kiglor - o) (V15.2)

— (Ap)gz + &~ V(pg2). (VL5.1)

(w—kaU)?pa + w’py =

whose solutions are (cf. (V1.4.7))

kU p . [P 2|klg p2 —p1 (k-Byg)?
= —< 1+ — 1 — . VI.5.3
. 2 m { 1\/,02 [ " k2U? P TpkzU? ( )

By design, this has both Kelvin—Helmholtz and Rayleigh—Taylor in it; let’s set U = 0 to
eliminate the former, in which case

_ k-B)2
W= iy klg2=rr _ (k- Bo) (VL5.4)
p1+p2  271(p1 + p2)

This equation states that linear instability requires pa > p; (heavy on top, light on the
bottom), with the difference between the densities being large enough for the destabilizing
pressure gradient (Bernoulli!) to overcome the stabilizing magnetic tension. Note that,
if By is not oriented along the interface, no amount of magnetic field can stabilize the
system.

Usually a physical explanation of the Rayleigh—Taylor instability isn’t provided in
derivations of its linear theory; indeed, the fact that heavy stuff falls down if given the
opportunity to do so is fairly obvious. But it’s worth thinking about the physics a little
harder, and connecting this intuition back to the math. Let’s return to (VI.5.1) with
U =0 and B = 0 in order to isolate the Rayleigh—Taylor physics, and take curl of this

equation:
D2¢
VX|p=|=0

Chain-ruling the curl, dividing through by p, and using (VI.5.1) to eliminate D?¢/Dt?
yields
2
%V X &= %Vp X VIP.

If you read §I1.2.5, you'll recognize this as an equation for the vorticity, which is being
baroclinically forced by the misalignment between the background density gradient and
the perturbed pressure gradient. Because of the rippled interface, this perturbed pressure
gradient has a component in the z direction, which points from regions where £, > 0
towards regions where £, < 0. With Vp pointing upwards (in the unstable situation),
the baroclinic forcing is pointing in just the right direction to accentuate the vorticity in
the original perturbation. See the figure below.
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VI.6. Buoyancy: Convective (Schwarzschild) instability

Next up: stratification. Henceforth, ignore self-gravity. Suppose our plasma is immersed
in a constant, externally imposed gravitational field g = —g¢g2z and that its thermal-
pressure gradient balances the gravitational acceleration to produce a stationary, equi-
librium state. Ignoring for the moment magnetic fields, this hydrostatic equilibrium is
described by the equation

%% = g = const, (VI.6.1)
where pg = po(2). The hydrodynamic equations linearized about this equilibrium are
2 ‘;” £ bt u, TP g, (VL6.2)
3572‘ _ _iv(sp _ %gg, (VL6.3)
gt <6P VZ) *5“2;2 nfg —o. (VL6.4)

Solutions to this set of equations are x exp(—iwt):

d1n pg

é
—iw? £V Su+ u, —0, (VL6.5)
Po dz
. 1 op .
—iwéu = ——VIP — —gz, (VL.6.6)
Po Po
—iw| — — + 6uz — =0. VI.6.7
(Po "0 @ Pg ( )

Continued on hand-written notes. ..
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VI.7. Buoyancy: Parker instability

Continued on hand-written notes. ..
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VI.8. Rotation: Rayleigh and Magnetorotational instabilities

In §I1.2.4, we wrote down the equations of hydrodynamics in a rotating frame — see
(I1.2.9). Here we do the same for the equations of MHD. With v = u — R2(R, z)¢ and

D 8 8

the continuity and force equations are the same,

% _ V-, (VL8.1)
D];’f = fr+ 200, + R2® + z%, (VL8.2)
D”“’ =f,— 5 R%—fvz — “1;;’“’, (VL8.3)
% = f., (VL.8.4)

but with the addition of the Lorentz force:

2 VB B2 .
fﬂ) 4 B-VBi,  BrBe o D p_ye (VL.8.5)

1
—_-v(P .
¥ pv< iy T R ® T IR

Note the additional geometric terms x B2/ R; these are tension forces associated with the
bend in the magnetic-field lines as they follow the azimuthal direction. To these equations
we must append the induction equation:

DBg

S — —BpV-v+ B-Vug, (VL8.6)
DB, o0 o0
=-B . B- —B B 1.8.
o ZV 0+ BV, + 5B+ BB, (VL8.7)
DDB: _B.V-v+B-Vu.. (VL8.8)

With the exception of advection by the differential rotation, the only additions to the
induction equation beyond its more customary Cartesian form appear in its azimuthal
component: + RB -V {2 on the right-hand side. This corresponds to stretching of the
flux-frozen magnetic field by the differential rotation.

In the hand-written pages that follow, these equations are used to describe the evolution
of small fluctuations about a homogeneous, differentially rotating disk with 2 = 2(R),
in which the centrifugal acceleration R§2? is balanced by gravity —0®/0R. If the latter
is dominated by that of a central point mass M, we have ® = —GM/R and so 2 =
(GM/R*)'/2 — i.e., Keplerian rotation.

Before proceeding, I'll write down the linearized MHD equations written in cylindrical
coordinates (R, ¢, z) in a rotating frame with 2 = £2(R, z)2. The only assumptions here
are that the background magnetic field is uniform, and that the equilibrium state arises
from a balance between the centrifugal force and gravity plus thermal-pressure gradients
(i.e., we allow for density and pressure stratification in the background state). We also
neglect curvature terms of order ~(vi/R)(0B/B), as these are small compared to the
other terms unless the toroidal magnetic field is super-thermal by a factor ~(R/H)"/?,
where H ~ ¢4/{2 is the disk thickness and ¢ is the sound speed — an atypical situation.
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Without further ado. ..

s, 0
(at —l—Qa )5;): —(0v-V)p —p(V - 6v), (VL8.9)
3} 0 10 B-./B dpdP (B-V)iBr 96d
(at + Q&p>5”R T LOR (MD L ) 2R anp oR
— 2020v,, (VL8.10)
0 0 1 9 B-¢B bp 1 0P (B-V)éB 1 06
— 40— L Y 2 L T S At Nl
<8t T )6% pR O ( T ) p pR Oy 47tp R Oy
+—25 +R895 (V1.8.11)
20 VR a Vy, .O.
0 9 10 -0B dpOP (B-V)iB, 06®
( ;) R = B v (5’[]1:‘» - BR(V 5’0) (V1813)
3 on on
( 0 > o= (B-V)du, = By(V-00) + 5-—=0Bp+ R5-6B.,  (VL8.14)
(gt + &P>5B — (B-V)dv, — B.(V - 6v), (VL.8.15)
0 0 B Oln Pp~7 Oln Pp~7
<8t + Q&p)&f = —dvg R — v, P (V1.8.16)

where do = 0P/P — ~vdp/p.



Yl b bk

AWLN Lishs :iw WL%%Q @\%
CI /w, ) ) O
@f@“

fw Mmuaﬁe

JML by m ““@ifi“
ww wts ;U&Z
M&m i (Cofoni am Lgu W\j

1«M ;w@ (ﬁf@“‘% ma SLL&

(3 7 ‘\’(M ome ﬂwwL\ bLue Lm
b .ML LMQ :

W iy k _
/F(mlel & HLqu«mwQ%w

x "he
/r(;is;z"’(% \/\sm)\a BQ»\—:JL“WC‘ML W A,
M ) - ‘,L Bm«s
(o ZL\ "‘”‘QWWL 7 *”“"ST’/)' ™
”;M%“Wc& A O i&f 1! mi
0\«0 WS et | L,Ww\) TWY

Ty & Hue m
L bl AMW\L iy QQM{YMW



4 - Hwmre k(»Qij ‘wwa o/‘ c&wr-c{w\'%c i
(\(,:> ? YM&M visee iy | bk JH@ H Wkiﬂ”’ TL‘@M 4‘0 be

 fea

ol b e retime
™ I ol

('pc:e*w%wé ({k N4 MLW ;Wm LWLBM
foo o e b D e dabs

bk s Lw ’ ue LA‘ woe Wal\} X '
o gl ﬁﬁ% robhll L ety sty
[ofs e hesie ek %WL% e c(m:m Q L‘L l
Tl a (gl disk i M Jalle
ﬁ%&w‘&\w@ &gkww%u& ?me #Mﬁ%
o Lo s — wig oot Wf\f g«L:Jrsl :ti‘%{l;‘\
«“MV\M‘M-M&“W&W. :

SHE S

Likhy Nee equs. 8- M.‘m'
;® Sh Lx )(*’2&322 —Aa%x

-



oded fhe Ul «ﬁm(wwj“ (il (5x)

bele He Contlis Lo’ ad o el deon i fle

m&wwwmdwugg

fire (‘Jﬁw@w Lehm e cadiflpst
)

e, koc«pvﬂ*‘%x{ %e

) o - \aﬂ
CAL{A . WWMM{@ /W\ a%\wwlrlmﬂ irtﬁf M%

6 Wx‘3

el by G o sl

i b N
X‘,_w X ESTEE LU &er&:“ = ol :‘L‘&‘B:Af&“\
i «2) Unt

14 G&L+% =9 = [w iﬂ oea(:g:mfm‘

Lu\o.c‘m\l %"M‘)\ LM
e me
fe dd kgre 38T L )

' e R R e =01

ts'RwQ\ {Coﬁ W(MWL % .
>0 é:;%,&wAL,H% %

5
<=

2 %
92"::
‘*""5‘;&
= 3

—
—
—




J MM& (Weow (m §|u¢ e
%J@m\. C‘Q T"”" ﬁ:%%

,VMLMM u«M'P&(()

Q
A2\« 9TV 2, — PO — Y
(Qﬂc* ’6‘68 gt Y R 'LQ,(e R R

> =9
T
('3 (a - i& A
~ & SL Z N\ Ve 4+ Wap 4 Ap L AV
= - 1% |
R (Qy

Wiz %p;— - (Zﬂ. Our @‘IM‘/;\ﬂ’\-M sLL (s RJ20,
"Y %M&tm‘tl M& 31 —?& = & G‘fj [ 2 ((a@(wau

ik, Wik 2 0¢GQ al P ?ﬁ@P oo e
?\'\v(\w o«&mg e | QT“

(«@* M«‘)M ~ch = i )
(%; &(;Te\g\lq +2$L§\Iv_+ %E%\Q\m— ~%{%% :



Tov 9&“\(0:%( M s W&(eol the @/‘?5‘6 &Wu#'ve)
Mk \@\ S 2 ((:"W\:*(‘kkt‘\? fb%w’ (D"“‘( with
002 hbos -lfy -l 2 "é%g")
we. (:JVJ\ &F:“%&»wg\)@ OVA o

(" Q ’

—-fw\a:l’ -~ Q\WR (; L,L :J‘
3 =0 ‘25 w= B ¥
Kt G h:’i
- ’-Z} - 8 Same S\LL‘{MQ
S cviluié\« a
= B\ ¢ LS\-— "
mp\ ()og\xe( W >0

A ' (J ‘ &:> "\a(u, 4 & e,lewe«x
Hagiclly ol ot T s ik ety
‘4 | \.1( (WV\W'MXJ fﬁb o/\u(Jf 147_
& ile wainlgining a
C(MQ\'RAA’ . Wemion :
l | g\‘\M—C ,Q\P Q\ \ ’H"Q ‘Q("v;l

obitE | ok 1 oIk i i
Ay Weng et gﬁx@
_— R (adbvedy s ULS do ok} #4.
= STALLE .

Now, e 1y 149 ..



8%”& il X égé\m‘&m jf\hm (Q‘A'(’\ ajv Unev,

\]L wAa X o SLW V'wml \inear “““QKMM‘L
ooin b by o st
c\w wie 6} SutaWYmLM ‘HML A M“ L“L ““‘@:M

g\\ i b i Lo

n,uw Hoo m\xﬁ? e wisel? A3 woner .iqm? ded
\M‘VL(A —at Arh wM‘\'QA( “Relbus mua

mlm\o\ e weni ey - JcAw

Mjm\v\\«Lab (MP_L‘) —f—-?«: S?«el M & [\[H:—@Z&wj rp«m

L&\/ow\wm lﬂS"\ Ml7‘a¢uﬂ(ﬁ\[orml,zr

C(Mm(e) M%\(M\} O(W" (‘Ifwi»awv

ri . chalalel,! %4&%
Mommfmu% b o cobmrar

aL ‘M/X'um ™ Ar. \& ﬁsf‘“é I(\ (ow \ L’wj“’Q
G a a» M L ,L,.o
‘EE? ‘ m[“ ”‘aflf i omjt eeL (-P mi

’T\“@“& " M\:&L-‘(h&w i.(,,%tw qlei

o a "MU& %(/VA\OV\ -L Yhe W oW "}Ibuew wa&'"‘;"o:zl
WA O (gl ﬂ\W B A A
QW“'M\ o ﬁ/\\v‘wé Wﬁ;% WN & W\lﬂ/
WAV\ il Ln\» &w«& Bt [ . bedk o Hee lﬁgw«g



M Sywa; o Yo Cam
@ 4 =X (ao‘\"- . ﬁ“\‘ag?@o\l
\ w@ t
e/[evw\j. Al “mb} AW
%Qz\w- {LM'M-
X~ - "Q;-)( - KK |
CLQM(L w( [C':- STVMIEB
Y=~ Ky coghack

ke
= b v (»L_ e = m').__ %ﬁ' _ ‘LQ?—?K
ezln oo i

R L
w\/wy. (—\ gb\m}y\'m (s Wdl‘nue f’p \K* %{L<01




Twa 1s CWT«-LMJ\( be camac (%m ch‘u hawe.
Q%Coq' N{\{/%‘\' Yoo ,vaa Cmb\'Lc‘melay&
hore. Tuleaatingl

X_%m Q«lﬁh\%—;% ﬂ%%m rfmiﬁhx

Ohe o slow Hhat Hhe ‘ﬂ@w@im\c i e

in C ‘\cw mw\‘ervM al - —L“\%& FH‘L
%a@:a;go MT‘“"\’ © ’{S““Ar«;%" B4 Ery). LEB
. ol (e 3 4 Laprdekio o 4

(1)@

OFXWMA SL/ (r\\\), -’—h %M vale —l\m-“—}i\(%p%t\ 4‘”“\'



2 A2\ - 288 L 2( P
U 7"@5%’& 195 P %R 4 1cr>
£ BT e
e
L ~t
3 Q . ) D R
3 S )Bie 25 M s R P )
+ B9 Re
bep

e vk equc foe @ ond B (@ o bolewied fron
6'@=°§. g’b, '\I\LL‘HM m\u/\'\m W. /0\w~<\ wvd-g I‘L
i ék@n‘u& oo Dwshs W] TsTx RO -

= 9 e

% (%-k&%%)m - fBo‘vg\’k)
2 &2 @y = —(ﬁ"_@r?\l +@ué~§=\-
S ) W = WYX R



AB’W\ _th Q)['zt{ O M& (L-\L § ~ e,ng\oJ‘c-h(«(thﬁ),
3 fu=o - %"‘”b g\",g ot (’%}(ﬁ’ & )

7\7’%0*—4 By = — ke B + 9 O
('S ‘trrg
- &"cfko ~ W %1
dgp M
o 5! \‘\—é%«z
= ~fwbie ~15 v = ~ilan ("”E’: fg - Ei %@ e
4 s\zK "
“fwchQ + ?\'Q = lrE?%
. &n@
=) —‘\b:‘l Q\IQ ~2&§VQ 2 E kl Q‘KQ
iwp b S
—k} Q\lp_ —uiy = \'\1—;&3 %(‘ \\

"\‘“’?N: \‘TO'-'@;Q\/? 4 ?&_&%‘l ?(mh /TM'L M

ol &w R R g Lo e B WQ



i B (-mm (_mm o 4% 4) g

Ih'Bb k-3, &WQ V
_KZ (”\&\5 |w (-JW%Q %n, W&fuﬂ 'C
, - . el G
28\ ihd, N ) ’T&)
Weprins,
~w4 (b - %: fi%@ 2140 %1 Re B
SO A PIN ~i¢ (bl e

Love ,(Zam\\aﬂ =y C‘Mpf\ | W@Jﬂ lowrion
o SYN\W& DIS’?M(W e }N\A

[@, (b} &Q (b~ X L”X b (lay
P T 5; 3 K(@:} ¥ WL(Q'W

UMXM“L [ e d
U{§ &O" k) éﬂ% < 0&)

v

fe: Cae wele Siciminand o1 (124003 - bl M
= (% 4 G"Vﬂ& ) +§§_A



)
Wy weans \(a@&w'a,u Lk mijm“e,[ rwu {hee
\C ﬁa\l W} s :Ln.?g ﬂmsf o0 Hae  vomemm bert
\2:7'“’/)‘% '\’(«A Com fm Wit {’\u L\%WS\YHM (L?L

t

n 42 . (522, m&m
j@% s > %\»W Lusion shlslines 220 relaant

See Ballu %Hmle«\ 9 Per. bad Aoy fo o



General Plasma Physics 11 128
VI.9. Instabilities of a pinch

Turning now towards more fusion-relevant equilibria, we consider the stability of the
Z-pinch and #-pinch. Because they are both cylindrical configurations but with differing
magnetic geometries, we’ll keep our equations general at first. In this sense, we’ll be
targeting the stability of a screw pinch. But the fully general equations get rather
unwieldy, and simplifications will have to be made to obtain analytic solutions that
are physically informative. It will help to keep the Parker instability calculation in the
back of your head, because it’s similar except for the cylindrical geometry. Speaking
of cylindrical geometry, we must be careful because the unit vectors in this coordinate
system depend on space; for example,

BoA, . B,Agn.
R 14
R TR ¥

for some vector A. It is because of these extra curvature terms that the equilibrium
configuration must account for the hoop stress:

BZ B2 BQ 2
- (P—i— et ) - d (P+Bz) Be. LRB“’). (VL9.1)

B-VA=¢,B-VA, —

“dR 87 irR  dR 8nt) 4nR OR

To remind you: B, = 0 and B, = B,(R) gives the standard Z-pinch; B, = B.(R) and
B, = 0 gives the standard 6-pinch; and the combination of them gives a screw pinch.
Equipped with an equilibrium state, we allow perturbations in all quantities:

p=p(R)+0p, P=P(R)+6P, B=DB,(R)¢+B.(R)2+B, u=ou= Dt
The calculation proceeds much as in the Parker instability. The perturbed momentum
equation governing the evolution of the displacement vector £ is (see (V.2.10))

D¢ B.-6B\ /B-VB B-VéB
"D V<5 T > T T T

We take all perturbations d to have the form §(R) exp(—iwt + ik - 7) with the wavevector
k = (m/R)@ + k,2. Accounting for the curvature terms arising from B-VJB, this
equation written in component form provides

1d B-6B\ 2B,6B, i(k-B)
—wip=—--—|6P - B 1.9.2
wr =R (5 An ) iR T 4wy PR (V1.9.2a)
9 im B-/B 0Br d i(k-B)
- =——|(6P —(RB ——=0B 1.9.2
w €, pR((S + = >+47TdeR<R o)+ 1 0B, (V1.9.2b)
o, ke B-/B 0BrdB, i(k-B)
w, = p <5P+ y= + inp AR + 17 0B,. (VI.9.2¢)
The linearized induction equation 6B = V X (£ X B) written in component form is
0Br =i(k- B)¢g, (V1.9.3a)
. d /(B
B, =i(k-B)&, — ERR@ (R“’) — B,(V-§), (VI.9.3b)
. dB,
0B = i(k-B)S: —r-om — B:(V-6). (VI.9.3¢)

Finally, the perturbed gas pressure satisfies

5P = —gR;L; —yP(V-§), (VL.9.4)
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which when combined with the perturbed magnetic pressure results in
1 B-/B 28R

P Am ) = i(k-va)(va-€) +vi, = — (4 +0A)(V-€), (VL9.5)

(6P +

where ¢2 = yP/p, vi = B?/4mp, and vfw = B2 /4mp. The reason we have left the
compressibility

1 d(R¢r) | .
unexpanded in (VI.9.2)-(VI.9.5) is because one of the limits we will take is the incom-
pressible limit, in which V - & = 0. Keeping this term compact will make it easy to drop
later.

