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Multiscale Gyrokinetics

Scale Separation

Spatial Scales

@ Cyclotron Frequency Q; @ Gyroradius p;

@ Turbulence w @ Fluctuations k., Kk

@ Profile Evolution 7¢ @ Profiles a

O >w>T > @ ki ~pl AN < kj~a!

@ We use a single small parameter ¢ and order
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Multiscale Gyrokinetics

Small-scale Averaging

@ Introduce the patch average (-)

turb

t+7/2

1 / 1 2

<'>mrb = T / dt AT/d r.
-T2 T

(2)
This is an average over atime T
and a perpendicular area A2.

@ Using this, all quantities separate
into mean and fluctuating parts,

fo=Fs+06f  Fs=(f),, (3)
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Multiscale Gyrokinetics

Axisymmetry

@ All quantities are axisymmetric
9
¢

@ Magnetic field has the usual form

<Q> turb — 0 (4)

B=IViy+VixVeé (5)
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Multiscale Gyrokinetics

@ Fs = Fos+ Fis+ - --

@ Fys is Maxwellian (as v; ~ w) with density ns and temperatures Ts and
velocity u.

e u=w(y)R?V¢ and is species independent
@ 1 is related to the flux functions Ns(v) and T (%) via

meP (V)R Zsepo
2T, T,

ns = Ns (¢) exp + O(ens), (6)
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Multiscale Gyrokinetics

Magnetic Equilibrium and Neoclassical Theory

@ (R, z) is given by the
Grad-Shafranov equation
@ /(v,t) is evolved via
0 c 0

qu ﬁ%v (E-B),.

@ Fisis given by neoclassical
theory
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Multiscale Gyrokinetics

The Gyrokinetic Equation

of splits into hs and the Boltzmann response,

5t = —Zseré“’/ Fos + he(Rs, e is, 1), ®)
hs is given by
|57 utRe) | e (b Vo (V) - S~ (Clh g
= 2% [0 u(Ry). a%} 0 ©)
s e

and the gyrokinetic potential (and associated turbulent flow) is

X=6¢/—1E5A-W VX:%bXVX
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Multiscale Gyrokinetics

Transport Equations

@ Particle Transport

d 1
9 9y — 11
at‘ ns+v/8¢v<rs> 0 (11)

@ Heat Transport

1 3 8 / 1 8 7 __ pvisc turb Ohm
ons\ | W) d| oo e ©
<Zse“’ 8t> 1Y athms<R ”S>¢+<CS >w’

@ Momentum Transport

1 9 P o
19 19 yilmee) —o
v ot V(@) + v 5 ( >w )
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Multiscale Gyrokinetics

Focusing on the heating,

sl frw(p(G0)2)))
ot r/ wrb/ <)

(14)
+w(e) 8 <</d3w<hsw),  (5A % vZ)> > ,
c turb/ o)
and the viscosity M¥¢ = 7{**) + ={%?)_gives rise to viscous heating
visc (o) 2 %
pre = = [ () 4 mast) (FFT) | 52 (15)
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Energy Conservation

Energy Conservation

2 2 ¢ ¥ 2

is evolved via

1 9 , 1 0 , () _ - url (vo) dw
b A o i e )
(

17)
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Energy Conservation

Poynting’s Theorem and Turbulent Heating

But the fluctuations cannot be a source of energy!
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Energy Conservation

Poynting’s Theorem and Turbulent Heating

But the fluctuations cannot be a source of energy!

2
% (%) — 6V - (6E x 5B) = —8E - 6], (18)

Averaging this over the fluctuations

_ C
turb E

— (5 - OE) V - (6E x 6B) (19)

turb?
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Energy Conservation

Poynting’s Theorem and Turbulent Heating

But the fluctuations cannot be a source of energy!
9 (6B :
T (ﬂ) — ¢V - (6E x 6B) = —0E - ¢, (18)

Averaging this over the fluctuations

_ C
turb E

— (5 - OE) V - (6E x 6B) (19)

turb?

So any “heating” must in fact be a flux of energy, not net heating.
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Energy Conservation

We can in fact show that
ZP‘”“’ ZZse/dS << ( +u- v) X> >
L7y
+> Zzew(w) </d3w (hsdA - Vz x w)L> (20)
s P

— (s o,

so this is consistent.
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Energy Conservation

We can in fact show that
ZP‘”“’ ZZse/dS << ( +u- v) X> >
L7y
+> Zsew(¢) </d3w (hsdA - Vz x w)L> (20)
s ¢ P

— (s o,

so this is consistent.
But yet there is still dissipation of fluctuations, so where does the energy go!
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Free Energy Conservation and the Turbulent Cascade

The free energy conservation law for our system is (multiplying the
gyrokinetic equation by hs/Fos and integrating)

ow i
W:ZTSP;"—QJFD (21)
S

@ The Free Energy

_ 3 7-sisfs LBZ> >
W B <</d W2FOS >lurb>w - << 871' turb/ o) (22)

@ Energy Injection

B dinNs 3dT, dTs | e dw
O—EI’s(Ts dw 2dw>+qsd'l/)+7rs dw (23)

@ Collisional Dissipation

h
D— T</d3w<—sC[h]> >
Zs: ° FOS ° turb/ o




Free Energy Conservation and the Turbulent Cascade

Entropy Balance

The average entropy,

evolves via

V) 4y (V)LL) = (s (@9)

with entropy produced by

() =32~ ( fatwn FsC[Fs]>w ~((few C[hs]>mrb>¢ @7)

Abel, et. al.



Free Energy Conservation and the Turbulent Cascade

Energy and Entropy Revisited

In steady state we have,

Y TP =Q-D (28)
s
So all power extracted to excite fluctuations is returned as heat. We also have
— we)\ dw
D—O+<7TEM >w a0 (29)

and thus the entropy generated by the dissipation of the fluctuations is
caused by relaxation of gradients.
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Free Energy Conservation and the Turbulent Cascade

Summary

@ Fluctuations contribute no net bulk heating
@ Fluctuations increase entropy by relaxing gradients, not by heating

@ In order to conserve energy in the mean, the fluctuations must conserve
free energy

@ Free energy is conserved locally — no turbulence spreading
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