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Abstract

Separation of variables is by far the most widely used method of solving linear partial differential
equations. The Helmholtz equation (%‘g + %%“ + w?W¥ = 0) is one of the simplest equations that
can be solved by this method. This equation is widely used in physics, and so it has been studied
for many years. It is a well-known fact that there are four orthogonal coordinate systems (up
to a certain kind of equivalence) in which this equation separates. Recently, group-theoretical
methods have been applied to differential equations to provide an explanation of their separable
coordinate systems. One of the main references for this paper ([Miller 1977]) computes the first-
order and second-order symmetry algebras for this equation, and shows how these give its four
orthogonal separable coordinate systems. This reference, however, never defines what it means
for a partial differential equation to separate in a coordinate system. In this paper, we provide
some background Lie theory that is necessary for the symmetry analysis, we provide a definition of
separation of variables that is applicable in a small but important set of types of equations® (a set
that, of course, includes the Helmholtz equation in orthogonal coordinates), and we perform the

first-order symmetry analysis, which explains two of the Helmholtz equation’s separable coordinate

systems.

If we had been aware of the work of [Koornwinder 1980] earlier, we would not have needed to come up with our
own definition; but we became aware of that too late to change the course of the thesis.
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Chapter 0

Preliminary Lie Theory

0.1 Lie Algebras

Lie groups and Lie algebras arose naturally out of Sophus Lie’s study of the symmetries of differential
equations. This paper examines such symmetries — in particular, the symmetries of the Helmholtz
equation — and, as a result, much of the discussion in Chapter 2 will be framed in the language of
Lie theory.

It is assumed that the reader is familiar with groups, rings, fields, and vector spaces. Another

algebraic structure that will be important in later discussion is an algebra.

Definition 0.1 Given a set A and a field K, A is said to be an algebra over KC if

(1) : A is a vector space over K.

(1) = A is closed under a product - that distributes over +: Given a,b,c € A, a-(b+c¢)=a-b+a-c
and (a+0b)-c=a-c+b-c

(1i) - If \ € K and a,b € A, then A(a-b) = (Aa) -b=a- (\b).

When there is no ambiguity regarding which product we are referring to, we will often write
ab instead of a - b. Now, notice that there is no stipulation that the product - be commutative or
associative. It is often useful to investigate whether two elements of a,b € A commute with one
another, and, if not, by how much ab differs from ba. We define the commutator [—, —] operation as

follows: [a,b] = ab — ba. The commutator (also called the “Lie commutator” or “Lie bracket,” for



reasons that will be clear presently) can be thought of as measuring the degree of non-commutativity

of a and b; if @ and b commute, [a,b] = 0.

Theorem 0.1 Let A be an associative algebra. Then, given a,b,c € A, and k € I, the commutator
operation [—, —| satisfies the following properties:

(i) : [a,b] = —[b,d]

(i4) : [a, kb] = [ka,b] = K[a, b]

(741) : [a,b+ c] = [a,b] + [a,c] and [a + ¢,b] = [a,b] + [c, D]

(iv) : (Jacobi Identity) [[a,b],c] + [[b, c],a] + [[c,a],b] =0

Each of these properties can be verified by a straightforward computation, and so we will omit

the verifications.

Example 0.1

Let I be any field. An example of an algebra is M, «,(K), the set of all n by n matrices whose
entries are elements of I, under ordinary matrix multiplication. We will not prove that this is an
algebra, but the reader should recall that M,,«,(K) is a classic example of a vector space over K,
and that matrix multiplication distributes over addition. This algebra happens to be associative

and noncommutative, but we will omit the proof of this claim.

Definition 0.2 If A is an algebra that has a multiplicative identity I, then, x € A is said to be a

unit if there exists an element y € A such that xy = yxr = 1.

It is routine to check that the set A* of units of an associative algebra A is a group under
multiplication: (i) I € A*; (ii) every element of A* has an inverse; (7i7) - is associative; and (iv)
given a,b € A*, choose any ¢,d € A* such that (ac = ca = I and bd = db = I), and since - is
associative it is clear that (ab)(dc) = (dc)(ab) = I.

Notice that since it turns out that A* is a group, the inverses had to be unique after all; and

so, for the ¢ and d of (iv), we may write c = a~!, d =b~!, and (b~ 'a" ') = (ab)~ L.

Definition 0.3 The set A* of units of an associative algebra A is called the group of units of A.




Example 0.2
Let K be a field. When M,,«,,(K) (also written gl(n,K)) is the associative algebra under consider-
ation, the group of units is called the general linear group of K™ and is denoted GL(n,K). If 1 is

the identity of IC, then it is clear that

O =

10
0 o 001
with 1 along the main diagonal and 0 everywhere else, is the identity of GL(n,K). Note that

GL(n,K) is the group of invertible n by n matrices, which also happens to be the set of matrices

with nonzero determinants.

Definition 0.4 Let K be a field. A set G C GL(n,K) is said to be a matrix group if it is a
subgroup under with ordinary matriz multiplication. The special linear group SL(n,K) is the set

of A€ GL(n,K) such that det(A) = 1.

Example 0.3
Consider if our field is R and n = 2. SL(2,R) is then seen to be:

{(a b ) :a,b,c,dERandad—bc:l}.
c d

Definition 0.5 Given a set A and a field KC, A is said to be a Lie algebra over K if it is closed
under a product operation [—,—] that satisfies properties (i) through (iv) of Theorem 0.1. This

product operation is referred to as the Lie bracket.

The terminology might be somewhat confusing here. The product operation from Definition 0.5
is not required to be a commutator, as it is in the hypotheses of Theorem 0.1. If it were, there would
have to be an additional product defined on the Lie algebra. But the definition of a Lie algebra
only requires one product operation. Now, it turns out that every Lie algebra has an associated

Universal Enveloping Algebra for which the Lie algebra’s [—, —] is a commutator; and this is why



the Lie bracket is often also called is often called the “Lie commutator.” But to prove this or to
discuss it further would take us too far afield. At this point, it will be useful to consider several

examples of Lie algebras.

Example 0.4
The set M,x,(R) from Example 0.1 is a Lie algebra if we define [A,B] = AB — BA, for all

A, B € Myyn(K).