As declared at the start of this section, the calculation that follows by combining
(VI.9.2)—(VI1.9.6) is rather long and, as far as I can tell, is analytically intractable in full
generality, at least without prescribing a particularly simple magnetic-field profile and
some restricted set of radial boundary conditions. (The general screw-pinch eigenmode
equation is called the “Hain-Liist equation”; Hain & Liist 1958.) There are, however,
some limiting cases in which analytic progress can be made (with some effort). These
are:

(i) axisymmetry, m = 0. This eliminates an important instability called the “kink in-
stability”, but simplifies the algebra and allows us to derive an important instability
generally referred to as the “sausage instability”. Note that, for B, = 0, m = 0
implies k| = 0 — such a perturbation is customarily referred to as a ‘flute mode’,
because cylindrical magnetic flux tubes subject to such perturbations resemble
fluted columns popular in Greek and Roman architecture.

(ii)  incompressibility, V -£& = 0. This limit eliminates the sausage instability, but
otherwise often filters out all but the fastest-growing instabilities.

(i) wvay, = AR, va. = const, p = const. In this restrictive case, the equilibrium
satisfies dIn B,/dIn R = 1 and P(R) = Ps + A?(R% — R?) where the subscript
*S” denotes the values at the surface of the cylinder. Note that the combination
k- vy is constant in this case, which simplifies the mathematics a great deal.

(iv)  wa, =0, for which the equilibrium is P + BZ/87 = const — the classic 6-pinch.

These calculations follow in the hand-written notes. One of the lessons here is that
continuing to take the route we've been taking — assessing stability by linearizing,
calculating the dispersion relation, and examining the eigenvectors — is becoming an
increasingly tedious exercise. If all one is concerned about is stability or lack thereof,
there is a much faster way, which follows in the next section.
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VI.10. The “standard” energy principle

As demonstrated by the many calculations above, one may assess the linear stability
of a given equilibrium state by perturbing all the fields, writing down a set of linearized
equations describing those perturbed fields, assuming plane-wave solutions (to the extent
one can), obtaining the dispersion relation and eigenfunctions, and examining what
kind of equilibrium states and linear displacements cause a mode’s frequency to become
imaginary. We saw that this is often a lengthy process. This section presents an alternative
approach, in which linear stability can be assessed directly without the need to calculate
explicitly a dispersion relation and its eigenfunctions. The basic idea is to ask whether a
given displacement allows the system to achieve a state with lower energy.

The approach taken here, following Bernstein et al. (1958) and Bernstein (1983),
requires that the background has zero equilibrium flow (any steady, uniform flow can
be removed by a Galilean transform).® In this case,

D¢ o€

A = _— = —
u=0d0u <— Dt 5

and the linearized momentum equation (V.2.10) becomes®’
2%¢ jX§B+(VX5B)XB
P o2 c 47t

As usual, these Eulerian perturbations may be expressed in terms of the displacement &
via the continuity equation, the entropy equation, and the induction equation:

— fl&§] = -VoP+ — 6pV . (VL.10.1)

5p=—V-(p€), 6P=—-P(V-£&) —¢&-VP, and §B=VX(¢£XB).

The program going forward is to calculate the total energy of the perturbed system,

& = /dr ( pu® + e+ 2p<15+ ) /d'r —pu? + W, (VI.10.2)
and examine how energy is redistributed between the kinetic energy and the potential
energy (the latter denoted by W) while keeping the total energy constant.

Expanding (VI.10.2) in € about & = 0 leads to

¢ = ool

where Wy is the equilibrium part of W (i.e., its value when & = 0), W is the first-order
(linear) part of W, and W5 is the second-order part of W, and so on; Wy = 0 for the
system to be in equilibrium. Energy must be conserved to all orders, and so the time
derivative of & must vanish at each order independently:

s / ar € 06 ¢
dt Poz " ot ot

+W0+5W1[€] + OWLlE €+ ..., (VI.10.3)

+6W, [ 0, (VL.10.4)

| +ama | S| + omale, 5F) +

Because the perturbed kinetic energy is quadratic in the displacement, the only first-order

8Versions of what follows that include an equilibrium flow may be found in Frieman & Rotenberg
(1960).

9The Lorentz force in this equation is written in a slightly different form than found in (V.2.10),
where it was expanded out into its pressure and tension components — the reason being that the
form here is more useful for manipulations performed later in this section.
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term is associated with §W;. As a result,

Wi [gﬂ =0, (VL.10.5)

i.e., there are no first-order changes in the potential energy of the system when it is
perturbed. At second order in &, we have that

0%¢ 0€ _ 9 %3

Using (VI.10.1) to introduce f[€] and denoting 0&/0t by n yields

[ ar £i€)-m = ~oWaln.&) - sWalé. . (VL10.7)

This is just a work—energy theorem: the work done against the forces is equivalent to
the change in the potential energy of the system. This provides a scheme for calculating
the change in energy needed to assess stability: take the right-hand side of (VI.10.1),
dot it with 0€/0t, and integrate over space. In fact, we can do something even simpler,
because (VI.10.7) is true for arbitrary 7. Note that the right-hand side of this equation is
symmetric under interchange of € and 7, which implies that the force f[£] is a self-adjoint
operator:

[arsie)-n= [ arsin-e (VL10.3)

Some implications of f being self-adjoint are discussed in the next paragraph, but the
immediate implication is that

sWale.€) =~ [ ar flg)-¢ (VL10.9)

This equation states that, in order to assess whether the change in the potential energy
of the system is positive or negative (or zero), we must calculate the volume integral of
the force dotted into the displacement. Before doing so, back to f being self-adjoint. . .

Because f[¢] is self-adjoint, its eigenvalues {w2} are real and their associated eigen-
modes {£,,} are orthogonal. This means that any instability of this ideal MHD system will
give rise to purely growing modes, i.e., there are no overstabilities (growing oscillations).
Mathematically,

£t,r) =Y &, (e ™t = flE,] = —pownk,,

with w,, being purely real or purely imaginary. When w2 > 0 the frequency is real and
the mode is purely oscillatory; when w? < 0 the frequency is imaginary and the mode
undergoes exponential amplification. The marginal point w? = 0 separates stable from
unstable solutions. The Energy Principle is

| W€, €] >0 for all € <= equilibrium is stable (VI.10.10)

The ‘=’ indicates that this is a necessary and sufficient condition for stability. Its proof
goes as follows.
First, suppose that 6Ws > 0. Then by (VI.10.3), we have that
1 |0¢
0 [dr-p|—=—
/ "oP ‘ a1

2
=& — Wy < 65,
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Thus, the kinetic energy of the perturbations is bounded from above, so the system must

be stable. To show that stability implies 6W5 > 0, suppose that any displacement at any
given time ¢ can be decomposed as

= Z an(t)€,(r)

so that the energy perturbation (VI.10.9) is

Wale.€] =~ [arfiel €= 5 Saon [arsie,l-€,

fZanamw /d’rpOE <€, Zanwn/drpo\ﬁ 1% (VI.10.11)

where the final equality follows from the orthogonality of the eigenvectors. If the system
is stable, then all eigenvalues w? > 0, and so dW3[€,€&] > 0 by (VI.10.11). If you're
grumpy about the assumption of completeness when writing the displacement as a sum
of all the normal modes, consult pp. 4547 of Manheimer & Lashmore-Davies (1984).

Now, all that remains is to calculate §Whs:

W€, €] = —%/dr [—V6P+ J XjB + (V' x ijj) xB _ SpVP| - €. (VL10.12)

Using the linearized equations, some integration by parts, and Gauss’ theorem to convert
some volume integrals of fluxes into surface integrals, each of the terms can be re-arranged
as follows:

/dr(fV§P)-£]2 dr(V-&)éPf%dS-EéP

= [ar(v-©[ 1PV - VF] - fas-eor
/drjxaB-Ez—/drM

(VxéB)xB , (VXéB)- (€% B)
/dr—47t -Eff/dr =
bp (6B xV)-(&x B) 0B x (£ X B)
——/dr i —%dS’-i4
/d V><(£><B B

[0BJ f{ 6B
N /d 47 ds £

/dr —5p) VD€ = /drV (p€)(£- V) = /drEg - (p€)
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Assembling all the terms, equation (VI.10.12) becomes

5W2[£7£]

’ :
— 5 [arpv-e2 6 v v+ OB B e g)v )
+%7{d5-£ [—7P(V-§)—£-VP+ B;B

(VI.10.13)
Stability is therefore assessed by evaluating 0Ws, for a given equilibrium state and
investigating whether there are any perturbations for which §Wy < 0. With vP(V - €)?
and |0 B|? /47 being non-negative, a necessary (but not sufficient) condition for instability
is obtained by evaluating the other terms and demanding they be negative.

Freidberg (2014) refers to this as the ‘standard form’ of §Ws; note that the expression
is not unique because one can do various integrations by parts to move terms between the
volume and surface integrals. Moreover, if the boundary were to be a perfectly conducting
wall, or if we had the freedom to move the boundary to infinity (e.g., if there were no
surrounding vacuum region), then the surface integral in (VI.10.13) would vanish. An
alternative form of § W5 is often reported, which, although being more tedious to evaluate,
nevertheless is more physically transparent. Reported first by Furth (1965) and Greene
& Johnson (1968), this version involves splitting the displacement & and the magnetic
perturbation d B into their components across and along the equilibrium magnetic field
and using force balance in the equilibrium state to re-arrange some terms into more
readily interpretable portions. The procedure goes as follows.

VI.11. The “intuitive” energy principle

First, split up the magnetic perturbation into its perpendicular and parallel parts,
noting that only the perpendicular component of & enters into the linearized induction
equation:

dB=06B, +0Bb=[bxVx (€, xB)] xb+[b-Vx (¢, xB)]b. (VLIL1)

Then use various vector identities, Ampere’s law, and force balance to write d B)| in terms
of V-&, and the pressure and potential gradients:

5B =b-[V x (¢, x B)]
—_V-[bx (&, xB)] +(Vxb)-(¢, xB)

— _V.(Bt)) +%(V><B+B><VB)-(£L><B)
= BV, ~£,-VB + 5(VXB)-(€, xB) £, VB
=—BV-£J_—2£J_-VB—%£J_-(3'XB) (by Ampére’s law)

4
=—-BV:.-¢£ —2¢,-VB— g &, - (VP4 pVD) (by force balance) (VI.11.2)
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Introduce the magnetic curvature vector k. and use force balance in it as well:

B-VB

Ke=b-Vb=""3— —bb-VInB
4 o
- B—Z(VPerV@) +VInB - bb-VInB. (VL11.3)

Take the dot product of the curvature vector with B¢ | :

2BE | ke = %ﬂg (VP +pV®)+2¢, - VB. (VL.11.4)

Combine (VI.11.2) and (VI.11.4) to arrive at a new expression for the parallel magnetic-
field perturbation:
4m
B
Next, split apart the Lorentz-force term as follows:

j-(€x0B) _J-(ExIB) LI (€X0B)

Cc C C

0B =—-BV &, —2B¢, k. + — &, - (VP +pVP). (VL.11.5)

(VL11.6)

For the second term in this equation, use force balance to replace j, with the pressure
and potential gradients so that it becomes

% X (VP+pV@)} (€ X B) :gH%B.(VP+pV¢) - %5- (VP + pVd)
5B,

B
7 (VP +pVo) - ?" £, -(VP+pVd).

(VL11.7)

=&

Combine this with (VI.11.5) to obtain
ji-(§x6B) {QéBL

B B (V-€,)€ =28, -k)EL |- (VP +pVP)

(5BH)2 B2 2
e E(V-EL +2€1 - Ke) . (VL.11.8)

These manipulations place the volume integral of (VI.10.13) in the following form:

1 |5BJ_‘2 32 2
Q/dr{WP(Vf)QJr e T (V€260 k)

+j||'(f><5B)

—2(81 k)€ - (VP +pVP)

+ {&(SBJ;L —(V-€.)8| (VP +pVP) + (- VP)(V-£) + (E-g)V-(pi)}'
(VL11.9)

Note that the top row is non-negative, indicating physics that is ultimately responsible
for stabilizing the system: compressing the plasma, bending the magnetic-field lines, and
compressing the magnetic field. The middle row includes terms involving gradients in the
equilibrium state and therefore can possess either sign; aside from what will be a small
edit to write j - (§ X 6B) instead as —&-(j X 6B), the terms in this row are in their
final form. The terms on the third and final row still require some work.
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Take the last three terms in the final line above, use the fact that b (VP + pV®) =
b-(j X B)/c =0, recall that ¢2 = vP/p, and practice some adroit grouping of terms:

—(V-£)& - (VP+pVP) + (£-VP)(V-E — V- (p§)(VP-§)
N——
=£-VP+¢£-(pV) (£-VP)V-£&, +V-(gb)] (V-£+£-Vinp)&-(pV2)

—2(V-£)&-(pVP) — (£-VInp)&-(pVP) + V- (§5) € (VP + pV)

= [r(ve- 47" ) —1P(V-€2] ~€-(pve) (£ Tp+ £ T2

s s

V- (§b) €L - (VP +pVD)

[vp(v PR W) wP(V-&)Q}ﬂ-(pV@)is-vmp}j
+ {V-(QB) & S ]gL (VP + pV®). (VL.11.10)
Then write

§B . -(VP+pVd) = [V x (&£, X B)|-(VP+pVd)
=V-[(¢, x B)x (VP + pV®)]
+ [V X (VP+pV®)|- (&, x B)
0

=V. [BgL.(VPerV@)—gLM

+(Vpx V&)- (£, X B)
=V-[B¢ - (VP+pVP)| +(VpXx VD) (£, X B), (VL11.11)
from which follows that

5B
§—o— By

o (VP + V) = V. V. [béL - (VP +pVD)| —V-(§b) &, - (VP + pVD)

+E(Vpx V) (€, xb). (VL11.12)

Combining these findings, replacing V@ with —g for brevity, and using Gauss’ theorem
on the perfect divergence in (VI.11.11) allows us to rewrite (VI.10.13) as

6W2 [57 5]

2
:;/dr{vP(V €—26-Ky)? + ‘ﬁ:' +—(V &, +2¢, - nc)Q

1 P
p +2(Kc+'<g)£l-(VP—pg)ergV&-Vlnm]}

1 B-/B
- 9dS-&|—P(V-£) —&-VP
b3 fas-€| Py - g vre 2
(VI.11.13)
To keep the notation compact, we have introduced the gravitational ‘curvature’ vector
P
-V _ 9 (VI.11.14)

Ko = — — — 2
g 2 2’
2cz 2cz
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which measures the characteristic scale of the gravitational potential, namely, the pres-
sure scale height of a stratified atmosphere in hydrostatic equilibrium.

In this ‘intuitive’ form, each of the terms in (VI.11.13) is readily interpretable. The
entire first row consists of non-negative terms, and therefore is stabilizing. These terms in-
clude the work done against: compression of the hot plasma, the bending of the magnetic-
field lines, and the compression of the (flux-frozen) magnetic field. To understand the
inclusion of the curvature vector kg in the first term of (VI.11.13), note that this term
vanishes when

e 8

p g
For adiabatic displacements Ao = Aln(P/pY) = 0 in a hydrostatic atmosphere with
V P = pg, this relation implies

V-E=2-k, = (VI.11.15)

A
AP:M—QWP—pzﬁ-(pg)zﬁ-VP = P =0, (VL.11.16)
p

i.e., fluid elements maintain pressure balance with the surrounding fluid as they are
displaced. As a result, no sound waves are radiated away, which would otherwise cost
energy that might otherwise go into powering convectively unstable motions. In this
simplest of cases, we have rediscovered what we had learned in §VI.6: provided that
£-dS = 0 (i.e., the boundary of the volume is placed far enough away), the only
remaining term in §W5 for this hydrodynamic case is

1 P P 1
—f/d'rf-(pg) —£-Vin— :/dr —p&s=—1In— :/dr —p¢2 N?  (VL11.17)
g pY ydz  p? 2

where N? is the square of the Brunt—Viiséld frequency. In words, the sign of the entropy
gradient determines the stability of the fluid: ¢ must be constant or increase upwards for
stability, viz. N2 > 0. Similar considerations explain the +2&, - k. in the final term of
the first row of (VI.11.13). Using (VI.11.5), the change in the magnetic pressure is given
by
2  BéB 2

58% = i I~ —f—n(v &L +28 -ke) + & - (VP —pg). (VI.11.18)
Minimizing V - € | +2€ | - k. minimizes the change in the magnetic pressure, and therefore
the energetic cost of moving perpendicular to the equilibrium magnetic field.

All of the terms on the second row of (VI.11.13) are sign-indefinite and therefore have
the potential to drive instabilities. We have already mentioned the final term: the sign of
the entropy gradient determines stability in a hydrostatic equilibrium. As for the other
two terms, the first involves the parallel current density j; in the pinch geometry of
§VI.9, it becomes

JyxoB 1 dB. 1 d(RB,)

~ B~ b)-5B. L11.1
c m|Pear " Br am | X000 (VL.11.19)

Note that both an azimuthal and axial magnetic field are required for this term to operate.
The second term in the second row of (VI.11.13) involves the sum of the magnetic and
gravitational curvature vectors, K.+ K,. For a hydrostatic equilibrium, this term vanishes
because VP = pg. In a magnetohydrostatic equilibrium, it becomes proportional to the
perpendicular current:

jLxB

—26 (ke +Kg)& | (VP —pg) =—2€ (ke +Kg)E |+ pa (VI.11.20)
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In the pinch geometry of §VI.9, this term reads

1 dB. 1 d(RB,)12b} ,,
“dR TP*R 4R | R
which for outwardly increasing field strengths is negative. Put differently, when the field-
line curvature vector and the thermal pressure gradient are oriented in the same direction,
this term is negative definite and can cause pressure-driven instabilities, corresponding
to a situation often referred to as ‘bad curvature’. In the Parker-instability geometry of
§VL.7, equation (VI.11.20) is instead

€2, (VI.11.21)

dln B?
L9
vB8 dz
which for upwardly decreasing field strengths is negative. This agrees with the previous

linear calculations. Let’s now see if the details check out. . .

¢, (VL.11.22)

VI.12. Convective and pinch instabilities, revisited

With the intuitive form of the energy principle in hand, let us revisit the linear stability
analyses from earlier in this Chapter and make sure we recover the same stability criteria.
First, the Parker instability. With the plane-parallel, magnetohydrostatic atmosphere
having

d B?
Ke=7,=0 and VP—-pg=———2,
¢ .7” rg dz 87

equation (VI.11.13) becomes

_1 g |(5BJ_‘2 2

2 -
(1 dinB”  dinPp >§2} (VI.12.1)

B dz dz

From this expression, it is immediately clear that a sufficient condition for stability is
1dlnB? dlnPp™”
— + =
B dz dz
Instability may be assessed by first minimizing §Ws with respect to n = V - € after using
0B, =ik,B¢, 2 and V- £, = £, where the 7 denotes differentiation with respect to z:

(VL.12.2)

Jlintegrand]
on

Substituting this expression for n back into (VI.12.1) gives

1 k2 B2 1dlnB? dlnPp™?
6W2:§/d { \gz|2+f|g 2+ g( = p )gzﬁ}. (VL12.4)

g g
=2vP (n — §z02) =0 = n= 6—252. (VI.12.3)
S S

f dz dz

To minimize the stabilizing terms, seek modes for which k., — 0 and §W5 < O:

1dnB? dlnPp~
k22
VAT <B dz * dz

xT

.
) <0 (Parker instability criterion)  (VI.12.5)

This agrees with our linear calculation in (VI.7). Good.
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Next, let us investigate the Z-pinch with B, = const, for which

. b2 . 1 d(RB,)? -
Kg =7 =0, Ke=-— R VP =— 787TR27( dRW) R
Equation (VI.11.13) becomes
I5BL\2 bi * B, d(RB,) 20 ,
o= /dr {7P (V&7 +47r Velibn ) SR ar R Gk
(VL12.6)
To investigate the most unstable sausage mode, set m = B, = 0. Then 6B, =

i(k-B)¢, = 0 because k has no component along b, and V-¢, = V-£. Denoting
n =V - &, we have that

1 , B2 2\° B, d(RB,) 2
oWy = i/dT {an —|—47_[(77—§RR> R dR RSR (VI.12.7)

As with the Parker instability, minimize §Ws with respect to n:

2 &r

O[integrand]
1+96/2 R

L.12.
o (VL.12.8)

B2 2
f2P17+24 <77 Er— >0 = 7=

Substituting this expression back into (VI.12.7) and rearranging yields

B2 (1—~8/2 dlnB,) [¢r|?
SWy = /d 471(1+76/2+ L (VL.12.9)

which provides a necessary condition for instability:

dlnB, 1-—~03/2
dInR | 1+~8/2

>0 (Z-pinch sausage instability criterion) (VI.12.10)

This matches the criterion obtained in §VI.9. Restoring m # 0 and B, # 0 but setting
V - € =0 will let us investigate the kink mode. In this case, equation (VI.11.13) reduces
to

_1 0B |? 207, B, d(RB,) 2V}
0Ws = g/d’"{ i +4 V. £H+§R —MR &R ¢2 5. (VL12.11)

Already from here, it’s clear that a necessary (but not sufficient) condition for instability
is that RB,, increase outwards. To go further, write § — >, &(R) exp(imp+ik.z) and
expand each of the terms. To keep things manageable for this first pass, take B, /B, < 1
but k- B finite (as in §VI.9). Then

0B |?
BQ

~ ki ([€rl® +1€17), & =

{1 d(RER)

R dR kf]

Substituting these into (VI.12.11) and minimizing 6W5 with respect to &£, we find after
some straightforward algebra that

dlintegrand) ik [ L d(Fer) 2&] (VL1212)

a0 T SR ar R
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with k2 = k2 + (m/R)?, and so

> B? 2 2 dIn B, \ 1 [€r[?

2
il

k2

1d(Reg)  2m &gl

R dR KRR

} (V1.12.13)

by Parseval’s theorem. The term on the bottom row is positive and therefore stabilizing,
so to minimize its influence we take the limit m? < k?R?, so that kz/k‘2 < 1. Then the

remaining terms will afford the possibility that éWs < 0 (1nstab1hty) if

dlnB, _ kiR

TR 5~ 1 (Z-pinch kink instability criterion) (VI.12.14)

Note that & = (m/R)b, + k.b., and so the axial magnetic field is stabilizing, just as we
found in §VI.9.
Now the #-pinch with B, = B.(R) and B, = 0, for which

1 dB? .
8m dR
Already it’s obvious from the energy principle that this system is stable: all of the sign-

indefinite terms vanish under these conditions, and all that remains are non-negative
terms:

I‘Lg:lﬂ'@:jl‘zo, VP =-—

6B

SWy = %/dr {VP(V.£)2 L4 E(V £)) } > 0. (VL12.15)

One may determine what the least stable configuration is by minimizing 6W5. As usual,
this is aided by adopting incompressibility, for which V -&, = —ik.£,. Using [6B 1 |?> =
(k- B)2(|¢r|*> + |€,]?) then provides

Wy — /dr S X, kiflE)%, (VI1.12.16)

again demonstrating stability but indicating that the least stable modes are those having
the longest wavelengths (which produce the least amount of magnetic tension and
pressure).

Finally, all the incompressible pinch results may be obtained in full generality by
examining the screw pinch with B, = B,(R) and B, = B,(R). In this case, kg = 0 and

b. d(RB,) , dB. —@R VP:_[
R )

T = 47:{3 AR *4dR

~ 2 A
}b, . d B2 B, d(RBSO)}

dR8m ' 4mR dR
With V- & =0 implying V-§, = -V £, equation (VL.11.13) becomes

2 . 2
SWy = /d {'53“2 (v & +¢r ) +%I3-(£><5B) 20 dPgR}

R dR

(VI.12.17)
With the magnetic field oriented in a spiral, it is convenient to orient our coordinate
system with a tetrad given by R, b, and the mutually orthogonal direction n = R X b.
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The translation between these coordinates and the usual cylindrical ones is afforded by

§ =€-b=0by6 +0.6, and & =&+ = —b.&, + byts, (VI.12.18)
. - . d(B,/R) dB, .
Incompressibility provides
i [1d(RER) | .
= — |= : . 1.12.2

Substituting these expressions into (VI.12.17), minimizing the result with respect to &
and praying that all goes well ultimately leads to

_ dky [d(RfR)
k2R

&n - 2kzb‘”§R} (VI.12.21)

dR e

and

= B 2 p2 2 din B, \ 1 |¢r
Wy = Zan/o dRRM{[k“R W {1+ ) | e
m,k.

2
ki

1 d(R{.R) Qb@m §R

2
}, (V1.12.22)

Somewhere there needs to be a note about £ # 0.
Suydam’s criterion (1958) for stability:

!

8mP'q? 2
™4 -0 RB? (q) + 320’ > 0.
q

RB2q"”?
q = (R/Ry)(B./B,). Destabilizing term is bad curvature of B, field. Stabilizing term
represents work done bending the magnetic-field lines when interchanging two flux tubes
in a system with shear.

The “straight tokamak™ cylindrical column of length 2nRy with B,/B, ~ €, ¢ ~ 1,
B, ~ €%, with e = a/Ry < 1.

1+4

VI.13. Ballooning modes

In preparation
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PART VII
MHD discontinuities and shocks

Everything included in the last two Parts of these lecture notes focused solely on the linear
evolution of perturbations, i.e., evolution in which nonlinearities affecting a single wave
are ignored and any nonlinear couplings between different wave modes are ignored. This
is usually justified by stating that the perturbation amplitudes are “sufficiently small.”
But there is actually more that is required. Even for small-amplitude perturbations,
nonlinearities can accumulate over time and cause effects not described by linear theory.
In the presence of multiple fluctuations, these nonlinearities can transfer energy amongst
the modes, sending energy to smaller or larger scales in what is commonly referred to
as a cascade. But even for single fluctuations, nonlinearities do interesting things. For
example, nonlinearities can cause a fluctuation to steepen into a sawtooth-like, rather
than sinusoidal, profile (§VII.1). The resulting discontinuity at the front of the sawtooth
profile triggers dissipative or dispersive effects whose job it is to smooth the profile over
what is called a boundary layer. Nevertheless, there remains a relatively sharp transition
between conditions just ahead of the boundary layer and just behind the boundary layer.
Even though this transition often involves irreversible dissipation and the conversion of
bulk flow energy into thermal energy, one may relate these two regions — upstream and
downstream — via the conservation of mass, momentum, total energy, and, when magnetic
fields are present, magnetic flux. These relations are called the Rankine-Hugoniot jump
conditions, the topic of §VIL.2. But such discontinuities and the jump conditions that
describe them apply more broadly than to the products of nonlinear wave steepening.
Anything that generates a time-steady, discontinuous change in the state of the plasma
can be described by the Rankine-Hugoniot jump conditions. The classic example of this is
the shock, which occurs when an object or disturbance moves faster than information can
propagate into the surrounding fluid or plasma. The lack of causal connection with the
surrounding medium means that it cannot react and thus gets swept up and compressed.
With multiple speeds characterizing a hot, magnetized plasma — sound, Alfvén, fast and
slow magnetosonic — it is therefore not surprising that there are multiple types of shocks.
Additional non-ideal physics, such as radiative cooling, anisotropic pressure, or two-fluid
effects like ambipolar diffusion, make the study of MHD shocks all the more rich and
rewarding.

VII.1. Wave steepening

The process of wave steepening applies to a variety of linear waves, but for this presen-
tation we focus solely on an adiabatic sound wave, in which case the only nonlinearity is
from the Reynolds stress that provides the by-now-familiar w - Vu term. Estimating its
size as ~k(du)? for a fluctuation of wavenumber k and amplitude Su, it is clear that this
term becomes important when its time-integrated size becomes large enough to compete
with the linear-in-du inertial term:

Su ~ k(6u)ty, (VIL1.1)
where ¢, the nonlinear timescale over which such nonlinear effects accumulate. This is
readily solved to find that

ta ~ (kSu)™t. (VIL.1.2)

For a small-amplitude wave, this can be a long time, but the steepening is inevitable
unless some self-organizational process acts to minimize the dot product between u and
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its gradient Vu. But why “steepening”? The reason is that, as the sound wave propagates,
the parts of the wave having larger density also have a larger sound speed, and vice versa
for the parts with smaller density. With the sound speed being the characteristic speed
at which the wave travels, this means that the peaks travel at a slightly larger speed than
do the troughs. As those peaks advance ahead of the average wave speed, they gradually
catch up to the troughs, causing the gradients in the density, and thus the flow, to get
progressively larger. In a time t,;, those gradients become large enough for the “linear”
wave to no longer look like a linear wave: the sinusoidal variation of the density and flow
has been replaced by a profile that is more like a sawtooth. Let us mathematize this
physical reasoning.

Start with the continuity and momentum equations for the density and flow velocity:
2 Vp

0
+u-Vp=—pV-.u and 8—1:+u-Vu:—057. (VIL.1.3)

ap
ot

Here we have taken the equation of state to be adiabatic, with the pressure P = pc2 /v for
an adiabatic sound speed ¢; = (yP/p)'/2. This adiabatic assumption will fail eventually,
once the nonlinearity leads to gradients sharp enough to trigger dissipation, but let’s run
with it for now. Use P = Py(p/po)” to replace p in (VIL.1.3) with ¢ = cs0(p/po) 0 ~1/2
for some background cgy and pg:

ou

ot

2 .
S (865 —l—u-VcS) =—¢V-u and

2
. S —— . 11.1.4
1\ +u-Vu o 105Vc5 (V )

Restricting attention to the one-dimensional problem (without loss of generality) and
re-arranging terms, we find

2 Ocg ou 2 Ocg ou ou 2 Ocg
- _ - d — — = ——Cy—. I1.1.
7—1”695 Y +uax 'y—lc ox (VILLS)

1ot " “ar

The symmetry of these equations is suggestive... add them and subtract them:

0

This equation states that the quantities

2 0 2
- ICS> + (u:l:cs)% (u:l: o lcs) =0. (VIL.1.6)

Jr =u+ 2 105 (VIL.1.7)

are constant along the characteristics v4+ = u 4 ¢s. Given any initial conditions, we can
compute J1 and simply advect those quantities along dz/dt = v4.

Consider initial conditions corresponding to the eigenvector of a linear sound wave
having wavenumber k and propagating in the +x direction:

s bu 2 be

= ——. VII.1.8
po o v~ leso ( )
The corresponding values of Jy are
2
Jp = 6u+ 7_1(050—&-605) =20u+ ’y—lcso’ (VIL.1.9)
2
J_ = du— 7_1(050—&-605) = - 7_1050. (VIL.1.10)

With du = (1/2)(J++J-) and cso+dcs = [(y—1)/4](J+ — J—), the characteristic velocity
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expressed in terms of the invariants is

oy +1

3_
i Ty (VIL1.11)

1 v—1
v = §(J++J7)+T(J+—J,) 4

With J_ constant and independent of position, and Jy constant along the characteris-
tic, the characteristic velocity is constant along the characteristic. Substituting in the
eigenvector du = A cgo cos kxz with amplitude A, we have

1+ 1+~

V= Cq0 (1 + A il cos km()) = z(t,x0) = cs0 (1 + A cos kx()) t+ xo.

(VIL.1.12)
The characteristics have different slopes depending on their origin xy, and fluid elements
issuing from different values of xy can end up at the same location. The condition for
this to occur is that characteristics issuing from zo and x; > z¢ ultimately share the
same x(t,1) after the nonlinear time ¢,;, or

147 1+~

Cs0 (1 + A cos k.%‘o) tnl + To = Cso (1 +A

2 (1’1 —1'0) - 2 1
v+ 1 A(coskxg — coskxy) v+ 1 Aksin kg

cos kxl) tm+ 21 (VIL1.13)

- Csolnl =

(VIL1.14)

when z; and xq are close. This matches our heuristic argument in (VII.1.2). An example
of such characteristics (for A = 0.1, v = 5/3, k = 2m) is shown in the figure below, which
an intersection of characteristics highlighted:
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VII.2. Rankine—Hugoniot jump conditions

Once a shock is established and evolves into a steady state, can the characteristics of the
downstream plasma be expressed solely in terms of the conditions found upstream? The
answer, supplied by the Rankine—Hugoniot jump conditions, is yes. For an MHD plasma,
these conditions are obtained by taking the equations of mass continuity, momentum,
total energy, and magnetic induction, setting their time derivatives equal to zero, and
integrating the result across the shock front. When supplemented by the solenoidality
constraint on the magnetic field, the result is a set of equations expressing continuity of
the fluxes across the shock interface. This procedure is most easily done in the frame of
the shock, such that the shock is a stationary boundary across which the fluid variables
change discontinuously. The convention in what follows is that the upstream plasma
enters from the shock front from the left, gets processed, and exits to the right. The
calculation is also eased when the steady-state equations are written in conservative
form:

V- (pu) =0, (VIL.2.1)
B2 BB

. — | I-—| = 11.2.2
v [puu+ <p+ 871) - } 0, (V )

1 , P B (B-u)B

) - = = | = I1.2.

v [<2pu +7_1+47T>u - 0, (VIL.2.3)
V. (uB — Bu) =0, (VIL.2.4)
V.B=0. (VIL2.5)

Note that we are using here an equation for the total energy; the equation governing
the internal energy (or the entropy) is useless here, because dissipation within the shock
causes the fluid to jump to a different adiabat as it crosses through. Even though no time
derivatives appear in the above equations, there is a sense of irreversibility, which in the
fluid case is enabled by viscosity within the shock transition converting kinetic energy
into internal energy.

VIL.2.1. General derivation of the jump conditions

To obtain the jump conditions, we integrate the above conservation laws over a volume
centered about the shock front having infinitesimal thickness, and use Gauss’ law to turn
the divergences into surface integrals. Evaluating those surface integrals just upstream
of the shock (subscript “1”) and just downstream of the shock (subscript “2”) leads to the
following set of difference equations:

[pun],, =0, (VIL2.6)
B? B, B
pupu+ | P+ — | n— =0, (VIL2.7)
87t 4t |,
1 ~P B? (B-u)B,
- = \u, - — 2" =0, VII.2.8
[(2”“ it m) m |, ( )
[unB — Bpu),, =0, (VIL.2.9)
[Bn] =0 (VIL.2.10)
where [...]12 denotes the difference in the quantity in brackets between the two regions.

A schematic is shown here with all quantities labeled:
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t
(5 BQ
P1 P2
P] PZ
0o n
01
uy
B,

Equation (VIL.2.6) states that whatever mass flows into the shock must exit the shock
in steady state:

Prips = potiny = L -P2_p (VIL2.11)

Un2 1
In the final line, we have followed standard practice in denoting the density ratio by R, a
quantity that obviously must be >1 for there to be a shock. Our task is then to express
the ratios of all other quantities (e.g., Po/P;, By/B1) in terms of R, and then solve a
polynomial equation for R to close the system.
The component of (VIL.2.7) along the shock normal is
2 2 2 2
plun1+P1+i - % *pgun2+P2+B— - % (VH212)
87 4
With (VII.2.10) guaranteeing that B2 = By, 1, the only component of the magnetic field
that enters this equation is the tangential component, B;. Dividing this equation through
by piu?, and defining the Mach number via M? = u2,/c2,, where ¢y = (yP1/p1)Y/? is
the adiabatic sound speed in the upstream fluid, we find that

1 B2 1 1 (P, B?
1 1 o) 4 - (= £2 VIIL.2.13
+’}/M2(+87TP1> R+’7M2(P1+87'[P1 ( )

Note that the magnetic field tangential to the shock front acts to enhance the pressure,
making it more difficult for the shock to increase the density. At this point one might be
tempted to introduce the plasma beta parameter in the upstream fluid, 8 = 8nP; /B2,
but it turns out to be more natural in shock problems to compare the magnetic energy
not to the thermal pressure but rather to the ram pressure. So let us define the Alfvén
Mach number Ma = w,1/va1, where vay = Bl/(47'cp1)1/2 is the upstream Alfvén speed.
To indicate that only the tangential component of the magnetic field enters, we also
define the geometric factor T' = B /B%, in which case (VII.2.13) becomes

1 T 1 1 Py T B
1 - — 42 —i2, VII.2.14
+ yM? + 2M2 R + vM? P, + 2M32 B3 ( )

The next step is to eliminate Bya/ By using the tangential component of the steady-state
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induction equation (VII.2.9), which provides

1 By By U2 U1
1By — By = upa By — By, _ == - = —= — — . (VIL.2.15
Un1 D1 1Ut] = Un2Dt2 2Ut2 RB,1i Bpi  Upi Up ( )

The right-hand side of this equation may be readily obtained from the tangential
component of the momentum equation (VII.2.7):

U Uy — Bn1By Uty — Bn2Byo — Utz Un _ ﬁ By _ By
prifmtin 4m paiin2tiez 4m Un1 Un1 Mi Bnl Bnl
(VIL.2.16)

To obtain the final equality, we have used that B,> = B,1 and defined the geometric fac-
tor N = B2, /B? =1 —T. Combining (VIL.2.15) and (VIL.2.16) then affords expressions
for the tangential component of the magnetic field,

R~ RN/M3
Biy=——7———-1|8B 11.2.1
t2 <1RN/M§) tl, (V 7)

and the tangential component of the velocity,

v _wn N (Rl \Ba
Un1 B Un1 Mg 1-— RN/M[%

(VIL.2.18)

Bnl '
Note that N = 0 ensures B;a/By1 = R, so that the strength of the tangential field
increases in proportion to the density (as expected from flux freezing). Note also the
pole at R = M3 /N, a feature to which we shall return in due course (§VIL.2.5). With

(VIL.2.17) in hand, we can now revisit (VIL.2.14), eliminate B%/B%, and re-arrange to
obtain an expression for the pressure ratio:

1 P 1 1 T

M2 P, E+7M2+2Mg

_ (R RN/M?*)Z (VIL2.19)

1— RN/M2

With everything now expressed in terms of the unknown density enhancement R, we
obtain our polynomial equation for R by substituting (VII.2.11) and (VII.2.17)—(VIL.2.19)
into the total energy equation (VIL.2.8), or

1 P B2 Bp1 By - uy 1 P, B2 BpaBio - uy
<2p1 1+J 11+4:t7_;)un1_1 42 L2 (202 2+J 2 tQ) s A 42 2
(VIIL.2.20)
Writing u? = u2, + u?, and dividing through by (1/2)p1u3, leads, after some straight-
forward algebra and re-organization, to the following equation for R:

RN 2 1 9 1 v+ 1
1 2142~ )= ==
( Mi) {R ( +7—1M2) Rv (7+M2>+7 J

RT N -2 N 2 N 1
= {—R3+R2 (7+27) —R(2+7+)+7]
y-1 Myy-1 v—1

(VIL.2.21)
The subsequent subsections analyze this equation in a variety of limits.

Before proceeding, however, it is instructive to take the limit R — 1, in which case
(VIL.2.21) returns

N=M3 and N=M?+ M3: - M>M3. (VIL.2.22)
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Re-arranging these and casting them in more familiar variables, we find

2 2 2 2\ 2
w2, =v3,N and u?, = CSI—F% + \/(cSl—;vAl> — 4 v N, (VIL.2.23)
i.e., the squares of the Alfvén and (fast and slow) magnetosonic speeds. In this sense, one
may consider the various MHD shocks that are analyzed below as nonlinear versions of
the usual MHD waves. It will turn out that B;s > By for a fast shock, By < By for a
slow shock, and B — — By for an Alfvénic (sometimes called “intermediate”’) shock in
the limit. Let us proceed.