Definition 0.6 We denote by sl(n,K) the set of all matrices A € My, such that tr(A) = 0, where

tr(A), the trace of A, is the sum of the diagonal entries of A.

Example 0.5

It turns out that si(n,R) is a Lie algebra under commutator. The only property of Lie algebras
that is in question is closure under Lie bracket. Recall that given two matrices A and B € M, «p,
tr(AB) = tr(BA). Recall also that tr(—) is a linear operator; that is, tr(A+c-B) = tr(A)+c-tr(B).
Thus, tr([4, B]) = tr(AB — BA) = tr(AB) — tr(BA) = 0. So, sl(n,R) is closed under Lie bracket.

Notice that sl(n,R) (for n > 1) is not closed under ordinary matrix multiplication. Thus, if we
were in a world that contained only elements of sl(n, R), it would not make sense to speak of [—, —]
as being a commutator (for, given A, B € si(n,R), we could not in general make sense of AB).
The reason we do speak of it as a commutator is that we think of sl(n,R) as a subset of M,,,(R),
and the latter is an enveloping algebra for the former — that is, the Lie bracket of si(n,R) is a

commutator in M, (R).

0.2 The One-Parameter Subgroup

Here, we will give only a brief introduction to this concept, for we will revisit it in detail later. It
should be assumed that all vector spaces that we discuss have metrics defined on them. In fact, for
the most part we will deal only with vector spaces over R, although vector spaces over C are in
most respects completely analogous. In order to define a one-parameter subgroup, we must build

up some machinery; so we will begin by introducing some necessary terms.



First, observe that a matrix group G C M, (R) = R™ has a natural metric dg induced by

the usual metric in R,

Definition 0.7 If G and H are matrix groups with associated metrics dg and dg, and ¢ : G — H
is a homomorphism such that for every go € G and for all € > 0, there exists a § > 0 such that

whenever dg(g,go) < 0, dr(d(g), d(g0)) < €, then we say that ¢ is a continuous homomorphism.

From now on, it will be assumed that the matrix groups that we speak of are in vector spaces

that have metrics defined on them, and that the homomorphisms that we speak of are continuous.

Definition 0.8 If V is a finite-dimensional vector space over R, then v : (a,b) — V is said to be

a curve in V (where (a,b) denotes an open interval in R).

Definition 0.9 If v is a curve in a vector space V', then v is said to be differentiable if for all

t € (a,b), limy_¢ w exists.

Definition 0.10 If G and H are matriz groups, and ¢ : G — H is a continuous homomorphism,

then ¢ is said to be a smooth homomorphism if for every differentiable curve v in G, ¢ o~y is a

differentiable curve in H.

Example 0.6
Let G = H = GL(n,R). The identity map A —— A for all A is a smooth homomorphism.

Definition 0.11 Let v : R — G be a homomorphism from R to some matrix group G, that is

differentiable in the sense of Definition 0.9. Then we say that v is a one-parameter subgroup in

G.

Since the identity map on R, f;(x) = z, is a differentiable curve in R, the fact that v is a
smooth homomorphism implies that v o f; is a differentiable curve in G. But v o f; is just 7.

So a one-parameter subgroup is a mapping that is a differentiable curve in G whose image is a



subgroup of G. This follows from the fact that a one-parameter subgroup - has the property that
Y(t1) - y(t2) = v(t1 + t2) (proof omitted?!).

A useful example of a one-parameter subgroup has to do with the exponential of a matrix. The
exponential of a square matrix is the natural generalization of the exponential of a real (or complex)

number — using the MacLaurin series definition of exponential.

Definition 0.12 Let A € M,xn(K), where K € {R,C}. We define the exponential of A (exp A

or et) to equal 3202 ) 4 A"

We will now state without proof several properties of the matrix exponential.
(4): The infinite sum defining e converges for every A.

A+B _ ,A B _ ,BoA

(74): If matrices A and B commute, then e ePe’.

(i31): Given A € Myyn(R) or Myyxn(C), det(e?) = (A £ 0,

And now we are ready for an example of a one-parameter subgroup.

Example 0.7

We define 7 : R — My, xn(R) as follows. Let A € M,,«,(R). Then, for t € R, v(t) = exp(tA). We
then have that v is a one-parameter subgroup in GL(n,R). Why? Well, let f be a differentiable
curve in R. Then (yo f)(t) = v(f(t)) = exp(f(t)A), and this happens to be a differentiable curve in
GL(n,R) (proof omitted). That the image of «y lies in GL(n, R) follows from property (iii) above:

the determinant of a matrix exponential never vanishes.

Example 0.8
We define v : R — SL(n,R) as follows. Let A € sl(n,R). Then, for t € R, v(t) = exp(tA).
It is easy to verify that v is a one-parameter subgroup in SL(n,R): Since tr(A4) = 0, det(e?4) =

et™(4) = 0 = 1; and thus, ¢4 € SL(n, R).

'For a more complete discussion of matrix groups, see for instance [Curtis 1979].



0.3 The Tangent Space

In general, a tangent space (for instance, a tangent line to a curve, or a tangent plane to a surface)

consists of the set of tangent vectors. The case of matrix groups is no exception.

Definition 0.13 Let~y : R — V be a curve that is differentiable at xo. We define v’ (xg) = g—;’ (o)

y(@o+h)—(x0)
h

to equal limp_¢ , and we call ' (x¢) the tangent vector at v (z0).

A tangent space, properly speaking, is a tangent space at a point (or vector) to a submanifold
(for our purposes, a submanifold of R™). So the idea of a submanifold is a logically prior concept.
We will not define a submanifold of R" carefully, but will instead rely on our intuition.? Roughly
speaking, a d-dimensional submanifold of R" is a subset of R", that, in a small enough neighborhood
of every point, resembles R?, for some d, 0 < d < n. For instance, a smooth curve is a 1-dimenional
submanifold in R™ for n > 2, because in a small enough neighborhood of every point, the curve
resembles a line. Similarly, a well-behaved surface is a 2-dimensional submanifold in R"™ for n > 3,

because in a small enough neighborhood of every point, the surface resembles a plane.