VIL.2.2. HD and parallel MHD shocks

Suppose there were no magnetic field (i.e., My — 00). In this case, equation (VII.2.21)
reduces to

2 1 2 1 y+1

2
1 Ly . - VII.2.24
f ( +7—1M2> R7—1(7+M2)+7—1 " ( )

which may be readily solved to find
T+l

R=—7——. VIIL.2.25
y—1+2/M? ( )

This expression for R may then be substituted into the following expressions to obtain
the jump ratios
P _um

= :R7

Pl Up2 Py

P. 1 2
2 = 14y M? (1 - R> =14+ (M?—1), wp = uy. (VIL2.26)

Note that M must be greater than unity, or else the pressure would have to decrease
across the shock; doing so would violate the second law of thermodynamics, as it would
imply that heat energy is converted into ordered kinetic energy, with the pressure gradient
accelerating the flow. The case M =1 is of course a trivial solution, in which there is no
discontinuity in any of the flow variables. The Mach number downstream of the shock
may be obtained from us/u; = 1/R and cgo/cq1 = (To/T1)Y? = (1/R)/?(Py/Py)Y/?, or

Cw (1) o
My, = — = 1. 11.2.2
2 o \/2’}/ = 1)/ < (V 7)

The downstream flow is subsonic. Finally, it will be useful to have a general expression
for the change in entropy o = In(P/p?) across the shock front:

P 2 —1+2/M?
o9—01 :lnﬁ—vln& =1In [14— 7’y1(M2 - 1)} +v1n (M
1

P1 v+ y+1

At M =1, o9 — 01 = 0 because there is no shock. For M > 1, entropy increases and the
fluid rapidly jumps to a different adiabat.

It is instructive to exam the two limiting cases of a strong shock (M? > 1) and a weak
shock (M? — 1 < 1). The former can be easily read off:

) . (VIL.2.28)

1 P 2 -1

strong HD shock: R = L, 2 LMQ, Ms ~ y—- (VIL.2.29)
v—1 P oy+1 2y

Note that R asymptotes to a value that is independent of the Mach number (one that

is worth committing to memory). For a monatomic gas with v = 5/3, this implies a

maximum compression ratio Ryax = 4, a pressure ratio Py /P, ~ (5/4)M?, a temperature
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ratio Tz /Ty ~ (5/16)M?, and a Mach number Ms = 0.45. The reason for this asymptotic
result is that the downstream pressure continues to increase as M2, and so the fluid
gets more and more difficult to compress as M increases. Despite the compression
factor asymptoting to an order-unity number, the entropy increases without bound (see
(VIL.2.28)):
2
DM =l (VIL2.30)
+1 v+1

This makes sense — more and more irreversible dissipation of the kinetic energy must
occur as M increases in order keep the compression ratio fixed. In the opposite limit of
a weak shock, we may expand (VIL.2.25) in € = M? — 1 < 1 to find

2 P2 N 2’7

~1
S R

09 — 01 ~In

weak HD shock: R =~

Mym1— % (VIL.2.31)

Obtaining the entropy change in this case requires expanding (VIL.2.28) to O(e?):

2v(y — 1) 3

SCESTY (VI1.2.32)

09 — 01~
So, indeed, entropy increases (though barely!).

Let us restore the magnetic field, but take N = 1 (T = 0) so that the magnetic field
is oriented along the shock normal. In this case, the entire right-hand side of (VII.2.21)
vanishes and we recover the hydrodynamic result (VII.2.25) times an Alfvénic root at
R = M3. This makes sense, because the shock occurs while sliding along an unperturbed
magnetic field oriented parallel to the flow — a “parallel MHD shock.”

VIIL.2.3. Perpendicular MHD shocks

If the upstream magnetic field is instead oriented perpendicularly to the shock normal
(N =0,T =1), then (VII.2.21) becomes

R2(1+21>R72 <7+ 1>+7H u (R2M2R+7>

1 M2 M?2 ~v—1 M2 vy—1 v—1
(VIL2.33)
whose (cubic) solutions provide
P 1 1
2 —149M?(1—- =)= 2(R*~1), Bp=RBy, up=uy.  (VIL2.34)
P R B

The minus sign in the final (1/5) term in the pressure ratio, combined with the need for

(R? — 1) to be positive, indicates that the magnetic pressure relieves some of the burden

on the gas pressure in supporting the shock. But for that to be true, the incoming flow

must be at least super-Alfvénic, so that any magnetic compression cannot be radiated

away as a wave. In the hydrodynamic (or parallel MHD) case, we required M > 1 for

there to be a shock. What is the criterion here? Rather than solve this cubic for R and

demand that R > 1, a simpler route is to write R = 1 + € with || < 1, demand that

be positive, and solve for M in terms of M, . The result is that
1 1

1> —+— = ul>c+3; VIIL.2.35

M2 Mi 1 sl Al ( )

i.e., the shock speed must exceed the fast magnetosonic speed ahead of the shock. Because
of this, perpendicular shocks are often referred to as “fast-mode shocks.”

Again without solving (VII.2.33) exactly, we may determine the effect of the magnetic
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field on the shock by writing R = Rup (14 M, ?2) with Rup being the hydrodynamic so-
lution (VII.2.25), and solving perturbatively for the correction 2 assuming that M3 > 1
(equivalently, BM? > 1). After some algebra and adroit consolidation of terms, we find
to O(M?) that
2= (2—)/M? — y/M*

[(y = 1) +2/M?][(y = 1) + (3 = 7)/M? — 2/M*]
In both the limits of M? > 1 and (M? — 1) < 1, the magnetic field acts to reduce the
compression ratio:

R = Rup {1 — M? } . (VII.2.36)

2
strong shock with M3 > 1: R~ Rup [1 - M/IQ(,y_]_)Qil )

2 y+2 }
VB (y+1)2]
This makes sense physically, because some of the kinetic energy must go into compressing

the magnetic field. More general solutions of (VII.2.33) are obtained numerically and
given in the figure below for different 8 = (2/)(Ma /M )?:

weak shock with M3 > 1: R~ Rup [1 - (VIL.2.37)
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Stronger magnetic fields perpendicular to the shock normal reduce the compression ratio
from its hydrodynamic value, while increasing the threshold Mach number for the shock
to form.

VIIL.2.4. Oblique MHD shocks

When the upstream magnetic field and/or the incoming flow is oriented at an oblique
angle with respect to the shock front, the situation becomes more complex. The field and
flow can be refracted by the shock, with the angle of incidence being different on either
side of the interface. As a first pass through this calculation, let us first drop the magnetic
field and ask what would happen in a hydrodynamic setting if the incoming flow were
at an angle. Equation (VII.2.16) states that u; = wuy in this case, and we know that
Upa = Un1/R. Combining these, we see that tanfy = uy/une = Ruyy/uny = R tanby,
indicating that the flow changes direction in the downstream to become canted towards
the plane of the shock. When an oblique magnetic field is also present, this increase
in the angle @ across the shock is accompanied by a sharp bend in the magnetic-field
lines, whose tension then affects the jump conditions by transferring momentum in the
tangential direction.

An apparent complication from the conservation laws is that both w;; and B appear



General Plasma Physics 11 166

as initial conditions, implying that there are two independent angles to worry about, one
related to u?, /u?, and one related to B /B2, = T/N = 1/N — 1. But the polynomial
equation for R that we obtained (VII.2.21) only makes reference to the latter. The reason
why is because one may boost to a frame in which u; X B = 0, in which the upstream
flow and field are aligned. This frame is referred to as the de Hoffmann—Teller frame
(De Hoffmann & Teller 1950). The idea is that, if w; and B; weren’t aligned, then there
would be a motional electric field corresponding to a conductor moving at the E X B
drift velocity. By boosting to that E X B-drifting frame, we can eliminate the electric
field and have w; X By = 0 in that frame. It then follows from the jump condition
(VIL.2.9) that us X B2 = 0; i.e., if we work in a frame in which the upstream flow is
parallel to the upstream magnetic field, then the downstream flow is also parallel to the
downstream magnetic field. The velocity of this “dH-T” frame is not unique; one can add
any field-aligned vector to the E X B drift velocity without changing the physics:

Bl X (u1 X Bl)

UJH-T = 7 + ABy, )\ = const. (VIL.2.38)
1
For example,
B
g = R X <u1 X Bl> , (VII.2.39)
in

where 72 denotes the shock normal, also works.

The figure below shows the compression ratio, calculated by solving (VII.2.21) numer-
ically, for a strong oblique shock with v =5/3, M = 10, and 8 € {1/4,1,4}, at a variety
of angles 6; = cos™(B,1/B1):

N = B2, /B}
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As expected (see (VII.2.37)), the value of R decreases as the shock goes from parallel
to perpendicular. Here is the angle 6o = cos™!(B,2/Bs) that the downstream magnetic
field makes with respect to the shock normal:
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0, = COSil(Bnl/Bl)

Note that 65 > 6, for 6; € (0,7/2), indicating that the downstream magnetic field is
canted upwards towards the shock interface in an oblique fast-mode shock. This makes
physical sense: a super-Alfvénic shock can sweep up the tangential component of the
magnetic field and compress it without the field having time to rarify to produce a
magneto-sonic wave, thereby driving the orientation of the magnetic field towards the
shock interface.

Here is the same set of plots but for a weak oblique shock with M = 2:
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N = B%/B?
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The behavior at 8 = 1 (Ma ~ 1.8) and 8 = 4 (Ma ~ 3.7) is qualitatively similar
to what was seen for the strong shock: the compression ratio decreases as the shock
becomes more perpendicular, and the angle of the magnetic field increases across the
shock. But at 8 =1/4 (Ma ~ 0.9), everything seems to change. The branch that starts
at N = 1 where the parallel shocks live turns upwards towards larger compression factors,
ultimately taking a dive towards small R and even becoming double-valued. To make this
feature clearer, the following plots show R and 65 only for 8 = 1/4, but with the different
branches traced in blue and red:
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What’s going on?

In general, R satisfies a fourth-order polynomial equation. Let’s count the roots. One
root is trivial, at R = 1. One root is the standard solution for a parallel and perpendicular
shock, with a smooth interpolation between them at intermediate angles. The final two
roots are the lines traced in blue and red. When the upstream magnetic field has a small
tangential component, the blue root satisfies 3 < 61, indicating that the downstream
magnetic field is oriented closer to the shock normal than in the upstream. The value
of 65 actually passes through zero at N = M3 = (y8/2)M?, or 6; = cos™*(M+/v5/2),
and then goes negative (1), corresponding to By having the opposite sign as By;. The
red root does so as well, jumping off the trivial R = 1, 5 = 6; solution as N approaches
M3 from above, and diving through zero and into negative territory for N < M3. This
root ultimately connects to the blue root at the maximum value of 6, for which a shock
solution exists.

The reason for this strange behavior is that the combination of M = 2 and § = 1/4
places the shock speed below the fast speed but above the slow speed for all N. As a
result, the downstream magnetic field has the freedom to orient itself in different ways.
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In particular, when N < M3, the shock speed is super-Alfvénic and the tangential
component of the magnetic field can flip its sign. This flipping of signs is related to a
phenomenon know as a “switch-off” shock, our final stop on this tour of MHD shocks. ..

VIL.2.5. Switch-off (and switch-on) shocks

A “switch-off” shock occurs when an oblique shock with By, u;; # 0 leads to a purely
normal field and flow in the downstream, B;s = wu;2 = 0. Under these conditions,
equations (VII.2.15) and (VIL.2.16) demand that N = M3 < 1. In words, the incoming
flow and magnetic field must be oriented with respect to the shock front at a precise
angle that depends only on the Alfvén Mach number of the shock, and the incoming flow
must be precisely Alfvénic (meaning that u2; = v3; N — see (VIL.2.23)). In this case, the
compression ratio satisfies

2 -1 2 1

for M? < (2/7)B3~!. Being a quadratic, this equation admits two solutions for R, which
are precisely the two (red and blue) solutions in the plot above at 62 = 0 and 67 ~ 0.137
(N ~0.83). Graphically:

M=2 g=1/4

P1 p2 ~ 232p1
Pl P2 ~ 546P1
0y =0 U n
u;
B;
switch-off

Solutions also allow for the reverse of this situation, called a “switch-on shock.” In this
case, a fluid with neither magnetic field nor flow velocity tangential to the shock front
nevertheless acquires tangential components downstream of the shock, i.e., Bya, us # 0
even though By, up = 0. With T'=0 (N = 1), the momentum and induction equations
provide

1 1 1 P2 1 Bt22 Bt2 U2

14— =— 4 - =2 —tz T2 prt2 d R=M3. 11.2.41
TP TR e taE B B o M4 A=Mi (VIE2AD

Because R must be greater than one for a true shock solution, the shock must be super-
Alfvénic for a switch-on solution to exist. The total energy equation in this situation may
be solved for the pressure ratio:

P 5 (M2 1 M? B2,
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Substituting this expression back into (VII.2.41) yields
B,

D=z - [ml)—(v—l)Mi—

2M3
M2A] : (VIL.2.43)

Note that the right-hand of this expression must be positive, corresponding to the
tangential components “switching on”, if

2M?
(M3 —1) [(v +1) = (y—1)M3 — Mrj} > 0. (VIL.2.44)
For M? > 1, this is satisfied provided that
+1)M? 2/y 2(14+1/5)
L<ap < FDME L LU VIL.2.45
<Mi<TTmerr C R <P onme 2 ( )

For v = 5/3, this is a fairly narrow range of Alfvén Mach numbers. An example of a
switch-off shock is shown in the figure below for vy =5/3, M = 2, and 8 =1/2:
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Notice that the roots traced by the black and red lines have non-zero 85 even when 6; = 0,
thus, switch-on shocks. These solutions stem from a degenerate root at R = M3, which
separates as 67 becomes non-zero (as shown in the figure). Indeed, one may calculate
a correction to the switch-off solution at small but non-zero T = ¢ < 1 by writing
R = M2 (1 + €/%%), expanding (VII.2.21) out to O(¢), and solving for 2. The result is
that

M% -1
YT 1-ME(y— L+ 2/AP%)

R= M3 (1 + 1/ z) with 2 = i\/ (VII.2.46)

With the factor in the square root being positive, R remains real and splits into two
solutions, one >M3 and one <M3. Graphically:

M=25=1/2 i

U 0y ~ 0.197 n

B1 01 =0

p2 = (5/3)p1
Py = (73/27)P,

switch-on
VIIL.2.6. Radiative shocks
1 5 9P B? (B-u)B|
v Kqu + Y1 + el i =—pL (VIL.2.47)

[in progress]

VII.2.7. Two-fluid shocks

In a partially ionized gas, the ion-electron plasma and the neutrals can be considered as
independent fluids coupled through a drag term representing collisions. The ion-electron
plasma (subscript “i”) therefore obeys the MHD equations,

Ipi _
Bt + V- (piu;) =0, (VII.2.48)

0 B (VxB)xB
Pi (815 + u; - V) u; =—-VP, + P — Qpipn (u1 - un)7 (VIIL.2.49)
9B _ g« (u; X B), (VII.2.50)

ot
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while the neutrals (subscript “n”) obey the equations of hydrodynamics,

Opn B
TRV (pun) =0, (VIL2.51)

(gt + Uy - V) up = —VP, — apipn (tn — u;). (VI1.2.52)
The ions and neutrals are coupled via a linear drag force, whose amplitude we quantify
by introducing the collisional coupling parameter «. Note that the drag force satisfies
Newton’s third law, appearing with opposite signs in the momentum equations (VII.2.49)
and (VIL.2.52). These “two-fluid” equations admit a special kind of shock solution, called
a C-type shock or a C-shock (“C” for “continuous”), in which there are no discontinuities
in the hydrodynamical variables. This solution was discovered by Prof. Bruce Draine in
the context of the partially ionized, radiative gas that comprises the cold phase of the
interstellar medium, which he presented in what is now a classic paper in theoretical
astrophysics (Draine 1980).

For simplicity, let us assume the plasma to be radiative, such that the pressures both
upstream and downstream of the shock front satisfy P, = p;C? and P, = p,C?, where
C is the isothermal sound speed. We additionally take o to be constant. Following the
convention in the rest of this Part, we orient our coordinate system such that the shock
transition occurs at = 0, with the far-upstream (x — —o0) pre-shock ions and neutrals
being uniform in density (pio and pyo, respectively) and sharing a constant, steady flow
Ujg = Upo = UZ. A uniform magnetic field is oriented perpendicular to this flow, By =
By, Y, setting up conditions for a perpendicular shock.

Assuming steady state (0/0t = 0) and one-dimensional (x) structure, the continuity
equations and the induction equation become, respectively,

d n
a(pnum) =0 E Prling = pnolU — Upgy = U %, (VIL.2.53)
d 1
d (plum) =0 — Pilliz = pioU — Uiz = U %, (VIIQ54)
d i
—(wB)=0 —  wB,=UB, =  B,=By, %. (VIL2.55)

Using (VII.2.53)—(VIIL.2.55) in the neutral and ion-electron momentum equations,

d
@ (pnufw + ,ODC2) = —QPiPn (unw - uim)v

d B;
@ <p1u1221? + Pi02 + 871;) = —QpPipPn (uiw - unz>7

gives
d U? P pa
<p“0 + puC ) = —aplopn0U< - p) (VII1.2.56)
dz Pn Pio Pno
d z U2 BQ' 2 n i
— (mo +piC? + 0”’;) — —apiopn0U< o _ p). (VIL2.57)
dx Pi 8T pio Pno  Pio

Introducing Z = p;/pio and N = py,/pno, and defining the dimensionless free parameters
M =U/C, Ma =van/C = Byy/+/4mpnoC?, and x; = pio/pno, equations (VIL.2.56) and
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(VIL.2.57) become

2
;{(]‘X[ +N> = —MMu (T -N), (VIL.2.58)
d (M? M3 MMy
Bl ) ' O ) I N —1), VIIL.2.59
d£< 7 It 5 ) o ( ) ( )

where £ = x/{,; and the neutral-ion collision length ¢n; = va n/apio. In terms of these
variables, un,/C = M/N, uiy/C = M/Z, and B, /B, = I. Note that £y; is the distance
an Alfvén wave would travel in the neutral fluid in the time it takes momentum to be
transferred collisionally from the ions to the neutrals. If an Alfvénic disturbance in the
magnetic field has wavelength A < 7/, it diffuses before collisions between neutrals and
ions have time to transmit to the neutrals the magnetic force (e.g., Kulsrud & Pearce
1969, Appendix; also, Mouschovias 1991).

Numerically integrating (VII.2.58) and (VII.2.59) with M = 100, M = 10, and x; =
103 using a Runge-Kutta solver results in the figure below:

15 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1
10k a
5E —— pulpwo 3
C E— Pi/piO ]

0 L L L L I L L L L I L L L L I L L L L I L L L L I L L L L I L L L L
100 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 I_
[ un/C ]
C u/C -
50 |~ —
0 i 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 .
4 E 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 3
5 E heating x 107* 3
2F 3
1E 3
0 E 1 1 1 1 I 1 1 1 1 I 1 1 1 I 1 1 1 1 1 1 1 1 I 1 1 1 1 I 1 1 1 1 3
0 1 2 3 4 5 6 7

x/eni

Note the presence of a “magnetic precursor” in the ionized plasma. Quoting from the
abstract of Draine (1980), this precursor “heats and compresses the medium ahead of
the front where the neutral gas undergoes a discontinuous change of state... Within
this ‘magnetic precursor’ both ions and electrons stream through the neutral fluid with
velocities which may be a significant fraction of the shock speed.”

We may obtain the maximum possible jump in the density for a poorly ionized fluid
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as follows. Adding (VII.2.58) and x; x (VII.2.59) gives

d M2 M2 M?
A2 vl =47 =0 VII.2.60
In the far downstream £ — oo, we have N' = Z. With y; < 1, equation (VIL.2.60) implies
M? M? M? M?
~ TN A I’ ~ TN AN2 ~ const. (VIL2.61)

The constant can obtained in the far upstream, £ = 0, where it is equal to M2 +1+ M3 /2.
Assuming M > 1, the largest terms in (VIL.2.61) are then (M3 /2)N? ~ M?. Thus,
N = /2(M/My), or

P U

Pno VA n .
More information on the MHD dynamics of partially ionized plasmas is deferred to §X.

(VI1.2.62)
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PART VIII

Resistive MHD

VIII.1. Ohmic resistivity

Up to now, we have assumed that the plasma is infinitely conducting, i.e., the magnetic
field is frozen into the plasma flow. We now relax that assumption by introducing a finite
conductivity o that relates the current density j to the electric field E’ in the rest frame
of the plasma:

i—oE ~o(E+2xB). VIIL1.1
j
C

Finite ¢ implies finite resistivity 7, which in a collisional plasma is driven by the friction
force between the ions and electrons:

0~ Ry — en.E' = %(ui — ) —enB' = ——° " —en E’
Tei Tei €EMNe

elei . . 1
— j=l g R = . (VIIL1.2)

Me n

Using Ampére’s law, the non-ideal induction equation then reads
0B cn

— =V B)-V —VXB|. VIIIL.1.3
5 X (u X B) X ( R ) ( )

The first term is the familiar advection term. The second term might look more familiar
to you if we take the resistivity to be spatially uniform and use V x (V x B) = —V?B
to obtain
2
%ZVX(UXB)+%V2B,

in which case the resistive term leads to a diffusion equation with diffusion coefficient
c?n/4m. Because this factor of ¢? /47t is often a nuisance to carry around, I will henceforth
absorb this factor into the definition of the resistivity and regard 7 as a diffusion coefficient
(with units of length? per time).

The relative importance of the advection and diffusion terms in (VIII.1.3) is quantified
using the dimensionless magnetic Reynolds number,

Rm = E, (VIIL.1.4)
Ui

where U and L are characteristic scales for the flow velocity and spatial gradients,
respectively. For example,

liquid metals in industrial contexts: Rm ~ 107%...107!,
laboratory plasma-astrophysics experiments: Rm ~ 1...100 (and growing),
planetary interiors: Rm ~ 100. .. 300,
solar convective zone: Rm ~ 10° . .. 1097
warm phase of the interstellar medium: Rm ~ 10*%,
intracluster medium of galaxy clusters: Rm ~ 10%°.
But be careful: even in situations with Rm > 1 on the macroscopic scales, resistivity

may still be important if sufficiently small spatial scales are produced, say, by a turbulent
cascade or in a forming current sheet. For now, let’s take a quick look at linear theory.
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VIIL.1.1. Wave-driven Ohmic dissipation

Regarding the linear theory of waves on a static, homogeneous background, there is
nothing particularly special about the Ohmic decay of Alfvén waves versus the Ohmic
decay of magnetosonic waves. Because the diffusion operator is isotropic, all modes
suffer the same rate of magnetic diffusion, dependent only upon the magnitude of the
wavenumber. Indeed, the linearized induction equation is

—iwdB = ik - Bydu — Byik - du — k*néB. (VIIL.1.5)
For a shear Alfvén wave with du = —(k - Bo/w)(0B/4mp), equation (VIIL.1.5) becomes
[w(w +ik?n) — kfvi]0B = 0, (VIIL1.6)

whose solutions satisfy

k%n k2 \°
= i 4 a1 - . VIIL1.7
o= 80 b1 (5o ) (VIILL7)

For Rm ~ va /(kn) > 1, these solutions become w ~ +kjva —ik?n/2, i.e., weakly damped
shear-Alfvén waves. Magnetic-field fluctuations produce currents, currents are associated
with drifts between the charged species, and these interspecies drifts are damped by
collisional friction.

VIII.1.2. Ohmic dissipation heats plasma

Think back to grade-school physics when you played with circuits... power is current
squared times resistance, P = RI?. In the language of non-ideal MHD, j - E’ = n|j|?. It
is straightforward to show by dotting (VIII.1.3) with B/47 that this is precisely the rate
at which the total magnetic energy decays:

d [y B /dV I« B C%ds (E x B) /dV|'|2 (VIIL1.8)
— — = - u- | = - — . — . 1.
dt 87 c 47 I
minus the work of the Poynting flux Ohmic
Lorentz force on the flow dissipation

This liberated magnetic energy must go somewhere, of course, and it does:

P D, P

ﬁﬁlnp—7 = |53 (VIIL.1.9)

Voila. Joule heating.

VIII.2. Magnetic reconnection

Magnetic reconnection refers to the topological rearrangement of magnetic-field lines
that converts magnetic energy to plasma energy. In these lecture notes, we will assume
that such a rearrangement is facilitated by a spatially constant Ohmic resistivity, as
might occur in a well-ionized collisional fluid:

%—f:Vx(uxB)+nsz.

This assumption is obviously not warranted in hot, dilute astrophysical systems, such as
the collisionless solar wind, or in poorly ionized systems, like molecular clouds and pre-
stellar cores. But let us assume this anyhow, knowing that (i) the physics of reconnection
in even the simplest of systems is surprisingly rich and complex, and (ii) there is a
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huge amount of literature on all aspects of magnetic reconnection in a wide variety of
environments. This part of the lecture notes is not intended as a replacement of that
literature, nor a synopsis of current research in the field (particularly in the laboratory
and the Earth’s magnetosheath). What follows is an incomplete presentation of a few key
highlights in the theory of magnetic reconnection, which will hopefully provide enough
pedagogical value and inspiration to encourage you to dig into the literature further. For
that, I recommend that you start with the excellent review articles by Zweibel & Yamada
(2009), Yamada et al. (2010), and Loureiro & Uzdensky (2016).

VIII.3. Tearing instability
VIIL.3.1. Formulation of the problem

We begin by analyzing the stability of a simple stationary equilibrium in which the
magnetic field reverses across z = 0:

By = By(2) + B2, (VIIL3.1)
where By(z) is an odd function and B; = const denotes the guide field. A oft-employed
profile for B, (z) is the Harris (1962) sheet:

B,(z) = B, tanh(g), (VIIL3.2)

a

where B, is the asymptotic value of the reconnecting field and a is the characteristic
scale length of the current sheet. Its profile, and the associated current density j, =
(B./a) sech?(z/a), are shown in the figure below:

1 |

j=/(B:/a)
-1 I I

—4 —2 0 2 4
x/a

To have a stationary equilibrium, we require something to balance the magnetic pressure
gradient implied by (VIIL.3.1). One option is to allow the thermal pressure in the
background to vary so that P(x) + B (x)/8m = const. Another option is to make the
guide field also depend upon z and arrange for the total magnetic-field strength to be
constant; for example, if the reconnecting field satisfies (VII1.3.2), then the guide field
should satisfy Bg(x) = B, sech(z/a). Either way, the total pressure P + B?/87 in the
equilibrium should be constant. We might consider allowing the background magnetic
pressure gradient to be unbalanced, which would be fine if the tearing instability were
to grow much faster than the current sheet would evolve globally from being initialized
out of equilibrium. But the latter would occur on the Alfvén-crossing time of the sheet,
~a/va y, which we will find is actually shorter than the characteristic growth time of the
fastest-growing tearing mode. Many presentations of the tearing instability conveniently
omit this point.
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We start by linearizing the momentum and non-ideal induction equations about the
z-dependent, pressure-balanced equilibrium (cf. (VI.2.1)):

ddu B,0B B,0B B, 00B B, 00B dB,{B
= P g Z Y Y g Py 0Dy A
o V(6 * 4 * 47 > 4t Oz 4t Oy do am
(VIII.3.3a)
00B dB, ddu odu
—_— = B, B,—— %5B. I11.3.
B Oy e Y4+ o + "oy + 1V (VIIL.3.3b)

Here we have taken the plasma to be incompressible, V - Ju = 0; note further that the
mass density p in (VIIL.3.3a) refers only to its time-independent background value. As a
result, we don’t need the continuity equation to close our system of equations, and the
energy equation is replaced by the requirement that the divergence of (1/p) x (VIIL.3.3a)
vanish (which constrains §P). We have also ignored resistive diffusion of the background
current-sheet profile, which should be fine as long as the growth rate of the tearing mode
is > n/a?; this will amount to the condition that the Lundquist number of the current
sheet, S, = va ra/n where va, = B,/\/4mpy is the Alfvén speed associated with the
reconnecting field and pg is the mass density at the center of the reconnecting layer
(x = 0), satisfies Sal? > 1.

The next step, which is not at all necessary but is standard and simplifies this first
pass through the analysis, is to assume that the perturbations have no z component
and do not vary in the z direction, thereby reducing the problem completely to 2D. In
this case, the guide field B, disappears from the analysis, and incompressibility and the
solenoidality constraint on the magnetic field allow us to write the perturbed velocity
and magnetic field in terms of scalar potentials whose gradients lie in the z-y plane:

Su=2x Vo, =2 X Vi, (VIIL.3.4)

47tpg
Likewise, we may associate the background reconnecting field B, with a scalar potential:
By(z)//Ampy = W'(z), where the prime denotes differentiation with respect to z.
For example, if B, is taken to be the Harris-sheet profile (VIIL.3.2), then ¥(z) =
va ralnfcosh(z/a)]. Making these simplifications in (VIII.3.3), substituting in (VIIL.3.4),
and simplifying leads to

9(p . oP , 0 / 0o .
= — — 4+ v — -y I11.3.
g < z X qu) V( P + 3$> + ay 22X Vi oy v, (VIIL.3.5q)

,0
2 x Vaw =2X V( 9¢ + v%) (VIIL3.5b)
We may remove the 2z X V from both sides of the latter equation without consequence.

Finally, to eliminate VP from (VIIL.3.5a), we take the curl of (VIIL.3.54) and use
V X V = 0. After the use of some vector identities and rearranging, our final equations

are
PO (g, dnpde\ 9 _, 00
po Ot <V OF o ) T Ay V- ay’ (VIIL3.6a)
L Y R
2 Yo, oy V=Y. (VIIL3.6b)

The former equation describes the evolution of the fluid vorticity, V X u = 2V?2¢.
Because (VIIL.3.6) are linear in the perturbation amplitudes, and because the back-
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ground only depends upon x, we are allowed to adopt the solutions
blta,y) = v(@) et and ot a,y) = ola) T, (VIIL3.7)

where k is the wavenumber and ~ is the rate at which the perturbations will grow or
decay. In this case, /0t — v and 9/0y — ik, leaving us with

2 1 2
(dde —k (iilglspi)(b =k (cf:ﬂ - kQ)w B itLase)
2
k' (dle _ k2) " (VIIL3.8b)

The trick to solving this set of equations is to realize that, as n tends towards zero, the
derivative on the right-hand side of (VIIL.3.8b) must grow to balance the terms on the
left-hand side. In other words, a boundary layer forms about x = 0, outside of which the
system satisfies the ideal-MHD equations and inside of which the resistivity is important.
The width of this boundary layer is customarily denoted d;,, and much of reconnection
theory rests on determining its size given the various attributes of the host plasma. To
do so, we will first solve (VII1.3.8a) and (VIIL.3.8)) in the “outer region”, where the
resistivity is negligible and the system behaves as though it were ideal. Then they will be
solved in the “inner region”, where the resistivity dominates and k ~ a=! < d/dx ~ 61;1.
The two solutions must asymptotically join onto one another; this matching, along with
boundary conditions at z = 0 and +o0o, will determine the full solution.

Before proceeding with this program, it will be advantageous to define the resistive
and Alfvén timescales,

a? 1 1

=Y d = - : VIIL3.9
n n anc T ka{(0)  kvay ( )

respectively. We further assume 7, l<«yx Tgl, i.e. the tearing mode grows faster than
it takes for the entirety of the current sheet to resistively diffuse but slower than it takes
for an Alfvén wave to cross k~!. Physically, this implies that the outer solution results

from neglecting the plasma’s inertia and Ohmic resistivity.

VIII.3.2. Outer equation
Adopting the ordering 7' <« v <« 75 ', equations (VITL.3.8a) and (VIIL.3.8b) reduce

to
d2 5 W”/

0= <d$2 -k wout and ¢out k‘!p/
Note that ¥""/¥" = B;// B, measures the gradient of the current density, and so different
current-sheet profiles will result in different solutions to (VIII.3.10). Regardless of the
exact current-sheet profile, however, both ¢ou; and o, must tend to zero as x — foo.
Also, since the y-component of the perturbed magnetic field must reverse direction at
xz = 0, Yoyt must have a discontinuous derivative there, corresponding to a singular
current. Indeed, it is this discontinuity that characterizes the free energy available to
reconnect, quantified by the tearing-instability parameter

== Vout- (VIIL.3.10)

/ - 1 d'l/)out o
1bout(o) CL'L‘ _07

and that ultimately warrants consideration of a resistive inner layer.

(VIIL3.11)
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VIIIL.3.3. Inner equation

In the inner region where k < d/dz ~ 6!, the dominant terms in (VIIL.3.8a) and
(VIIL3.8b) are

p Lo . A2
P = ikt (VIIL.3.12)
d2 in
i — ik = (VITL3.13)

dz?
Note that p, whose gradient length scale is a, may be taken as constant over the inner-
layer thickness d;, < a, and so the pre-factor p/pg in (VII1.3.12) is ~1. These equations
may be solved analytically provided some amenable form of ¥’'. Because we are deep
within the current sheet, the leading-order term in a Taylor expansion will suffice, viz.,
V' ~ 0" (0)r = va(z/a). Then (VIIL.3.12) and (VIIL.3.13) may be straightforwardly
combined to obtain

A2, v 171 d2 1 n d2
=—|—| ——|-|1—-~=— |%in|- VIIL.3.14
dz? [klI/”(O) xda? |z ~ da? v ( )
With some effort, this equation can actually be solved for 1;, analytically. I'll show you

how below. But even without that effort, equation (VIII.3.14) may be used to estimate
the width of the boundary layer, diy:

2 1 O; Th e
1~ — =~ 2 . VIIL.3.15
an ol =~ (13) (VIIL3.15)
Note that d;, depends on k — each tearing mode k has a different boundary-layer width;
because of this, each k will correspond to a different A’.

Normalizing lengthscales to i, by introducing & = x/din, equation (VIIL.3.14) may be

written as
A%y, 1d%[1 d2
=—-—|=(A4- —= Y|, VIIL.3.16

= gag|e (1 a) ] (VIS0
where the eigenvalue A = ~3/27, 7, /2 = 762 /n is the growth rate of the tearing mode
normalized by the rate of resistive diffusion across a layer of width d;,. Provided we can
solve (VIIL.3.16), the solution v, must be matched onto the outer solution t,,s. This
is done by equating the discontinuity in 9oy, quantified by A’ (see (VIIL.3.11)), to the
total change in di,/dx across the inner region, viz.,

2 [t 1 2y
A== qge—=—1in
&n/o G0 a2

(The factor of 2 is because the solution is odd, and so the total change across the x = 0
surface is twice the change measured for > 0.) The upper limit on the integral can be
extended to +o0o by committing only a ~10% error:
2 [~ 1 d%y,
= — d¢ ¢2 .
Gin Jo  Yim(0) d§
So, find ¥(£) by solving the inner equation (VIIL.3.16), compute the integral in

(VII1.3.17), and invert the answer to obtain the growth rate in terms of A’.
Before carrying out that program, it will be useful to further simply (VIIL.3.16) by

introducing
win(f)} VIIL3.18
[ - (VIIL3.18)

A/

(VIIL3.17)

. d
x(§) = §2d7§
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d[d/1dyx AN ]
it Lae(aae) - (1ra ] =o (VI3

Integrating this equation once and, for reasons that will eventually become apparent,
setting the integration constant to —x.., we find

so that

d /1dy
) — (€ +4)x = X I11.3.2
() ~ (€ )r=nee (VIIL3.20)
Once this equation is solved, the inner solution is obtained using (cf. (VIIL.3.18))
o0 o0 /
Yin(€) = —5/5 dz Xa(:f) - —5/5 dz Xa(f) —x(6), (VIIL3.21)

which may then be plugged into (VIIL.3.17) to compute A’

VIIL.3.4. Approximate solutions

There are a few ways to solve (VIII.3.10) and (VIII.3.20), none of which are particularly
obvious. However, it’s possible to obtain scaling laws for A’ and the tearing-mode growth
rate v without actually doing so. In fact, the answers obtained in this way differ from
those obtained by a more mathematically rigorous solution (see §VIII.3.5) by only order-
unity coefficients. Nice.

We start with (VIIL.3.10), the outer equation. With some knowledge that the fastest-
growing modes occur at long wavelengths (ka < 1), we can make some progress by
simply dropping the middle term in (VIII.3.10). Then, so long as B, varies faster within
|z] < a than it does at |x| > a, we can estimate

1
!
A~ el (VIIL.3.22)
(This scaling is exact for the Harris-sheet profile, solved for in §VIIL.3.5.) One may
formalize this estimate somewhat (Loureiro et al. 2007, 2013) by quantifying what “varies
faster within |z| < a than it does at |z| > ¢” means, but not much is gained intuitively
by going that route, and the estimate (VIII1.3.22) will suffice.

As for the inner equation (VII1.3.16), we know from (VIII.3.20) that, whatever its
solution, 1;,(€) only depends on the parameter A. Thus, equation (VIIL.3.17) may be
written as

NS = f(A) (VIIL3.23)

for some function f(A). Combining (VIII.3.22) and (VIIL.3.23) yields an expression for
the growth rate, provided we can invert f(A). Fortunately, we can, at least in certain
limits.

The first limit is the so-called “constant-i) approximation” or “FKR regime”, which
corresponds to f(A) ~ A <« 1 (Furth et al. 1963). Then (VIII.3.23) gives A’d;, ~ A, so
that

—2/5 6in 2/5
yrKR ~ TP (A, T (TA) (Aa)t/d (VIIL.3.24)

a Tn

With A’ ~ 1/ka? (see (VIIL.3.22)), these become

JFKR (ka)~2/5873/5 Oin ~ (ka)™3/°872/°, (VIIL.3.25)
VA /G a
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where we have introduced the Lundquist number
QUA r

.
Note that longer wavelengths have faster growth rates (the divergence as k — 0 will be
cured in the “Coppi” regime, in which the small-A” assumption breaks down — see below).

This approximation results from setting i, = 1, (0) on the left-hand side of (VIII.3.13),
so that the inner equation (VIII.3.13) becomes

S, = (VIIL3.26)

0) — ]C(ZS v (0)x = zwin VIIIL.3.27
Yin (0) — 1kin ¥y (0) n dz2 ' ( :3.27)
and so (cf. (VIIL.3.20))

od (1 dx 2 — A v

13 1€ (52 ]§> ¢ (X XOO) = wm(o)‘ ( HI‘3'28)

In effect, we are assuming that the resistive diffusion time across the inner-layer thickness
is much shorter than the instability growth time, i.e., v < 7/62, so that ¢, can
be approximated as constant on the dynamical time scale. Using (VIIL.3.25) in this
inequality requires S, > (A’a)*. This is sometimes called the “small-A’ regime”.

The second limit is the “Coppi regime” or “large-A’ regime”, in which the constant-1
approximation breaks down and v ~ 7/62 . This occurs for A ~ 17, at which f(A) — oo.

The growth rate then becomes independent of A’ and we have

2/3 ) a\"?
Yooppi ~ Ta L or R A () (VIIL3.29)

n
a Tn

In terms of the tearing-mode wavenumber k£ and the Lundquist number .S,,

i din 13 ae
TCorvi | (ka)?/35, 13, I o (ka)" V35,13, (VIIL3.30)
VA /G a
In this limit, the shorter wavelengths have faster growth rates, opposite to the FKR
scaling (VIIL.3.25). This suggests a maximally growing mode, whose growth rate Ymax
and wavenumber k. may be estimated by matching the FKR solution (VIIL.3.25) to
the Coppi one (VIIL.3.30):
max — 6in _
VKR ~ YCoppi | = Kmaxa ~ Sy Y4, ma g1/ O g-1/4(yIIL3 31)

var/a e a

Note that the FKR (Coppi) regime corresponds to k > kmax (kK < kmax)-

Of course, all of these scalings make sense only if the modes can fit into the current
sheet, i.e., kL = 1, where L is the length of the current sheet. For the maximally
growing mode to be viable thus requires a current-sheet aspect ratio of L/a 2 Scll/ ‘)
If this inequality is not satisfied, then the fastest-growing mode will be the FKR mode
(VIIL.3.25) with the smallest possible allowed wavenumber, kL ~ 1. Thus, low-aspect-
ratio sheets with L/a <« Si/ * will develop tearing perturbations comprising just one or
two islands; the high-aspect-ratio sheets, in which the Coppi regime is accessible, will
instead spawn whole chains comprising ~k . L islands.