Definition 0.14 Let S be a submanifold in R™, and let vo € S. Let T' = {v: (—€,¢6) — S for

some € > 0, where 7 is differentiable and v(0) = vo}. We define the tangent space to S at v to be
Ty,S ={¥(0): v €T}.
One can prove that 7,5 is a subspace of R" of dimension d = dim(5).

Example 0.9

A simple example is the tangent space to the unit circle parametrized by v(0) = (cos(6+m/2), sin(0+
7/2)), for —m < 0 < m, at (0,1). Every curve in this submanifold that maps 0 to (0,1) is of the
form (cos f(6),sin f(0)), where f is differentiable and f(0) = 7/2. The tangent vectors at (0, 1) are
then of the form (—sin(7/2)f'(0),cos(mw/2)f'(0)) = (—£'(0),0), and the tangent space is the set of
points of the form (—f/(0),0) for all differentiable f, which is just the subspace y = 0.

*For a proper definition of a manifold and a submanifold, see [Munkres 1991].



0.4 Lie Groups

Lie groups, much like manifolds, and submanifolds, are objects whose general definition is more
complicated than can be explored in this paper. As with the other two, we can give examples of Lie
groups without knowing the general definition. The important aspect of Lie groups for our purpose
is that they are intimately related to Lie algebras. If we have a Lie algebra A of matrices, there is
an associated Lie group G of matrices that is obtained by exponentiating the elements of A. The
Lie algebra of a Lie group is the tangent space at the group’s identity. Several examples of this

follow.

Example 0.10

Recall from Example 0.2 that gl(n, R) is another name for M, «,(R). Now we see why: as we saw in
Example 0.7, given an element A € gl(n,R), exp(A) € GL(n,R), and, since for all B € GL(n,R),
it turns out that there exists some A € gl(n, R) such that B = exp(A). Furthermore, one can prove
that gl(n,R) is the tangent space at the identity of GL(n,R). The Lie algebra and the Lie group
are similar entities, and so we name them similarly, differentiating the names only by capitalizing

the Lie group.

Example 0.11

Consider the Lie algebra £(2) consisting of elements of the form

0 6 0
-0 0 0
a b 0
A basis for this can be written as follows:
010 0 00 0 0 0
M=| -100]|, Pr=lo0o0o0]|, Pa=[0 0 0
0 0 0 1 00 010
One can easily verify that the commutation relations are [P1,P3] = [P2,P1] =0, [M,P1] = Pg,
and [M, Pa] = —P;. (Clearly, as always, each element commutes with itself.)



This algebra is the tangent space at the identity of the Lie group F(2), called the Euclidean

group in the plane, which consists of matrices of the form ¢(6,a,b) for 6,a,b € R, where

cosf sinf 0
g(0,a,b) = —sinf cosh 0
a b 1

The elements of F(2) act on points in the plane as follows: if x = (z,y) and g € E(2), then
xg = (¢',y'), where 2/ = i - ((x,y,l) X g) (with usual matrix multiplication and the ordinary
dot-product) and 3’ = j- ((m,y, 1) x g). Note: 7 and j are unit vectors in the  and y directions,

respectively. Thus if x = (z,y), then
xg(0,a,b) = (xcos@ + ysinf + a,—xsinf + ycos § + b),

so that xg is a composition of a rotation and a translation.

The elements of E(2) can also be taken to act on functions on the plane. If we are discussing
the action of g € F(2) on a function f : R? — R, we write T, y instead of g, so as to distinguish the
notation from when we are discussing the action of g on a point. We then have T f(x) = f(xg).

Note: since every element of F(2) is the exponential of some element of £(2) (proof omitted),

c1P1+coPa+csM

we always can speak of the action of T, on f as the action of e on f, for some

c1,c2,c3 € R.

The Lie group E(2) and the Lie algebra £(2) will be very important to the later discussion.



Chapter 1

Separation of Variables

1.1 Solving the Helmholtz Equation by Separating the Variables

When a solution to a partial differential equation is the product of several functions, each of which
is a function of just one of the independent variables, we say that the solution separates, and we may
find this solution to the differential equation through the method of separation of variables. (We
will actually revise this description of separable solutions later in the paper, but it is a good first
approximation.) One of the simplest equations that is solvable via this method is the Helmholtz
equation:

HU(z,y) = (Ag + w?)U(x,y) =0, (1.1)

where H = Ay + w?, with w € R — {0}, is the so-called Helmholtz operator (made precise below).

Let F denote the set of all C-valued real-analytic functions on €2, a non-empty open, connected
subset of R2. In (1.1), As is the two-dimensional Laplace operator 88—; + 59—;2, which we will often
write Oyp + Oyy. Similarly, we will often write % as Opze. Sometimes, however, it will prove
convenient to write multiple derivatives as iterated first derivatives: 5977; =0,

Above, we mention the Helmholtz operator, for, when discussing differential equations, it is
helpful to use the language of differential operators. We will now state explicitly what these are.
Consider a (partial) differential equation of the form

ZZC 8’8] =0 (CUG.?:,XEQ).

=0 7=0

10



In such a situation, we say that Q = 37", > C,-jﬁéag is the differential operator associated

with this equation; and @ acts on a function f just as one would expect: Q(f) = 3712y >"7— Cij(‘);ag f.
Note: we will often write Q(f) as Qf.
Now, to solve (1.1) by separating the variables, we assume that a solution W can be expressed

as a product of a real-analytic function only of  and a real-analytic function only of y:
Yo(z,y) = X(2)Y (y)-
Since ¥ satisfies (1.1), we have
X"(2)Y (y) + X (2)Y"(y) + w? X (2)Y (y) = 0. (1.2)

It turns out that if X (z)Y (y) # 0, we may divide through by XY and make sense of the resulting
quotient functions. In Section 2 of this chapter, we will return to a justification for this statement,
but for now we assume it is true and proceed to divide through by XY. After rearranging terms,

we arrive at

X_ Y _ e (1.3)

In (1.3), the left side is a function only of x, and the right side is a function only of y. The only
way for this equality to hold is if both sides are equal to a constant. If they were not, then, by

holding constant either x or y and varying the other, we could force the equality not to hold. We

therefore write XT" = —k2, for some k € C. We call —k? the separation constant.