VIIL.3.5. Ezact solution for a Harris sheet

This is optional material detailing a more rigorous derivation of the tearing-mode
dispersion relation.
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The solutions obtained in the last section should suffice for this course. But with
some (read: a lot of) effort, one can be more precise. For that task, let us adopt the
equilibrium flux function ¥y = awva . lnfcosh(x/a)], corresponding to the Harris-sheet
profile (VIIL.3.2). Then (VIII.3.10) becomes

2
2 k* + — sech? (x)} Yout =0 and  ¢out = —iy7A coth(g)wout. (VIIL.3.32)
T a a a

The former equation can be solved by changing variables to p = tanh(xz/a), so that
sech®(z/a) = (1 — p?)~" and

d_1-pd & _1-pdl-pd
de  a dp’ dz2 @ dp a du’

Then (VIII.3.32) becomes

d 2 d k2a2 . wout
|:dlu(1 — K )@ +2— W ’(/Jout =0 and ¢out = —1IYTA [ 5 (VII:[333)
the first of which you might recognize as the associated Legendre equation
d d m?
— (1= p®)— 4+ +1) - P (u) =0
e e ) - )

with ¢ = 1 and m = ka. Transforming the boundary conditions ¥(+o00) = 0 into ¢ (u =
+1) = 0 and enforcing ¥ (p) = (—p), the solution to (VIII.3.33) is thus

Yout = C1im P (1), (VIIL.3.34)

with C1,, = const. If you can’t picture in your head what the first associated Legendre
polynomial with non-integer m looks like — I know I can’t — you may like to know that
the outer solution may be equivalently written as

1 T
1 —kx - el
Yous () = C! e {1 + tanh(a)} (VIIL3.35)
for &€ > 0, where C7,,, = const. (Note that out(—E&) = Yous(£).) Visually:
T T T
4+ ka=0.2 -
3+ -
g
= 2 -
1+ -
0 1 1 1
—20 —10 0 10 20

x/a
Recall that A’ measures the discontinuity of dyou/dz at x = 0 (see (VIIL.3.11)).

Restoring the cos(ky) dependence of 1o, provides the following isocontours of tout,
which are equivalently the magnetic-field lines:
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-5 I — N 1 |
0 10 20 30 40 50 60 70 80
y/a

For ease of visualization, I plotted two y wavelengths using ka = (271)~! and set the
tearing-mode amplitude to 0.2 (which in a realistic system would be well outside of the
linear regime). The red line is called the separatriz; it serves as the boundary between
the inside of each magnetic island and the surrounding field lines, and runs through the
“X-points” that lie at y = 0, 27t/k, 47t/k, etc. To determine the island width w, we follow
the isocontour that starts from the X-point at, say, (z,y) = (0,0) and set its  location
when y = 7/k equal to the half-width w/2:

0 1 2
O+ $(0.0) = P(w/2) + v(w/2,m/k) ~ W (0) - +b(w/2,7/k),
S~—— ———
= wout(o) = —Yout (w/2)
where we’ve used cos(m) = —1 and approximated ¥ (x) a distance x away from the neutral

line by its Taylor expansion, (1/2)¥”(0)z?2. If we then take 9 to be approximately constant
within the island, viz. Yout(w/2) & Yout(0), we find that island width satisfies

¥(0)
@//(0) :

w4

Note that ¥”(0) = va,/a for the Harris-sheet profile. Solving for the mode amplitude
Cym (or C1,,) requires matching onto the inner solution, but even before doing that we
can compute A’ using Yoy, oc P () in (VIIL3.11):1°

1 dpr|™ 2 dpm 1
A/a = L = L =2 ( - m)
Pr) dp |, P(0) dp =0 m
1
=2 (k - ka) . (VIIL.3.36)
a

Note that A’ > 0 requires ka < 1 — any unstable mode must have an extent at least as
large as the current-sheet thickness. This places an upper limit on the wavenumber of
the FKR modes (VIII.3.25).

As for the inner equation, let us use its compact form (VIII1.3.20), repeated here for
convenience:

d /1dy
2 2 2
QLX) A) — 2, VIIL3.37
§d§(€2d§> (€2 + 4)x = —xec ( )
where A = ’73/2TA’7'7}/2. There are a few ways to solve (VIII.3.37), none of which are
particularly obvious. One way, explained in Appendix A of Ara et al. (1978), is as follows.
Write

X = Xoo D an L3P (€2) e /2, (VIIL3.38)

n=0

10See https://dimf .nist.gov/14.5 for information on P;™(0) and dP}™/du|,=o.
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where L& (z) are the associated Laguerre (or “Sonine”) polynomials satisfying

d2L (04) d[n(la) N
s tlatl=2) +nL{® = 0. (VIIL3.39)
Substitute this decomposition into (VIII.3.20) and use the recursion relations
dLy
= —L2T1(2) if 1 < n (= 0 otherwise),
dz
L) = - (2 4+ 5 ) 1Y) - LD o)
to obtain
s 2
> an &P L@ (dn+ A-1) = 1. (VIIL3.40)

Multiply this by =€/ % *IL;LW 2, integrate, and use the orthogonality relation

/OO dze *2%Ly, LY =6 Lintatl)
) mbn = 0mn R T)
to find that
—3/2)! o
anw(éln—&—/l -1)= / dzz71/2e=2/23/2
n. 0
- e R AL - Y
0
I'n+1/2) I'(n-—1/2)
=2(=1)"
va(-1) [ T+l | T
. (=D 4n-—-1
M= dnt A1
Thus, equation (VIII.3.38) becomes!!
xoo €22 np=3/2e2)_An=1 _ 2d ¥ VIIL3.41
X Z O oy T (VIIL3.41)

which may be solved for ¢y, following (VIIL.3.21).

Actually doing so and plugging the solution into (VIII.3.17) to compute A’ ain’t easy,
as it involves a lot of non-standard math. I may LaTeX those steps up one day, but, for
now, I'll just skip to the answer:

nI[(A+3)/4 A
2T[(A+5)/41—-4

Alsy = f(A) = (VIIL3.42)

This is an implicit equation for I"; which may be solved numerically (see figure below).
But it’s possible to recover our approximate results (VII1.3.24) and (VIIL.3.29) in their
respective limits. For A <« 1,

nl'(3/4)
2I'(5/4)

F(A) ~ A=21240 = 05477, 5735 Aa)Y/5. (VIIL3.43)

Our approximate result for this FKR regime, equation (VIII.3.24), is off by only a factor

" Note that we cannot use the expansion (VIII.3.38) if A = 1.
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of 0.547 — not too bad. For A =17,

fM)wg ra 1 VT — WQHXW%-V3—O<M“J>.(VHL3M)

) _
rea/2)1—-4 1-4 K Aa

This matches our Coppi-regime estimate, (VIII1.3.29). These asymptotic solutions actually
do rather well across the full range of wavenumbers:

S, = 10°

T T T T IIIIIII T LI
10-4 A'>0:A"<0

7/ (var/a)

107°

exact FKR Coppi

1 L L L1111l 1 1 IIIIIII 1 L L L1111l 1 1 IIIIII 1 11
1074 1072 10°
ka
It also appears that we are well justified in estimating the maximally growing mode by

matching the FKR and Coppi expressions (as in (VII1.3.31)). These regimes also occur
where we anticipated, with f(A4) = A’d;, being < 1 (> 1) in the FKR (Coppi) regime:

10_4 1 L L L1111l 1 1 IIIIIII 1 L L L1111l 1 1 IIIIIi 1 1L
1074 1072 10°
ka
Thus the “small-A” /“large- A" phraseology.

VIIL.3.6. Nonlinear evolution and X -point collapse

How long does this linear phase, in which the tearing modes grow exponentially, last?
That depends on the A’ of the mode. If the Coppi regime is accessible — i.e., if the
maximally growing wavenumber kpax (see (VIIL.3.31)) that results in A’y = 1 also
satisfies kpaxa < 1 — then X-point collapse is essentially instantaneous once the width
w = 44/—1(0)/¥ (0) of the exponentially growing island reaches di,. At this moment,
wA’ is also ~1, and so the deformations of the current sheet by the nonlinear islands
have driven the regions between the X-points to marginal stability. If the fastest-growing
available modes are instead FKR-like, then there is a gap between when the nonlinear
regime begins (w ~ &) and when it ends (wA’ ~ 1). In between occurs a period of
secular growth called the Rutherford (1973) stage, in which w ~ nA’(w), the argument
of A’ indicating that the logarithmic derivative of 1., is to be taken across the island
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(rather than across the inner-layer width).!? During this slow growth stage, the initially
unstable current profile flattens and conditions are set up for the collapse of the inter-
island X points (Waelbroeck 1993; Loureiro et al. 2005). The figure below, adapted from
Loureiro et al. (2005), shows contours of ¢ at the beginning of X-point collapse (left)
and the formation of an embedded, high-aspect ratio current sheet (right):

This current sheet is reminiscent of the now-famous Sweet—Parker configuration.

VIII.4. Sweet—Parker reconnection

Peter Sweet (Sweet 1958) and Eugene Parker (Parker 1957) provided the first quan-
titative model of magnetic reconnection, envisioning it to be a steady-state process in
which a two-dimensional, incompressible flow advects magnetic flux into a current sheet
of length L and thickness dsp < L. It is through the latter dimension that plasma,
accelerated in the direction along the current sheet by magnetic tension, is expelled in
the form of an outflow:

Steady state is achieved by (i) balancing the inflow velocity wu;, and the outflow velocity
Uoyt USING mass conservation, uin L ~ uoutdsp; (ii) balancing the advective and resistive
electric fields so that all the inflowing magnetic flux is resistively destroyed, uinva , ~
NJjz ~ nua/0sp; and (iii) stipulating that the outflows are Alfvénic, uoyt ~ va . (This
final ingredient follows from conservation of energy, with the magnetic energy flux into

2Rutherford (1973) did not predict a saturation amplitude for the algebraically growing
nonlinear tearing mode. Subsequent papers by Militello & Porcelli (2004) and Escande
& Ofttaviani (2004) (“POEM”) derived a modified equation for the Rutherford stage,
1w ~ (A" — aw/a®) with a being a constant dependent upon the initial current-sheet geometry,
thus predicting a saturated amplitude w ~ A’a?.
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the sheet balancing the kinetic energy flux out of the sheet.) The result is

~1/2
tin  Ose (vaxl = g1/ (VIIL4.1)
VA L n ’

where S is the Lundquist number (using the current-sheet length L as the normalizing
lengthscale). In the solar corona, S ~ 10'2-10'%; in the Earth’s magnetotail, S ~ 10*°—
10'6; and in a modern tokamak like JET, S ~ 10%-10%. You can see that S—1/2 is typically
a very small number, and so Sweet—Parker (SP) reconnection is slow — not as slow as
pure resistive diffusion, but slow in the sense that the reconnection rate 7,71 = u;, /L ~
(va.r/L) S™Y/? tends towards zero as S — oo. For example, the SP model predicts that a
reconnection-driven solar flare in a S ~ 104 part of the solar corona should last ~2 mths;
instead, flares are observed to last between 15 min and 1 hr. Not good.

This mismatch between theory and observation was immediately appreciated, and
spawned several attempts to formulate a model in which fast reconnection occurs. The
culprit is the smallness of the resistive layer: the fact that it must be thin enough to
make the current density large also means that the outflowing mass must pass through too
small of an opening. One particularly notorious attempt to circumvent this constraint was
proposed by Petschek (1964) (later revisited and amended by Kulsrud (2001)), in which
the current-sheet length L was shortened at the expense of introducing four standing
slow-mode shocks emanating from a central diffusion region:

k_-

S
/’A

—

The result is a logarithmic dependence of the reconnection rate on S, 7,71 ~ (va /L) In S.
Unfortunately, no convincing evidence for this type of reconnection has been found (Park
et al. 1984; Biskamp 1986; Uzdensky & Kulsrud 2000; Malyshkin et al. 2005; Loureiro
et al. 2005), even when Petschek’s solution is used as an initial condition (Uzdensky &
Kulsrud 2000).13

It is worth emphasizing that the failure of the SP model to explain magnetic reconnec-
tion as it occurs in nature is not due to any shortcoming of the theory itself. There are no
obvious mistakes in the theory, which has been put on a rigorous footing (e.g., Uzdensky
& Kulsrud 2000). Indeed, both numerical simulations (e.g., see figure 4(b) of Loureiro
et al. 2005) and laboratory experiments (e.g., Ji et al. 1998) have measured reconnection
rates in excellent agreement with the SP scalings (VII1.4.1). What, then, is the issue?

VIII.5. Plasmoid instability

Let us suspend judgement for the meantime and suppose that the SP model is correct.
With tearing-mode theory in hand, let us ask the intriguing question of whether or not
the steady-state SP current sheet is stable to tearing instabilities. One could of course

13Petschek-like configurations do emerge when strongly localized (anomalous) resistivity profiles
are used (Malyshkin et al. 2005; Sato & Hayashi 1979; Ugai 1995; Scholer 1989; Erkaev et al.
2000, 2001; Biskamp & Schwarz 2001), as might occur under collisionless conditions.
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go the route of rigorously doing the linear tearing theory using the SP solution as the
background state, as Loureiro et al. (2007) did in a now-classic paper, but for our purposes
it will be sufficient to simply replace the current-sheet thickness a in the tearing-mode
theory of §VIIL.3 with dgp ~ S~'/2L (Tajima & Shibata 1997; Bhattacharjee et al. 2009;
Loureiro et al. 2013). Focusing on the maximally growing tearing mode (VIIL.3.31),

L L . —1/4
Femax L ~ =54 — = (’”A’ 5“’) ~ G378, (VIIL5.1a)
a 5SP n
Mmax Lgap L (”A’r‘ssp)_l/z §1/4 (VIIL5.1b)
’UA,r/L a @ 5313 n ’ o
Oin @ g-1/a __, Osp (Vardsp o §o/8 (VIIL5.1c)
L L a L n . 0.1C

This is the plasmoid instability — essentially, the tearing instability of a SP current
layer. Of course, the situation in question is very different than that obtained using
the stationary equilibrium Harris sheet, perhaps most obviously because the former has
background flows. These flows can be stabilizing in the tearing calculation, a possibility we
have ignored in making the estimates in (VIIL.5.1). This may be circumvented, however,
by demanding that v > va /L, kmaxL > 1, and &, /dsp < 1 — demands that may be
satisfied if S > 10*. Indeed, it is at this critical Lundquist number that the plasmoid
instability is (now routinely) observed to occur in numerical simulations of reconnection
(e.g., Samtaney et al. 2009; Daughton et al. 2009; Bhattacharjee et al. 2009; Ni et al.
2010; Huang & Bhattacharjee 2010; Loureiro et al. 2012, 2013). The example below is
taken from a resistive-MHD numerical simulation by Samtaney et al. (2009), showing
the evolution of the current density (color) in the central z = [—dgp, dsp] region of a SP
current sheet with S = 107:

Below is another example, taken from Bhattacharjee et al. (2009) using S = 27 x 10%:
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(a) S =6.28¢5, t= 3.00,J, [-4.54e+03, 8.062+00)

e = —
— ———
e e

(c) $,=6.28e5, t= 9.10, Jy [-9.59e+03, 3.71e+03]

(d) 5, =6.2865, t=12.00, J [ -9.116+03, 4.706+03]

Since then, simulations of plasmoid-dominated reconnection has become an industry.

Given that large-aspect-ratio SP current sheets are violently unstable to the plasmoid
instability, it is worth asking whether we should expect them to exist in nature at all.
Indeed, Lundquist numbers of typical space and astrophysical plasmas are absurdly large,
with S ~ 10" or so in the solar corona implying a plasmoid-instability time scale less
than 0.06% of the dynamical time scale. Why would a nice SP current sheet ever be
realized under these conditions? See Pucci & Velli (2014) and Uzdensky & Loureiro
(2016) for more.'?

You may also wish to see Alt & Kunz (2019) and Winarto & Kunz (2022) for reasons why a
relatively large-scale, smoothly varying current layer (e.g., a Harris sheet) should not be expected
to occur in a weakly collisional, high-8 plasma.
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PART IX
Turbulence and dynamo

IX.1. Kolmogorov—Obukhov theory of hydrodynamic turbulence

This is simple. Like all simple things, it resulted from a stroke of genius (Kolmogorov
1941; Obukhov 1941), one which everyone now says is obvious. It’s just dimensionless
analysis!

Suppose energy is being pumped into some fluid at large scales at a rate €, which is
fixed. At scales small enough that the system is locally homogeneous but not so small
that viscosity (or whatever dissipative effect there are) is unimportant — the so-called
“inertial range” — this € is passed along conservatively, scale by scale: a constant energy
flux. Assuming this “passing” of energy is local, the energy spectrum is, by dimensional
analysis,

E(k) ~ e2/3k75/3 (IX.1.1)

It cannot be any different under these assumptions:

] = U; [/dkE(k) =U?,

and that’s it. There is one timescale — L/U, the eddy turnover time at the outer scale
L where the velocity is U. (Density is taken to be constant, which becomes a better
assumption the further down the cascade you go where the motions become more and
more subsonic.) This also implies that the typical velocity increment between points
separated by a distance \ is

Suy ~ (eN)1/3 (IX.1.2)

The corresponding scale-dependent rate of strain is duy /A ~ €'/3X~2/3_ Thus, the fastest
eddies are the ones at the viscous scale, duy, /A, x )\;2/3, where the kinetic energy is
ultimately thermalized as heat.

One could go on from here to some other Kolmogorovian things, but I won’t.

1X.2. Iroshnikov—Kraichnan theory of MHD turbulence

Now suppose that fluid were conducting and threaded by a magnetic field. The
problem with just using Kolmogorov may be stated in two ways. First, the homogeneous
assumption in the Kolmogorov treatment is similar to saying that, at sufficiently small
scales (but still those above the dissipative scales), the fluctuations on those scales are
independent of any large-scale structure or features of the “background” in which they
reside. This is obviously not true when there is a magnetic field: all scales feel that
magnetic field, even if it is only at large scales.'® Secondly, dimensional analysis is no
longer enough, as now there are two speed, U and va = B/\/47p, and a directionality
imposed by B. One way of dealing with the latter — the route taken by Iroshnikov (1963)
and Kraichnan (1965) — is to assume isotropy in the Kolmogorovian way, even at small
scales: there is no k| and k_, there is only k. Their way of dealing with the former was
to give special prominence to the Alfvén time, 74 ~ A/vs — the time for an Alfvén wave
to cross the scale . The nonlinear cascade time that goes into € = const ~ du3 /7y
is obtained by asking how long must one wait for a wave packet to be sufficiently

5Equivalently, a uniform magnetic field cannot be removed by a Galilean transform.
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distorted. You see, MHD turbulence has Alfvén-wave packets as its building blocks, not
hydrodynamic eddies. From the RMHD equations written in terms of Elsésser potentials
(V.5.18), it is clear that only oppositely propagating Alfvén-wave packets interact, and
that the change in du) of one packet due to the nonlinear interaction with another
in a crossing time 74 is ~(du3/\) x (A/va) — the nonlinearity times the characteristic
timescale. In “weak” turbulence, this gives only a small change. So, one requires many
collisions to distort a wave packet by an amount equal to itself. If these collisions add up
randomly, we get the random-wave scaling

ou 2 va \?
NY2 A N s N~ A ~2A)
collisions ((SU)\) (SU)\ collisions |: A (6UA) 5“)\

The energy transfer time is then NeolisionsTA ~ Tx, SO

(o) A el
A dur/) wva U3’

Combining these relations yields

Su3 Su3
e~ A 6u§\& =const = |duy ~ (suaN)/4 (IX.2.1)
By VAA
Accordingly,
/ dk E(k) ~ 6u3 =  E(k) ~ (cvp)Y/2k=3/2 (IX.2.2)
1/x

(Note: Since 7y > A/va, a wave packet must undergo many uncorrelated interactions
with oppositely moving wave packets before energy is transferred to small scales.)
This picture held for 30 years.'6

1X.3. Goldreich—Sridhar theory of MHD turbulence

Isotropy can’t be right. Again, a simple statement that is obvious in retrospect. (This
was realized relatively early on from tentative experimental and numerical evidence,
e.g., Montgomery & Turner (1981) and Shebalin et al. (1983).) But it took until 1995
to be worked into a predictive theory (Goldreich & Sridhar 1995). The idea is that
perturbations with k| < &k are more natural in a magnetic field that is hard to bend
but has little qualms with small-scale structure perpendicular to itself. The problem is to
determine how k| /k, scales. This is provided by critical balance: the linear and nonlinear
timescales are comparable at all scales.'” Thus,

14 A
TA = o~ T ~ 5y (IX.3.1)
where now A denotes a perpendicular scale and ¢ denotes a parallel scale. Proceeding as
in Kolmogorov,

E~n —= ~ T — E(kl) ~ 52/31{/‘15/3. (IX3.2)

167 learned from Alex Schekochihin that Troshnikov (1963) was largely unnoticed at the time and
“he disappeared into Soviet obscurity.” Apparently, he worked at the Institute of Oceanology in
later years and died in 1991 at the age of 54.