Note that we have now reduced (1.1) to two ordinary differential equations:
X"(x) +k*X (2) = 0, (1.4)

and

Y"(y) + (w? — EHY (y) = 0. (1.5)

Let X1(z) = €% and Xo(z) = e ™% Yi(y) = V" ~*¥ and Ys(y) = e V¥*~#¥_ Solutions
to (1.4) are of the form X(z) = A;Xi(x) + A2Xs(x), and solutions to (1.5) are of the form
Y (y) = B1Yi(y) + Ba2Ya(y), for A;, B; € C with i € {1,2}.

11



Thus, we see that a typical separated solution ¥y to (1.1) may be expressed as follows:
Wo(z,y) = (A1e'R” + Age ™) (B ~FY 4 Bye= Ve k), (1.6)

So far, we have not imposed any restrictions on k; we have merely required that both sides of
(1.3) equal some constant. In practice, one often uses the method of separation of variables to solve
so-called boundary-value problems, where a solution ¥ to (1.1) must take on certain values at the
boundary of a region. In such cases, we have restrictions on the possible values of k. Since (1.1) is
a linear partial differential equation, a well-behaved infinite sum of solutions is also a solution. In
fact, all solutions to (1.1) can be expressed as (possibly infinite) linear combinations of separated
(product) solutions. Since the separated solutions involve the complex exponential, it turns out
that solutions to the boundary-value problem of (1.1) together with some boundary condition can

often be expressed as Fourier series.!

1.2 The Field of Fractions

We now return to the issue, raised earlier, of why we may divide (1.2) through by XY
Later in the discussion, the connectedness of €2 will prove to be important, so we now prove a

lemma about open, connected sets.

Definition 1.1 A topological space (X, T), where T is the topology on X, is said to be connected
if and only if the only sets V € 7 that are closed are X itself and (.2 We extend this definition to
subsets U C X by saying that U is connected if and only if the only sets V C 7, that are closed

are U itself and 0, where T, denotes the subspace topology on U.

Definition 1.2 A topological space (X, T) is said to be path connected if and only if given any two

(not necessarily distinct) points P and P’ in X, there exists a continuous map v from the interval

'For a clear exposition of using separation of variables in practice, see [Hildebrand 1976].

2This can easily be shown to be equivalent to the perhaps more common definition that (X, 7) is connected if and
only if it is not disconnected, and it is disconnected if and only if there exist non-empty, disjoint sets U,V € 7 such
that X =UUV.

12



[0,1] to X such that v(0) = P and (1) = P’'. Such a map is called a path connecting P and P’.

We extend this definition to subsets U C X in the natural way: U is path connected if and only if

given any two points in U, there is a path connecting them lying entirely in U.
Lemma 1.1 If some open subset U C R? is connected, then it is path connected.

Proof: If U = (), it is vacuously path connected. If U # 0, let xg € U. Let A = {x € U : there
exists a path v whose image lies entirely within U connecting x¢ and x}. We will show that A is
both open and closed in U.

Open: Choose x € A, with an associated path = connecting it to x¢. Choose § small enough so
that that B(x,8) C U, where B(x,0) = {y € R? : |y —x|| < 6}. Choose x; € B(x,4). Define

¥ :[0,2] — U as follows:
B ~(t) L 0<t<1
zp(t)_{x—i—t(xl—x) D l<t<2

and define v1(t) = ¥(2t). Note that 1 is continuous, for lim;_,;- () = lim;_,1+ ¥ (t) = (1) = xo.
Now =, : [0,1] — U is a path connecting xo and x; whose image clearly lies entirely within U.
Thus, x; € A. Since x; was arbitrary, B(x,d) C A. Since x was arbitrary, A is open.

Closed: Choose x; € A (the closure of A in U). Since A is open in U, we may choose § small
enough so that B(x1,d) C U. Since x; € A, we have that B(xj,d) contains some point x € A. But
now we use the same construction we used above. Given a path - that connects xg to x, we define

(t) : 0<t<1
w(t):{x+tle—x) D 1l<t<2

and v1(t) = ¥(2t). Now 7, is a path connecting x¢ and x; whose image clearly lies entirely within
U, and thus x; meets the criterion for being in A. Since x; € A, and x; was arbitrary, we have
that A C A, and thus A is closed.

Since U is connected, and A C U is non-empty and both open and closed, Definition 1.1 implies
that A = U. Since xg was arbitrary, there exists a path connecting every pair of points in U. In

other words, U is path connected. &

13



Lemma 1.2 Let f € F, the set of real-analytic functions on 2, and let there be an open set U C )
such that for all x € U, f(x) = k. Then for all x € U, Vf(x) = 0, where V denotes gradient, and

0 denotes the zero vector.

Proof: Let x € U. 0,f(x) = limp_ w, where 7 is a unit vector in the z-direction.
Since U is open, there exists a neighborhood of x contained entirely in U; and for small enough
h, x + hi will be in this neighborhood. Thus, for small enough h, f(x + hi) = k = f(z). So,
limhﬁow = limh_)ok—gk = 0 = 0,f(x). Similarly, 9,f(x) = 0. This completes the

proof. &

Lemma 1.3 Let f € F. Suppose that there is an open set U C € such that, for all x € U,
f(x)=0. Then
For all x € U and for all i,j € N, (8;85]’) (x) =0.

Proof: We will prove by induction on n that, for all n € N,
i,j<n= forallxeU (vaﬁg/f) (x) = 0. (1.7)

Base Case: n = 0. Here, (1.7) holds by hypothesis.

Inductive Hypothesis: (1.7) holds for n = N. This means that for all x € U, (%Vaévf) (x) = 0.
We must show that for all x in this same U, () (a&lagf) (x) =0, (i1) (8évﬁév+lf) (x) =0, and
@0 (a§+1a§+1f) (x) = 0. The proof of (ii) is identical in form to the proof of (i), and so we will
omit it.

(i) : Note that since for all x € U, (@]X%Vf) (x) =0, by Lemma 1.2, we have that for all x € U,
(2. [@Y )’ 1)]) () =0
Which means that, for all x € U,
ool f(x) =o0.
(iii) : From (i) O)t'0N f(x) = 0. Thus, by Lemma 1.2, we have that for all x € U,
(o [@X+9)' 1)]) o = 0.
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This means that, for all x € U,
N+149N+1 _
0y 70, T f(x)=0.
This completes the proof by induction. &

Lemma 1.4 Let f € F, the set of real-analytic functions on £, a non-empty, open, connected
subset of R2. If f is zero everywhere on, a nonempty, open subset U of Q, then f is zero on all of

Q.

Proof: Let A ={y € Q: there exists a subset B(y,d) C € for some ¢ > 0 such that f(x) =0 for
all x € B(y,0)}; that is, A is the set of all points in €2 in a neighborhood of which f = 0. We now
proceed with reasoning somewhat similar to that used in the proof of Lemma 1.1. We claim that
A is both open and closed in 2.

Open: Choose yg € A. Choose 6 > 0 such that B(yo,d) € Q and f = 0 in B(yg,d). Then
B(yo, %) C A, since it is clear that every point in B(yy, %) has a %—neighborhood of it in which
f=0.

Closed: Choose yo € A. Choose a sequence of points {y,}°, each of which is in A, that
converges to yg. By Lemma 1.3, for every n and for all i and j, (8;85 )(yn) = 0. Since f
is real-analytic on (2, (8;85 f)(yo) is continuous on £ and hence equals 0 as well. Furthermore,
since f is real-analytic on €2, and x¢ is a point in €2, f has a Taylor series expansion around
yo valid in some d-neighborhood of y( that lies entirely within €. In other words, 3§ > OVy €
B(yo,9) (f(y) =00 Ly —yo) - (8x,8y))"](f)(yo)).3 Notice that this series is just a sum of
various factors multiplied by derivatives of f evaluated at yg — but we showed above that all these
derivatives must equal 0. Thus, for some appropriate J§, Vx € B(xg,0) (f(x) = 0). As above, this
means that there exists a d-neighborhood of yg in which f = 0. This means that yg € A. Since yq
was arbitrary, we have that A C A, and thus that A is closed in €.

3This notation might look unfamiliar. If xo = (o, o), and x = (xo + h, 9o + k) for some zo,yo, h, k € R, then
(x —x0) = (h,k), and (h, k) - (9z,0y) = hOz + kOy. (hOz + kOy)" is then defined in the usual way, and equals
S (O HR
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Since 2 is connected, and A C 2 is non-empty and both open and closed, Definition 1.1 implies

that A = Q. In other words, in all of Q, f = 0. &
Theorem 1.1 F, the set of real-analytic functions on €1, is an integral domain.

Proof: First, F is a ring, for it is clearly a group under +, and is clearly closed under x. Further,
since multiplication of real numbers is a commutative operation, F is commutative.

Now suppose f,g € F and fg = 0. We wish to prove that either f =0or g =0. If g =0 we
are done, so suppose that g Z 0. Thus, we may choose xg with g(x¢) = ¢ # 0, for some ¢ € C.

We will show that there exsits a neighborhood U of x( such that for all x € U, (8282 f ) (x) =0,
but this just means showing that there is a neighborhood U of x¢ such that for all x € U, f(x) = 0.
Recall that g(xg) # 0. Since g is continuous, this implies that there is a neighborhood U of
xo in which g is never 0. Since fg = 0, we have that for all x € U, f(x)g(x) = 0; but since
g(x) # 0 for x € U, we may divide through by ¢(x), and this forces f(x) = 0 for x € U. Thus,
Vx € U (f(x) =0). Now, by Lemma 1.4, we have that f is identically zero on . O

It is possible to define a field of fractions on an integral domain. Let ® denote the field of
fractions for F. Observe that a typical element ¢ € ® can be written several ways. For instance,
T 2z 1

L = 2L Given ¢1,p2 € ¥, such that ¢ can be written o

. and can be written £2 for some
y 2y ¥2 92

f1,91, f2, 92 € F, with g1, g2 # 0, we say that o1 = @2 if fige = fag1, as elements of F. It is clear
that equality defined this way is an equivalence relation. We therefore say that ¢ = {ﬂ for some
f,g € F with g # 0 such that ¢ can be written %, where {ﬂ denotes the equivalence class of %. We
will often leave off the brackets, however, when dealing with elements of ®. Addition, subtraction,
multiplication, and division of fractions will be defined in the usual ways; for instance, i;—i + g—z =
92l1t91f2 \We define 9, and 0y in the usual ways, as well. It is a fact, whose proof we will omit,

9192
that if g is defined at a point x (i.e., g(x) # 0), then it is real-analytic in a neighborhood of x.

Lemma 1.5 Given g € ¢ such that V% = 0, there exists a compler number k such that g =k in

.
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Proof:  Pick a point xg € Q such that g(xg) # 0. Since g is continuous, there exists a neighborhood
U of xg such that g is never zero on U. g, then, has a value at all points in U. Let %(XQ) =k, for
some k € C. We will first prove that g(x) =kforallxeU.

Since U is an open, connected subset of R?, Lemma 1.1 implies that it is path-connected.
Choose x € U. Since U is path connected, there exists a continuous map ~: [0,1] — € such that

~v(0) = xg and (1) = x. According to the Fundamental Theorem of Calculus,

f) - f f f

V=] (y)-dr==(v(1)) — =(v(0)) = = (x) — k.

L( P () 9(7( ) g(v( ) g( )

But, by hypothesis, V% = 0; so the integral equals 0. Thus, g(x) — k = 0, which implies that

g(x) =k for all x in U. So, the function h = f — kg is clearly in F, and is identically zero on U.

Lemma 1.4 thus implies that f — kg = 0 on all of 2. Thus, as an element of ®, % = % &

At this point, we are ready to return to the question that prompted this whole foray into the

field of fractions. We have that, as elements of ®,

X" v/ o.)2Y

X Y
We wish to conclude that both sides must equal a constant. Note that

"
Oy (XY> =0,

since X is a function of x alone, and

since Y is a function of y alone.

By Lemma 1.5, we conclude that XTN = k, for some k € C.