Y"That 7 /7 is scare invariant has only been found recently by Mallet et al. (2015), who dubbed
this “refined critical balance”.
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A Kolmogorov spectrum, but one in the direction across the field. Along the field,

VA ¢ —1/3
{~ A— — ~ A IX.3.
Sun - 3 va(eN) , (IX.3.3)

and so the anisotropy increases at smaller scales. We have
duy ~ (N3 and  dup ~ (el/va)Y/?,

so that E(k) = E(k1)(dky/dky) o k:f. Physically, the critical balance ban be argued

from causality (e.g. Boldyrev 2005; Nazarenko & Schekochihin 2011): £ is the distance
an Alfvénic pulse travels along the field at speed va in a time 7 — this is the maximum
distance over which the fluctuation can remain correlated.

These (predicted!) scalings have been since measured in numerical simulations and in
the solar wind. For the latter, the figure on the left below shows the parallel (P) and
perpendicular (P, ) spectra (Fourier and wavelet) of the magnetic fluctuations in the solar
wind, measured by the Ulysses spacecraft and computed by Wicks et al. (2010). (The
spacecraft-measured frequencies have been converted to wavenumbers k using the Taylor
hypothesis.) An earlier (and first ever) result — the spectral index as a function of the
angle to the local mean magnetic field 65 — is shown on the right (Horbury et al. 2008).

Note that both are in agreement with the GS scalings, F(k, ) « 1{5/3 and E(k|) o kﬁ.
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One slight issue is that simulations, while confirming the ¢ ~ X2/ scaling (e.g., Cho &
Vishniac 2000; Maron & Goldreich 2001), instead find a —3/2 spectrum (rather than
—5/3). This led Boldyrev (2006) to propose a correction to the theory dubbed dynamical
alignment.

I1X.4. Boldyrev’s dynamical alignment

[in preparation]

Argued that the filament-like eddies implied by the GS95 picture are not realizable;
that, instead, fluctuations are three-dimensionally anisotropic. This anisotropy is due to
an angular alignment of magnetic-field and velocity-field polarizations — essentially, the
turbulence wants to be as “Alfvénic” as possible, with u and B the same. ((Matthaeus
et al. 2008) identified the dynamical tendency for the velocity and magnetic field to align
locally in patches in numerical simulations.) Of course, this alignment cannot be precise,
or else the nonlinear interaction between counterpropagating Alfvén-wave packets would
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be turned off. Instead, Boldyrev (2006) argued that, at each scale A, the alignment
of fluctuations should attain the maximal level consistent with a constant energy flux
through that scale. This implies an alignment angle 05 o< A'/4, so that the magnetic-field
and velocity-field fluctuations become increasingly aligned at smaller and smaller scales,
i.e., the dynamic alignment is scale dependent. This progressively weakens the nonlinear
interaction. The end result is a perpendicular energy spectrum F(k, ) klg/ 2, consistent
with multiple numerical simulations of MHD turbulence.

rephrased: minimal degree of misalignment is set by a kind of uncertainty principle:
direction of local magnetic field can only be defined with a small angle 6 ~ 6B, /By < 1,
and so the fluctuations cannot be aligned any more precisely than this.

Boldyrev:

du3 VA
ZT'VZT NHAT/\ - ~ 9}311,\
1 A
Ty ~ — ~
2 VA 9)\511)\
du? _
YL const = Suy o< (A3 ~ (coa NVt = E(k,) ~ (EvA)l/QkL‘O’/Z.
T

Looks like IK spectrum but is anisotropic with critical balance: ¢ ~ vi/ 2e=1/2)1/2,
Parallel spectrum is the same as in GS95.
adapted from Boldyrev (2006):

See Mason et al. (2006, 2008, 2011, 2012); Perez et al. (2012, 2014)

Beresnyak (2011): in RMHD limit, d B /By is an arbitrarily small quantity and thus so
must be 6. This means nonlinearity would disappear from RMHD ordering. Only way
to keep nonlinearity is to order 8y ~ 1 wrt RMHD ordering, i.e., it cannot scale with e.
Thus, you can’t have £/va oc A'/2. This, even though aligned MHD turbulence has been
measured in RMHD simulations.

Chandran et al. (2015); Mallet et al. (2015); Mallet & Schekochihin (2017): alignment
between w; and B, not, mathematically, the same as alignment between zj and z7 .
Found that alignment angle between the Elsasser fields at any given scale is anticorrelated
with their amplitudes. Intermittency matters: how is A, £, and £ distributed in a turbulent
MHD system?

For many more details (especially concerning weak turbulence and the most recent
explorations of the connection between turbulence and the disruption of current sheets

by tearing instability), see the excellent recent review of MHD turbulence by Alex
Schekochihin (Schekochihin 2022).
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IX.5. Zel’dovich’s fluctuation dynamo

What if we now have hydrodynamic turbulence sitting in a conducting fluid hosting a
weak zero-net-flux magnetic field (i.e., no imposed field)? Let us set aside the question
of what the turbulence looks like and ask a simpler question: under what conditions will
this “seed” magnetic field be amplified? This is the problem of small-scale or fluctuation
dynamo. It’s not easy, and has only been solved under specific conditions.

As a first step, suppose we have a planar flow field w = uy (¢, z,y, 2)& + uy (¢, z,y, 2)y,
with V - u = 0 but otherwise arbitrary. The z-component of the resistive-MHD induction
equation with constant 7,

0B
5 = VX(uxB)+ nV2B, (IX.5.1)
is then
0B,
5+ w-VB, =nV?B,. (IX.5.2)
Multiplying (IX.5.2) by 2B, and integrating over the volume of the plasma, we find
0(B?
UB) v, (1X.5.3)

and so B, resistively decays to 0. If B, = 0, then the solenoidality constraint on the
magnetic field becomes 0B, /0x + 0B, /0y = 0 and so the planar components of the
magnetic field may be written in terms of a vector potential, B = V X (Az). The latter
satisfies the un-curled induction equation,

%—f+u-VA:nv2A — %
Again, the magnetic field decays resistively. Thus, no dynamo can be maintained by a
planar flow (Zel’dovich 1957). This is referred to as Zel’dovich’s anti-dynamo theorem.
There are other “anti-dynamo theorems”, one of which will be proven below (§IX.7), but
let us explore the fluctuation dynamo a bit further.

The simplest approach is to consider the zero-net-flux magnetic field to be so weak
energetically that it exerts no dynamical effect on the fluid flow, i.e., the Lorentz force is
negligible on all scales of interest. This is the kinematic limit, in which the velocity field
can be prescribed without regard for the evolution of the magnetic field. Also, we’ll take
Pm = v/n = Rm/Re >> 1.1® This causes the viscous scale \,, at which u - Vu ~ vV?u,
to be much larger than the resistive scale \,, at which B+ Vu ~ nV?B. The former may
be estimated using

(A%) = —2n(|[VAP). (IX.5.4)

Su3 ou
_ A -
w-Vu~ —2% ~ 62/3/\1, 3 and vV2u ~ TRl 1/51/3)\V 5/3,
v v

Matching these gives
Ay~ e VA O LRt and  duy, ~ v eVt ~ UReTV, (IX.5.5)
where Re = UL/v. To estimate the latter (the resistive scale), note that

0B dB? dln B
W—Vx(uxB) = W_2BB.Vu = o

for an incompressible velocity field. Thus, because velocity gradients are what grow the

=bb:Vu (IX.5.6)

8Pm ~ 2.6 x 107°T*/n in fully ionized plasmas, which is ~10%° in the ICM and ~10'" in the
warm phase of the ISM.
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field, the viscous-scale eddies, where the stretching rate duy/\ ~ €'/3A\=2/3 is fastest,
will be the most important. Accordingly, Vu ~ duy /f, ~ (U/L)Re'/?; balancing this
with 77)\127 at the resistive scale leads to

Ay~ LRe V4Rm™Y2 ~ )\, PmY2 < A, (IX.5.7)

Graphically,

W@y SP

1 1 L

L M M
Now then, because duy, ~ (¢/v)'/2\, o \,, the viscous-scale motions are smooth
and Taylor-expandable. The turbulence looks like a succession of random-in-time linear

shears, and the magnetic field becomes arranged in folds with field reversals on the
resistive scale (see Schekochihin & Cowley 2007, for a review):

-~

7 »
Ay
= &= 4;)

/

It is in this configuration that the mean magnetic-field strength becomes amplified by the
chaotic flows, a point we now prove following the arguments in Zel’dovich et al. (1984).

Because the viscous-scale velocity fluctuations du,, o ¢, are smooth, we can write the
velocity field as a Taylor expansion about some point r = 0:

ut(t,7) = u(t,0) + o, ()r™ + ..., (IX.5.8)

e

Where summation over repeated indices is implied. Of course, we have the freedom to
set u*(t,0) = 0 by moving to that frame of reference. Then, the jth component of the
resistive-MHD induction equation (IX.5.1) is

OB OB

[ e [
ot o () ort

We seek a solution as a sum of plane waves with time-dependent wavevector k = k(t):

= B™ol (t) + nV2B7. (IX.5.9)

Bi(t,r) = / d®ko B (t, ko) exp [iky, (t, ko)r"], (IX.5.10)

where k(t, ko) is the time-dependent wavenumber whose value at ¢ = 0 is kg. (Thus,
kn(0,ko) = kon.) This works nicely because (IX.5.9) is linear, so that each k is a
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solution. Substituting (IX.5.10) into (IX.5.9) and examining each Fourier component
independently,

. ) n . n[OBI(t, k .
Q[Bi(t,ko)e‘kn(tv%)r — elkn(tko)r [8 g;’ 0)+iBJ(t,k:o)r

m akm (t7 kO)
ot

ot
= e (R [ (0)r™ ik (1, o) BY (1 Ko)

m

+ B™(t, ko)ot (t) — nk(t, ko) B (t, ko)] . (IX.5.11)

Equation (IX.5.11) must be satisfied at each r, and so

OB (t, k _ _
% = —nk*(t, ko) B (t, ko) + B (¢, ko)op, (1), (IX.5.12a)
W = —ke(t, ko)or, (1), (IX.5.12b)

with the initial conditions B7 (0, ko) = B (ko) and ky,(0, ko) = kom.
To go any further, we require a model ¢/, (¢) tensor. There are a few options, but the
following is the simplest:

A 00
o=[0 X 0 (IX.5.13)
0 0 As

with tr(o) = A\ + A2+ A3 = 0 (incompressibility). We may arrange the coordinate system
such that

A1 > Ay > A3 and M\ > 0, A3 < 0. (IX514)
~— ~— ~—
stretching “null” compression

Then (IX.5.12) becomes

OB (t, ko)

o —nk?(t, ko) B? (t, ko) + B’ (t, ko)), (IX.5.15a)
Ko (£, K
% = —ky(t, ko) N, (IX.5.15b)
whose solutions are
Bi(t, ko) = Bl (ko) erst =1 Jo dt' ¥ (' ko) (IX.5.160)
Em(t, ko) = kom e . (IX.5.16D)

Note that some components of k(t, ko) decay (k1) while others grow (k3); thus, stretching
(along é;) and compression (along é3). We now ask whether or not this leads to a net
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amplification of the mean magnetic energy:
) = [@rBanP

= [ [ @ [ @Ky Byt B0 k) ek e ek

:/d?’ko/d?’kg Bj(t,ko)B7 (t,kg) (2m)° & [k(t, ko) + k(t, kg)]

=6[(ko + ko)ne ']

= 8(ko + k) [det(e=t)] 1
= 3k + k) e 2"

= §(ko + k{) since tr(c) =0

= /d3k0 (27’[)3 Bj (t, kQ)Bj (t, —ko),

_ / &3k (27)° | B(t, ko) 2,

which is just Parseval’s theorem, i.e., the energy of the field is the sum of the energies of
the plane waves. So we must calculate the energy of each mode using (IX.5.16):

|B(t, ko)|> = e~ " Jo v KA (¢" ko) [‘301(’“0)\2 e*M" 4 | Boa(ko)|? €' + | Bos (ko )| €4

exponentially larger
than the rest,
since A1 > A2 > A3

~ ‘301 (kO)‘Z e2Mt—2n Jgat k2(t’,k0).

The time integral in the exponential is

t t
/ at’ k(¢ ko) = / dt’ (kgl e P B o A e—%t)

0 0
k%l —2XA1t k32 —2Xot kgS 2
=9 ) 4 202 (1 2ty 208 (7 g2t
2)\1( e )+ 2A2( e ) 2‘A3|( € )
since Az < 0
ki | Koo | K83 opap

“on tan Tapg

with the final line following after assuming Ao > 0 (as it usually is in real turbulence).
Thus,

k2, k2, k2
|B(t, ko)|? ~ |Boi (ko)|? exp [zm - n(“ + -2 4 B e“Blfﬂ. (IX.5.17)
A A Ay

For most modes, the energy decays super-exponentially. But there is a subset of modes,
those satisfying

ko, ks n k2, -
2)\%75/7] 2)\1)\275/77 2)\1‘)\3|te—2\>\3|t/,’7 ~
which actually grows. Within this ellipsoidal volume of size

3/2
t
~ X2 (gl g]) /2 (n) eIl

(IX.5.18)
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the mean magnetic energy satisfies

= [ &k |B(t, ko)|?

(2m)3 / o|B(t, ko)l
£\ 3/2

NA%(A2|>\3‘)1/2 () ‘BOI(kO)F 62)\115_‘)\3“
n

— (1At

since tr(o) =0

o 13/2 g1 =A2)t (IX.5.19)

which increases in time because A\; > Ay. Therefore, dynamo works in 3D for certain k.

What if A2 < 0?7 In this case, the growing modes occur within the volume

203t/n - 2Xi|Aefte22lt /T 2 |Aslte2slt /py

and one can show that

3/2
(B2) ~ X3 (1] A ) /2 (3) B2, eMim2habr
n

| —
— o(Ixgl—IxaDt
Thus, the mean magnetic energy grows at rate set by |As| — [A2].

Physically, what’s going on is the following. During stretching, the magnetic field aligns
with &; (i.e., B ~ By e*?é;). The wavevector mostly wants to align with the compres-
sion direction (i.e., k ~ kos e‘/\i“tég), which makes most modes decay super-exponentially.
The only modes that don’t decay are those that had kg almost perpendicular to é3 to
begin with (i.e., kog < (...)e 1slt — see (IX.5.18)). Since kg L By, this means that the
growing modes mostly have kg ~ kga€2. Again, the picture is

-~

- A
e A,
= &= 4;)

/

And the winning configuration is
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7;’ & (SMWAS\
L/‘é} (mwim\

& ()

i1

Any other configuration means that each time you stretch, you also compress — then
antiparallel field lines are brought together and B? decays resistively.'?

Zel'dovich showed that such a dynamo won’t work in 2D. Can we show that using his model?
First, in 2D we have A1 + A2 = 0. Without loss of generality, assume A1 > 0, so that é; is the
“stretching” direction and és is the “compressing” direction. Equations (IX.5.16) then imply

I

"t 1 1.2 041
|B(t, ko)|* = e 2" Jo 4 K7 (ko) [\Bm(ko)ﬁe”lt + | Boz (ko) 2(;2“}

~ | Box (ko)|? €21t~ 210 4t K (¢ ko) (IX.5.20)

where the time integral in the exponential is

t t
/dt'k2(t',kzo):/ ar’ (kgl e*”l%kéze”lt)

0 0
= %(1 —e PNt S—%(l — ety
~ % ;Li?le”lt. (IX.5.21)
Thus, growth is only possible for those modes satisfying
Kby Kby <1 (IX.5.22)

203t/n  2Afte—2Mt/p ™

which constitutes an ellipsoidal area of size

22 (%) o1t (IX.5.23)

The problem is that, with k2(¢) increasing exponentially, the only modes with the potential
for growth must have ko almost perpendicular to é;. But, because ko - Bo(ko) = 0 via the
divergence-free constraint on the magnetic field, the initial field must then be largely in the és
direction:

k _
Boi(ko) = —%302(160) ~ —e AltBog(k:o), (IX.5.24)
01

197 learned all this stuff from Alex Schekochihin.



General Plasma Physics 11 202
the final step following from (IX.5.22). Then the mean magnetic energy satisfies

(B> _ [ 2
L= /d ko | B(t, ko)|

(2r
t _
~ A% (5) e A1t ‘BOl(k0)|2 62)\1t

~ /\% (%) \BOQ(k0)|26_ht- (IX.5.25)

Thus, the fluctuation dynamo is impossible in 2D. Physically, the difficulty is that the only
way to avoid bringing oppositely oriented magnetic fields together in a 2D incompressible flow,
and thereby avoid super-exponential resistive damping, is to orient the initial magnetic field
across the stretching direction rather than along it. But this stretching then dilutes (rather than
increases) the field strength, leading to exponential decay. The difference between 2D and 3D is
that, in the latter case, the compression direction, to which the wavevector would want to align
exponentially, can be avoided by starting with modes whose ko initially lies in the third (“null”)
direction. Otherwise, every time you stretch, you also compress, and antiparallel field lines are
brought together.

1X.6. Kazantsev—Kraichnan model of the fluctuation dynamo

This is optional material and is not written pedagogically.

We start with the evolution equations (IX.5.12), repeated here for convenience:

OB (t,k , ,
OBRO) (1, ko) B (1, ko) + B™ (0, ko) (1),
Ohim(t ko) .

ot - _kl(t’ ko)am(t)'

The first step is to split the magnetic field into its scalar strength and its unit-vector
direction: B = Bb, so that B* = Bb'. Substituting this decomposition into the above
equations, and henceforth suppressing the argument (¢, ko), yields

OB o
= = —nk’B+bb"e B
ar MmO omb,
o = ol —bbmel b,
Ok ;
ot hiom

The next step is to adorn all of these variables with tildes, which will denote that they
are random variables. We are about to engage in a statistical calculation, which is quite
different than what was done in the previous section. In this case, all random variables
are distributed according to a joint probability density function, P(¢; B, k, B), and the
tildes will remind us that the field strength, field direction, and wavenumber that we
are carrying around in our equations are not the field strength, field direction, and
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wavenumber. So,

B e

%7 = —nk*B +b'b"5! B, (IX.6.1a)
b =g

%t =bmal — bhmat b, (IX.6.1b)
Ko .