1.3 Separation of Variables in Orthogonal Coordinate Systems

In Section 1 of this chapter, we saw that the Helmholtz equation separates in rectangular coordi-

nates. It is natural to inquire in what other coordinate systems the Helmholtz equation separates.
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We will examine only orthogonal curvilinear coordinates. Consider a new set of orthogonal coor-
dinates {u,v}. If it is truly a change of coordinates, this means that (i) there are real-analytic
functions u and v : @ — R, where Q is a non-empty, open, connected subset of R?, such that
there is a bijection between pairs (z,y) and pairs (u(x,y),v(z,y)), and (i7) the Jacobian determinant
VgplUy — UzVy Never vanishes.

Now, in order to write the Helmholtz equation in another coordinate system {u,v}, we must
transform the Helmholtz operator into the new coordinate system. If v is a real-analytic function
on the plane (¢» € F) then the chain rule gives us 9,9 = ¥, u; + 1,v,. Continuing to apply the

chain rule, we have

Onz) = Oz (Yutia) + Op (Po0s)
= (Yuatz + Yutizz) + (YoaVz + Pyaz)
= (Vuut? + Puttavy + Yuttar ) + (Vo + Yuttovy + yvr)
= Puatt) + Yullar + 2PurtlaVe + YooVl + PoUss
= (20 + w0y + 240,00 + V2D + V220l ) V.
The expression for dy,1 is similar, and so we have that in the {u, v} system,
Ao = (2 + u2) Ouu + (e + thyy) D + 2 (a0 + 1y0y) Duo + (02 + 02) Do + (Ve + Vyy) By (1.8)

The condition that the system is orthogonal means that the unit vectors in the u and v directions
(&t and V, respectively) are perpendicular at every point, which means that @(z,y) - v(z,y) = 0.
Observe that @1 is a unit vector in the direction of maximum increase of u — i.e., in the direction
of V(u) = (ug, uy); and similarly ¥ is a unit vector in the direction of V(v) = (v, vy). Since the
dot-product of @ and ¥ is 0, the dot-product V(u) - V(v) = uzv, + u,v, must equal 0 as well. As
a result, in an orthogonal coordinate system, the coefficient of the mixed second partial derivative
vanishes:
Ay = (ui + ui) Ouu + (Uzz + Uyy) Oy + (vi + vg) Ovpv + (Vzz + Vyy) Op. (1.9)

2

And so, since w* is unchanged under the coordinate transformation, (1.1) is now written

HY = [(u;‘; + uf,) O+ (U + Uyy) Oy + (vi + vj) Ao + (Vg + yy) Dy + wﬂ U=0. (1.10)
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For convenience in viewing, we will write (1.10) as follows:
HU = (A110, + 410y + AspOy + A0, +w?) ¥ =0, (1.11)

where the functions Ajq, Ay, Agz, and As are equal to the corresponding coefficients in (1.10).
There are certain well-known “facts” concerning the form that the coefficient functions must

assume if an equation of the form (1.11) is to be separable. For instance, [Miller 1977, p. 14] states

that, assuming w? # 0, (1.11) is separable only if there exist functions U, V, Uy, and V; such that

V(v)

() An = Ur (w) + V1 (0)

and (b) A22 = (1.12)

Also, [Robertson 1928] asserts that if (1.11) is separable, then there exist functions B(u) and C(v)
such that
Aq(u,v) As(u,v)

(c) (w0 = B(u) and (d) A (0 0) = C(v). (1.13)

These “facts” prove very useful when characterizing the separable coordinate systems of (1.11), and
they hold true in all separable coordinate systems that are commonly used in practice. But, if one
adopts the naive, intuitive definition of separability that we present at the begining of this chapter,

(1.12) and (1.13) are not always true.* The following counterexample demonstrates this.

Example 1.1
Let Wo(u,v) = e“e?, and let the coefficient functions of the operator (A110yy + A10y + A220,, +

A0, + w?) be defined by

Al = u—w A = v
A22 = —Uu-—-"v A2 = —w2+v.

One can easily verify that Wq is a solution. Since ¥y is a product of a function only of u and a
function only of v, it is a separated solution according to the naive definition. Yet, it is clear that

none of (a) — (d) in (1.12) and (1.13) hold for the above coefficients.

Since (1.12) and (1.13) are so useful, we wish to define separation so that they do hold.

4In [Hildebrand 1976, p. 505], we encounter another characterization of the coefficients in a separable equation
that is useful but not true in general if one adopts the naive definition of separability.
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Definition 1.3 Consider a second-order partial differential equation that involves two independent
variables and has no mized partial derivatives. That is, our partial differential equation is of the
form

(Allauu + Alau + A2281w + A2av + A) v = 07

where Aq1, Ay, Az, Aa, and A are real-analytic functions of u and v. We say that this equation

is weakly solvable by separation of variables or weakly separable if there exists a solution ¥ ¢(u,v)

that can be written Up(u)Vy(v), for some functions Uy and Vi, and any such solution is said to

be weakly separated. We say that this equation is strongly solvable by separation of variables or

strongly separable if :;111 s a function only of u, %22 is a function only of v, and the equation has

at least five linearly independent weakly separated solutions.

It is not immediately clear that the above definition implies (1.12) in the case of the Helmholtz

equation, but we will show that indeed it does.

Lemma 1.6 Let a partial differential equation of the form
(Allauu + Alau + A228vv + AQav + A) V=0 (114)

be strongly solvable by separation of variables, and assume that A1 and Asgs are always positive.
Then

Aq1(u,v) _ U(u)

Ago(u,v)  V(v)’

for some U > 0 that is a function only of u and some V > 0 that is a function only of v.