887& - (IX.6.1¢)

The rate-of-strain tensor 6/, = 0,4’ is taken to have the two-time correlation function
GL () = I3 (£)6(t — 1), (IX.6.2)
where the overline denotes the statistical ensemble average and

T (£) = k| 698,y + a(60 67 + 5;55;1)] . (IX.6.3)

Here, k9 is the second-order coeflicient in the Taylor expansion of the velocity correlation
tensor
at(t,r)ai(t,r') = 5(t — ")k (r — '), (IX.6.4)
where
k7 (y) = kod™ — 32 [y2(5” + 2ayly3} +... (IX.6.5)
The constant a parametrizes the rate of strain; its value is fixed by assuming an
incompressible flow, I} = 0 and I}, = 0, giving

4= —— (IX.6.6)

in d dimensions. The tensors I/ and " are related in Fourier space by

d
I (t) = / é&kmknnij(k). (IX.6.7)

Our ultimate goal here is to obtain an evolution equation for the magnetic-energy
spectrum M (k). This can be done by first deriving an evolution equation for the joint
probability density function of the magnetic field B and its wavenumber k,

P(t; B k,b) = P = 6(B — B())0(km — ko (£))3(bi — bi(1)), (IX.6.8)

and then taking the appropriate moments; to wit,
M(t, k) = /d(Zk k2/d36/d3 B?P(t; B, k,b), (IX.6.9)

where d{2 is an element of solid angle in wavenumber space. Taking the time derivative
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of (IX.6.8) and using (IX.6.1), we get

ap _ P _
ot ot

COB(t) 9 Okm(t) 0 Obi(t) O | 4
ot OB ot Ok, Ot b

— [0 O, 0B )5 R OB - 55,00 5

+ 61 ()™ (t) a(zi — &L (D) (1) (1) 3}75

= Ly (0P + k5 BP, (1X.6.10)

where
- 0 ; 0 0 0 1.
L= —Bbb™ — —k ™ — bbb IX.6.11
"~ 9B Do A0 B ( )
To arrive at the final line of (IX.6.10), the identity ad(a —b) = bd(a — b) was used.
Note that everything in the square brackets in the final line is non-random. To perform
the remaining ensemble average, we make use of the Furutsu—Novikov formula (Furutsu

1963; Novikov 1965), which generalizes Gaussian splitting to functions:

5P(t)
653 (1)

070 = [ 4t o) (X.6.12)

The functional derivative with respect to 77 (') can be calculated by formally integrating
OP(t)/0t with respect to time:

~ t =i (41 t A P(y
OPM) _ _jm / ap Sm) oy / dt" (LZ”éin(t”)—nkZaB> s
5&%(#]!) 0 65-%(75/) 0 0B 5~n(t’)

t
= —Ly/o dt" 6(t" —t")P(t") = —L3P(t'). (IX.6.13)

The last term in first line is dropped because it disappears when ¢ = t', owing to causality
(i.e., P cannot depend on future values of &). Using this result in (IX.6.12) alongside
(IX.6.2), we find

—_——=— 1 N .. == 1 ~ .
G (OP(0) = ~ 5 BT, P(0) = — 5 BT, P(). (IX.6.14)

The result of these manipulations is a closed equation for the joint probability density
function:

OP 1oy o 9
Zr _ Zpminrii 2 9
or = Lt Ly TP+ nk? o= BP. (IX.6.15)

Equation (IX.6.15) can be greatly simplified by noting that P (B, k, b) must have the
following factorization:

P(B,k,b) = 5(|b]> — 1)6(b- k)P(B, k). (IX.6.16)

The two delta functions result, respectively, from b being a unit vector and from the
solenoidality constraint b-k = 0. The remaining factor in (IX.6.16), P(B, k), is a result
of the statistics being homogeneous and the relative alignment of b and k being fixed.?°

20 ﬁ(B, k) receives proper normalization below in (IX.6.24), after which its ornamental hat is
dropped.
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In order to express (IX.6.15) in terms of P, we use the chain rule to write

. 0 0 - 0 : 0
L= —k;— " — — 0" — Yo" ==B—d—2 IX.6.17
3= g, T ( b am) + (6‘3 ) 7 ( )
where d is the dimensionality of the system, and then calculate the combination
L3I}, P(B, k,b). For any function f,

L7(b-k)f =06(b-Kk)L!f —k;b"0'(b-k)f + (b"k; — b'b"b-k)d' (b-k)f
=8(b-k)Lf — Vb (b-k)3'(b-k)f
=6(b-k)(L? + "), (IX.6.18)
where we have used z6’(z) = —d(z) to obtain the final equality. Similarly,
L5(1b|* = 1) f = 5(|b|* — 1)(L7 + 26™b7) . (IX.6.19)

Combining (IX.6.18) and (IX.6.19) leads to

Ly, P =6(b-k)o(|b]> — 1)(L} + 30"’ ) I}, P(B, k)
kikn i O D .
I k—+ "I ( ==B—d+1) |P(B,k).
(IX.6.20)

= 3(b- k)3 1) -

Taking into account the solenoidality constraint b-k =0 imposed by the prefactor in
(IX.6.20), the following combinations in (IX.6.20) may be calculated:

kikn i i kikm,
22 Y. = ko {acSm +(a+1) 12 ] , (IX.6.21a)
V', = kaladl, + (14 a)b'd™]. (IX.6.21D)
Using these formulae in (IX.6.20) gives
O . . , kik 0
n _ 2 7 1vm
LiT P = k20(b-k)(|b]” — 1){ - [aém +(a+1) 2 }kak

+ [ad?, + (1 + a)b'd™] 8%3 —a(d—1)8, — (1+a)(d— 1)bibm}ﬁ(3, k).
(IX.6.22)

Further applying the operator [A/;" and expending much effort along the same lines gives
us the expression for the first term in (IX.6.15):
PO 0? 0 0
LML P =< (2a+ D)k*— + (1 +2a)-5B-=B
PLITP = { o+ DR S + (420 B
0 0 0

—2a55Bko + [d+ (3d — 1)a]k%
— (14 3a)(d - 1)6%B+a(d— 1)2}13(3, k). (IX.6.23)

Normalizability of the PDF requires that
1= /dd65(|6\2 —1) /ddk 5(6.k)/d3 P(B, k)

S / dk k42 / 4B P(B, k), (IX.6.24)
0
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where S, is the surface area of unit n-sphere (e.g., S = 2m, Sy = 4m). Taking this
normalization into consideration, we define P(B, k) = Sy_1S4 2k 2P(B,k)/2 and use

kd*%a% kdl_zp = {kaak —(d - 2)} P, (IX.6.25a)
kd*2k283—]:2 kdl_QP = {W{f; —2(d — Q)k% +(d-2)(d-1)|P (IX.6.25b)
to turn (IX.6.15) into
%}; = ;@{(1 + 2a)§kk2% +(1+ 2a)8%38%3
- Qa%B%k — [(d—2)+ (d - 3)a] a%k
—(1+a)(d— 1)8‘23}P+nk2£93p. (IX.6.26)

We now enforce incompressibility. Substituting (IX.6.6) into (IX.6.26) leads to the final
form of the evolution equation of the joint PDF:

OP _ K 04209 o, 950 9 50
9t 2d+ D) {(d Vaph gr t U= V5pBap B+ 25585k
0 0 0
(d—1) ok —dld l)aBB}P—i—nk 55 8P (IX.6.27)

The magnetic-energy spectrum is M (k) = (1/2) [; dB B*P(B, k). Taking the B* mo-
ment of (IX.6.27) leads to

OM 7 9 [,0 [ 4 - I
at  d+20k [k ok <d—1 +d 1> k} M +27M — 2nk"M, (IX.6.28)
where
5z, - Dd+2)
R TP (IX.6.29)

It is straightforward to show by changing variables using z = In k that equation (IX.6.28)
is a diffusion equation with constant coefficients. In fact, it is in the form of a Fokker—
Planck equation, with diffusion of the magnetic energy through k-space (the term in
brackets), growth of the magnetic energy via stretching at a rate 27, and diffusion of the
magnetic field via resistivity at a rate 2nk2.

In three dimensions (d = 3), equation (IX.6.28) becomes

oM 7 0 1o} 5
— =L (kK= — 4k | M+ 2M — 2nk*M ith 7 = ko-. IX.6.
9t 50k ( ok > M kM, with Y = Ray (1X.6.30)
This equation has the following solution when 1 = 0:
_ [ dE 1 k22 e
M(t, k) = <3/4>7t/ = My(k)—— ( = ~n(k/kO]"/ k2t 1X.6.31
( b) ) € 0 k/ 0( )\/T?Qt k/ € ) ( )

which you can verify by substitution; here, My (k) is the initial spectrum of the magnetic
energy. Thus, the magnetic energy grows exponentially and exhibits a power spectrum
xk3/? — the Kazantsev spectrum. The peak wavenumber moves exponentially fast to-
wards smaller scales until resistivity becomes important, at which time the following
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approximate solution holds:
M (k) = k32 K (k /Ky, (IX.6.32)

where K is the zeroth-order modified Bessel function of the second kind (“MacDonald
function”) and k,, = \/7/10n > k, is the resistive scale. Such a spectrum is shown in the
figure below:

10°

2

»

<

g
~10°F
=

=

k/k,

Read more in Kulsrud & Anderson (1992) and Schekochihin et al. (2002).

I1X.7. Cowling’s anti-dynamo theorem

Zel'dovich’s anti-dynamo theorem is just one of many anti-dynamo theorems, all of
which involve some constraints on the allowed symmetries of the velocity fields that can
act as dynamos or of the magnetic fields that can be generated by dynamo action. Their
essence can be summarized in three words: “symmetry is bad”. (There is another type of
constraint on dynamo action concerning the minimum Rm below which field amplification
is hampered by resistivity, but I won’t cover that here.) Perhaps the most well-known of
these is the Cowling (1933) anti-dynamo theorem, which states that an axisymmetric
magnetic field (that vanishes at infinity) cannot be maintained by dynamo action.
(Wikipedia adds “by an axially symmetric current”, but this qualifier is unnecessary. A
non-axisymmetric flow always creates a non-axisymmetric field. The converse is not true,
however: an axisymmetric flow can create a non-axisymmetric magnetic field, e.g., the
Ponomarenko dynamo.) From Cowling’s seminal paper on magnetic fields in sunspots:

A similar argument shows that a field which resembles an axially symmetric field
in certain respects cannot, in general, be maintained by the currents it itself sets up.
For example, suppose that the lines of force are closed curves all threading a limiting
closed curve, and threading it in the same direction. Then the currents required to
maintain the field will, near the limit curve, have a component in the direction of
the curve which is at all points directed in the same sense round the curve. This
component is not due to electrostatic fields, which can only make currents flow
from points of high potential to points of low potential, and cannot cause them to
flow round a circuit: equally it cannot be due to electromagnetic induction, by an
argument similar to the above. Hence such a field cannot be self-maintained. . .

Since, then, fields possessing a general similarity to an axially symmetric field
cannot be self-maintained, we are led to conclude that the magnetic field of a
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sunspot is not self-maintained. For the same reason the general magnetic fields of
the Sun and the Earth cannot be self-maintained, as was suggested by Larmor.?!

The proof goes as follows. Consider an axisymmetric magnetic field in cylindrical co-
ordinates (R, ¢, z) of the form B = B,(R,z)¢ + B,(R,z), where B, is the toroidal
(azimuthal) component and B, = V X (A¢) is the poloidal (radial and axial) compo-
nent. The fluid flow is, by necessity, axisymmetric as well: u = u, (R, 2)@+up (R, z), with
V - up, = 0 assumed. Substituting these fields into the resistive-MHD induction equation
(IX.5.1) leads to

0B B s 1 U
04 1 , 1

These are the cylindrical analogues of (IX.5.2) and (IX.5.4), respectively. The important
term here is the final one in (IX.7.1); with u, = Rf2(R, z), it constitutes a source term
that produces a toroidal magnetic field by the shearing of a poloidal one — the so-called
“(2 effect”. While this can transiently make a strong toroidal field, it does not constitute
a dynamo. The reason why is that this term relies on the longevity of the poloidal field,
whose evolution is governed through (IX.7.2). It is this equation that dooms the poloidal
field to resistive decay. To see this, define the flux function ¢ = RA; then (IX.7.2) may
be written as

oy _ 2 1\9
En +up-Vw—nR<V R2>R'
Multiplying this equation through by 21 and re-arranging terms,

o 2

871@ + V- (upyp?) = 29V - <¢2 Vin Jﬁ) — 2|V

Integrating over space leaves
d(y?)
dt

and so the poloidal component of the magnetic field decays resistively. With no source
term in (IX.7.1), the toroidal component shares the same fate.

= —2(|Vy[?),

I1X.8. Mean-field dynamos

In the fluctuation dynamo, a zero-net-flux magnetic field is amplified by a chaotic
flow. The resulting field generally has its power on the smallest available scales. There is
another kind of dynamo in which both the magnetic and velocity fields have mean com-
ponents — one which generically leads to the growth of large-scale magnetic fields. While

21Gir Joseph Larmor (1919) at a meeting of the British Association for the Advancement of
Science asked “How could a rotating body such as the Sun become a magnet? ... Such internal
motion induces an electric field acting on the moving matter: and if any conducting path around
the Solar axis happens to be open, an electric current will flow round it, which may in turn
increase the inducing magnetic field. In this way it is possible for the internal cyclic motion
to act after the manner of the cycle of a self-exciting dynamo, and maintain a permanent
magnetic field from insignificant beginnings, at the expense of some of the energy of the internal
circulation.”
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an active topic of research concerns the interplay between the small-scale fluctuation
dynamo and this “mean-field dynamo”, here I will focus exclusively on the latter.??

The basic idea is to split the magnetic and velocity fields into their mean and fluctu-
ating parts:

B=(B)+ 6B and u=(u)-+du. (IX.8.1)

Note that (§B) = (du) = 0 by definition. The evolution of the volume-averaged quantities
(B) and (u) will depend upon quantities quadratic in the fluctuations, viz. (6B éB),
(0B du), (0udB), and (dudu). These quadratic quantities will then depend on cubic
terms, and the cubic terms on quartic terms, and on. It is the business of mean-field
theory to close this hierarchy and thereby obtain a closed equation for the time evolution
of (B) and (u). This proceeds as follows.

Assuming that our averaging procedure commutes with differentiation, the averaged
resistive-MHD induction equation (see (IX.5.1)) is

a(B)

5 = V x (u x B) + nV*(B). (IX.8.2)

The term of interest is, of course, the inductive term, which may be expanded using
(IX.8.1):

(ux B) = (u) X (B) + (0u x 6B) = (u) x (B) + £, (IX.8.3)

where we have defined the mean electro-motive force (emf) €. Equation (IX.8.2) then
becomes

% =V x ((u) x (B)) + VX € +nV*(B) (IX.8.4)

It is this mean emf that spoils Cowling’s theorem. As I foreshadowed, one cannot write
down a closed-form expression for £ without approximation, but let us feign ignorance
and carry on regardless.

The equation governing the magnetic-field fluctuations may be obtained by further
subtracting (IX.8.4) from (IX.5.1). Introducing the vector G = du X B — (du X 0B)
and re-arranging terms, the result is

agitB — VX ((u) x6B) — VX G—nV?B =V x (6ux (B)). (IX.8.5)

Note that all terms on the left-hand side of this equation are linear in 6B, at least
to the extent that w is independently prescribed. The right-hand side, however, is a
source term; physically, it represents the creation of a fluctuating magnetic field by the
fluctuating velocity shearing and tangling the mean magnetic field. It is at this point that
most discussions state that the resulting linear relation between §B and (B) implies a
linear relation between £ and (B), and that relation is simply written down as if it fell
from heaven above. I don’t buy it, so perhaps it is worthwhile to actually calculate the

22You can find a nice review article on mean-field dynamos and their history here:
http://www.aip.de/People/khraedler/HIST_MHD_06_Rae.pdf
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source >

contribution to € from that source term:

Esource(t) = < / d’ 8‘5;,
= (surx [ a9 < sue) x B
[l
w=[

)
"(€jemBik — €jimOek)

u(t') X (B(t"))] - du(t) — du(t) - V [du(t’) x <B(t’)>]>

= &

source

dt
x[<5u£(t)66um(tl)><37 )+ (sul (e m(tf)><9<3j(t’)>]

ork ork
t j (4!
. oO(BI(t
= / at’ {aij (t =t B () + Biju(t — t’)W] : (IX.8.6)
T
In the final step, we have introduced the a(7) and B(7) tensors, which are related
to correlations between the velocity fluctuations separated in time by an interval .
Notably, a says something about the correlation between the velocity fluctuations and
their vorticity, dw = V X du. If the turbulence is homogeneous and isotropic, then
a;j (1) = a(7)0;; and Bi;i(7) = B(T)€ijk, and (IX.8.6) becomes

Envues = [ 0 [alt = )(B() — Bt~ )9 x (BUW))], (1X.8.7
where
alt— ') = —%((M(t) Sw(t)) and B(t—t) = %<6u(t) Su(t). (IX.8.8)

The combination u-w is known as the kinetic helicity; it is zero if the velocity field is
on the average mirror symmetric. If the flow has a vanishing correlation time relative to
the growth/decay time of the magnetic field, then it is said to be “delta-correlated” and
(IX.8.7) becomes

Esource =~ a(B) — BV X B. (IX.8.9)
In this case, the final (3) term acts as a turbulent diffusivity, supplementing the resistive
diffusivity: nV?(B) in (IX.8.4) becomes (n + 8)V*(B).

The o and B terms are usually argued to represent not only the source term on the
right-hand side of (IX.8.5) but also all the other emf-like terms on its left-hand side. Let
us follow this assumption and adopt (IX.8.9) as an approximation for the total mean emf
and see what it implies for dynamo action. Equation (IX.8.4) then reads

9(B)
ot

We consider two limits of this equation. First, assume (u) = 0, so that the mean-field
inductive term vanishes and we have

% = aV x (B) + (n+ B)V(B).

Adopting plane-wave solutions ~ exp(yt + ik - r), it is straightforward to show that the
growth /decay rate ~ satisfies

=V X ((u) X (B)) +aV x (B) + (n+ B)V*(B). (IX.8.10)

v = +ka — k*(n+ B), (IX.8.11)
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where the upper (lower) sign corresponds to negative (positive) magnetic helicity. The
growing solution is called an “a? dynamo”. For k > 0, the a term generates (By) from
(Bz), and then further uses that (B,) to amplify the original (B,). Note that the signs of
the kinetic and magnetic helicities must be alike. If, for some reason a were to depend on
(B) in such a way that it decreases as the mean magnetic-field strength increases (e.g.,
via back-reaction from the Lorentz force), then this dynamo will eventually shut off — an
effect referred to as “a quenching”.

Now restore the (u) X (B) term and suppose (u) = —wzy, where w > 0 is the
characteristic frequency of the flow shear. Then (IX.8.10) becomes

0 0 N
(57~ wopy ) (B) = ~wlBo)i+ ¥ X (B) + (1 + VB,
Note that the gradient in the fluid flow generates (B,) by shearing (B,) into the stream-
wise direction. If the a term is such that this generated field is re-oriented into the x
direction, then the mean field will grow — a process known as the “a-w dynamo”. So long
as k-9 = 0, plane-wave solutions satisfy

v =+tVk.a(iw + k.a) — k*(n + B). (IX.8.12)

Clearly, there must be a component of k in the g X V|(u)| direction. But it also must
have the correct sign for growth. This is complicated by the i that accompanies w: the
growth rate is complex, and so these dynamo waves propagate. To figure this out, let us
assume |k,a| < w, so that the o component of the dynamo expressed in (IX.8.12) is
sub-dominant to the a-w component. Then

v~ +vik,aw — B2 (n + B).

Suppose that Re(7y) > 0, so that we have growth. Recalling v/i = £(1+41)/v/2, we require
k.aw = k- (¢ x V[{u)]) > 0. In this case, v ~ k.aw(1 +1)/v/2 and so the mode grows
and propagates along the trajectory 2 = —aw/v/2, i.e., in the —ag X V|(u)| direction.
Note further that the fastest-growing mode has k exactly parallel to g X V|(u)|.

This kind of mean-field dynamo is important in the differentially rotating solar con-
vective zone, in which the resulting dynamo waves have been conjectured to cause the
observed 22-year period of sunspot activity (Parker 1955). (In spherical geometry with
¢ replacing y and (r,0) replacing (z,z), the growing dynamo mode propagates in the
—a@ X V{2 direction, where £2(r,0) is the angular velocity.) The idea is that the Solar
dynamo is of the a-w type, with @ > 0 (< 0) in the northern (southern) hemisphere
and 002/0r < 0 throughout the convection zone. This combination gives the correct
equator-ward migration of sunspots (e.g. Moffatt 1978; Parker 1979; Krause & Raedler
1980).

One could write a lot more about dynamo theory, experiment, and observation, but
these course notes are not really the place for that. If you’d like to learn more, you
can start with the excellent reviews by Childress & Gilbert (1995), Gilbert (2003), and
Rincon (2019).
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Beyond MHD

[in progress]
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