Proof:  Let us write our differential equation as (A110uy + A10y + A220y, + A20, + A)UV = 0,

where ¥ = UV represents a weakly separated, nonzero solution. This implies that
AUV + AUV + ApUV" + AUV + AUV = 0. (1.15)

We divide through by A11V and rearrange terms to arrive at

Ap V" AV A
AV AV >U:O. (1.16)

Ay
U// _U/ ( S 7 e
- * An vV +A11V+A11

All
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We also re-group terms to arrive at

Ao
V// e V/ (
+ . +

A U’ A V! A )
Bt +—)v=o.
A U Axp V. Axp

(1.17)

The crucial aspect of (1.16) is that, since U”, ;14;111’ U’, and U are functions only of u, so must be
Aoy V! Ay V! A :

TV T An v T oAy Write

. A22 %44 A2 \% A

D) =3,V A v Ty

(1.18)

for some Uy that is a function only of u. Similarly, from (1.17), we see that there exists some Vy

that is a function only of v such that

A U’ A V! A
_AnU AV A 1.1
Yo(v) A U * A V * Ago (1.19)

We multiply (1.16) by A;1V and (1.17) by AU, and we add the results:
A11U”V + AlU/V + AQQUV” + AQUV/ + (Allz/{() + AQQVO) UV =0. (1.20)

Comparing this to (1.15), we have (A — (A11Uy + A22Vp))UV = 0, and so, since F is an integral
domain and UV # 0, we see that A must equal AUy + A22Vy:

A= AUy + A). (1.21)

Since, for a particular choice of Uy and Vy, both (1.16) and (1.17) are linear, homogeneous, second-
order ordinary differential equations, each has at most two linearly independent solutions. We will
label these Upy, Uya, and Vyi, Vpo. Thus, for a particular choice of Uy and V), there are at most
four linearly independent solutions to (1.15): Ui Vo1, Uo1 Vo2, Uo2Vo1, and UpeVie. Since (1.14) is
strongly separable, Definition 1.3 requires that there be at least five linearly independent weakly
separated solutions. By the preceding argument, the existence of a fifth linearly independent weakly
separated solution necessitates the existence of a pair of solutions (U1, V) # (Uy, Vo) that satisfies
(1.18) and (1.19). Suppose, without loss of generality, that V1 # V. We claim that Uy # Up.
Assume for the moment that Uy = Uy. If this is so, then by following the same procedure that
led to (1.20), we see that
A=Al + A (1.22)

21



Taking the difference between (1.22) and (1.21) yields
0= A1 Uy —Up) + Az (V1 — Vo),

and hence

0= A22 (Vl —Vo) .

Since ®, the field of fractions of F, is a field, it is clearly an integral domain. Since we know
that V; — Vy # 0, this forces Ass = 0. ==<«=! This contradicts the hypothesis that Ass is
everywhere positive. Thus, we must have U; # Uy. We can therefore correctly rewrite (1.22) as

A = Aj1Uy + Ag)Vy. Subtracting (1.21) from this gives us
0= Ay (U —Up) + A2z V1 — Vo) . (1.23)

For no value of u does U;(u) = Up(u); and for no value of v does Vi(v) = Vo(v). Why? Well,
suppose for instance that for v = v, we have V;(vg) = Vo(vg). Then, we see from (1.23) that for all
u, A1y (u,v9) (U (u) — Up(u)) = 0, but then, since ® is an integral domain and A1; > 0, this forces
Uy = Uy. =><=! Therefore, we may rearrange the terms in (1.23) to get

1

A Vi Vo | wmm

A - )
A Up—U i

(1.24)

which is a quotient of a function only of v and a function only of v, as required. And, note that
(i) both U(u) = m and V(v) = m are defined everywhere, for their denominators
never vanish; and (ii) neither & nor V is ever 0, since neither A1 nor Ags ever vanishes. Since Ajq
and Agy are both everywhere positive, their quotient is too. Thus, if it happens that & < 0, we
will have that }V < 0 too. In this case, replace both &/ and V with their negatives — this will make

them both positive, and will preserve their quotient. &

Lemma 1.7 Let A1, A1, Ase, and Ay be real-analytic functions of both w and v that satisfy the

following conditions:

(1) ;‘4111((7“;’}2) = B(u) for some B that is a function only of u,
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(17) Az(wv) C(v)  for some C that is a function only of v,

Ao (u,v)
and
An(uw) _ Ulu) ; ;
(#i1) Tm(uo) = V) for some never-zero U that is a function only of u

and some never-zero V that is a function only of v.

Consider a differential equation that has the following form:
Ul/ U/ Vl/ "
Ajl— + A1— + Agg— + Ay— 2 =
ngy tAig HAnTs H AT o 0,

where U is a real-analytic function only of uw and V is a real-analytic function only of v. Then, if

w? # 0, there exist functions Uy of u alone and Vi of v alone such that

U(u) V(v)
U (u) + V1 (’U) U (u) + V1 (’U)

Proof:  From hypotheses (i) and (i) of the lemma, A; = A1 B and Ay = Ay C. Thus, we may

(CL) All = and (b) A22:

rewrite the equation as follows:

U// U/ V// V/ 9
A1 (F—FBU) + Ao (7 —I-CV) +w” =0.

Notice that %” + B%/ is a function only of u, so we may write it b(u); and Vv” +C %/ is a function
only of v, so we may write it ¢(v). From hypothesis (iii) above, Ay = AUZ%' Thus, we again
rewrite the equation as follows:

v

Allb + A11—C + 0.)2 = 0,

U
which implies that
B —w? B —wU
b+ 05 b4V

An

Now, since w? # 0, we may divide numerator and denominator by —w?, to arrive at

Somee)

indicating that our choices of /7 and V ought to be U; = —%ug and Vi = —Z—E. Note that ¢ and

Ay = (1.25)

V), are clearly functions only of u and only of v, respectively, as required. This verifies result (a) of
the lemma, and it is clear that (1.25) in conjunction with hypothesis (#i¢) now implies result (b) of

the lemma. &
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1.4 Orthogonal Coordinate Systems In Which the Helmholtz Equa-
tion is Strongly Separable

We are seeking orthogonal coordinate systems in which (1.1) is strongly separable, so we will assert
(1.10) to be strongly separable and try to characterize u and v.> First, we note that the condition
that the Jacobian determinant never vanishes implies that u2 + ui = Aqp and v2 + 7{5 = Ago never
vanish either, and hence are everywhere positive. Now, we see immediately that Lemma 1.6 implies
that 2—; is of the form required by hypothesis (iii) of Lemma 1.7, and, since (1.11) is strongly
separable, Definition 1.3 implies that hypotheses (i) and (ii) of Lemma 1.7 are satisfied as well.
Thus, Lemma 1.7 implies that

2 _ U(u)
Y U (u) + V1 (’U)7

2 _ V(v)

d 2 =
an (O vy Z/ll(u) Y (v)

ul +u (1.26)

Note: in the above equation we replaced A1; and A in accordance with (1.10).

Recall that we are working with orthogonal coordinate systems, and so u,v; + u,vy = 0. As a

result, — 2= = Z—y Define the function R = —7= = Z—y Then,
Yy T Yy T
vy = Ruy (1.27)
and
Uy = —Ruy. (1.28)

Now, since v} 4+ vZ = R*(u7 + u3), (1.26) implies that
2 —
R = T (1.29)

In order to proceed, we will need to define some new terminology.

Definition 1.4 Let {u,v} be a coordinate system on Q C R2. We will say that the image of a

curve is a coordinate-curve if it is defined by an equation of the form u(x,y) = ¢ or v(z,y) = ¢,

for a number ¢ € R. It is a coordinate-curve of u if it is defined by u = ¢ for some ¢ € R, and a

coordinate-curve of v if it is defined by v = ¢ for some c € R.

*Both [Miller 1977] and [Morse and Feshbach 1953] describe how to determine the separable coordinate systems;
the line of reasoning here is a combination of those two descriptions.
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Definition 1.5 A matriz M € GL(n,R) is said to be orthogonal if the linear transformation that
it represents preserves lengths and angles.® The set of all orthogonal, real n x n matrices is denoted

O(n).

Definition 1.6 A map £ : R" — R" is said to be affine if there exist a matrix M € GL(n,R)
and a vector vog € R™ such that for every vector v e R"™, L(v) = vo+Mv. An affine transformation

L(v) =vo+ Mv is said to be an affine similitude if M = cM’, where ¢ € R and M' € O(n).

It turns out that an affine similitude is the composition of a dilation, a translation, a rotation,

and possibly a reflection.

Definition 1.7 We will say that the coordinate system {u,v} is shapewise equivalent to the coor-

dinate system {u, v} if there exist invertible real-analytic functions n(u) and ¢(v), where n'(u) and
¢'(v) never vanish, such that u(x,y) = n(u([l(:n,y))) and v(z,y) = gb(v([l(:n,y))), where L is an

affine similitude.

We summarize the relationship that holds among shapewise equivalent coordinate systems in
the schematic diagram below.

2 £ 2
R{w,y} R{z,y}

l l (1.30)

R, . . Riio
The vertical maps are given by (z,y) — (u(x,y),v(z,y)) on the left, and (z,y) — (a(z,y),0(x,y))
on the right. We say that the diagram is schematic because in order to be rigorous, we would
need to replace each R? with an appropriate open set. Still, the diagram makes it clear that
one gets the same result going from {z,y} coordinates to {u,0} regardless of whether one uses
the direct functions @(z,y) and o(x,y) or one follows the path around the other way, using the
affine similitude £, the functions u(z,y) and v(x,y), and the reparametrizations n(u) and ¢(v).

The diagram is suggestive of the fact (which we will not prove) that shapewise equivalence is an

equivalence relation.

50ne can prove that M is orthogonal iff M* = M 1.
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The definition of shapewise equivalence has to do with the analytical, not the geometrical,
properties of shapewise equivalent coordinate systems. We define shapewise equivalence this way
because the analytical properties are what are useful for proving that a change of coordinates
that preserves shapewise equivalence also preserves strong separability of the Helmholtz equation
(i.e., if (1.1) is strongly separable in one orthogonal coordinate system, it is strongly separable in
any shapewise equivalent coordinate system). It is the geometrical similarities among coordinate
systems that are shapewise equivalent, however, that lead to the term “shapewise equivalent”.
We will therefore prove a lemma about the geometrical relationships among shapewise equivalent

coordinate systems.

Lemma 1.8 Let two coordinate systems {u,v} and {u,0} be shapewise equivalent. Let L be
the affine similitude that relates {u,0} to {u,v}, as in Definition 1.7. Then, every non-empty

coordinate-curve Cy, of u is equal to L(Cy) for some non-empty coordinate-curve Cy of 1.

Proof: We can prove this most efficiently with the following chain of equivalences.
(x,y) € L(Cq) (z,y) =L(z,9) and (Z,79) € Cy

(x,y) = L(Z,5) and u(z,y)=¢, for some ¢ € R

(#,9) and n(u(L(E 7)) =¢

o (ute ) =7

&
>
I
)

u(z,y) = ¢, where n(c) =¢

(r,y) € Cy O

[ A

Example 1.2

Frequently, when people graph a data set that includes both some very small and some very large
values, they use so-called log graph-paper. Log graph-paper is based on a coordinate system
{Z = z,y = logy} that is, by the above argument, shapewise equivalent to rectangular coordinates
{z,y}. The reason it is said to be shapewise equivalent should be clear: a rectangle that is parallel
to the coordinate axes in ordinary rectangular coordinates is a rectangle on log graph-paper, as

well.
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Theorem 1.2 Let two coordinate systems {u,v} and {@,0} be shapewise equivalent. Then if the
Helmholtz equation is strongly separable in {u,v}, it is also strongly separable in {u,v}, although the

transformation of H from {u,v} into {@,0} might change w? into &2, a different positive quantity.

Proof:  Suppose, without loss of generality, that the Helmholtz equation is strongly separable in
{u,v}. We will first verify that a reparametrization of u and v leaves the equation strongly separable;
then, we will verify that under an affine similitude the equation remains strongly separable (although
possibly changing w?). It will therefore follow that the composition of a reparametrization and an
affine similitude leaves the equation strongly separable.

Let there be reparametrizations @ = n(u) and © = ¢(v). Now, A11(u,v) = u? +uZ. Note that

_Ou  dudu

- = = /
o = Or dudx 7 (u)ta

Similarly, @, = n'(u)u,. Thus, we have that the corresponding coefficient
Aiy(@,0) = @2 + 07 = (7 () (u2 + ) = (f (w)* Aua (u, 0).

Note that n/(u) can be expressed as a function of @ using the inverse function of 7. Similarly, one

can determine that, if A;(u,v) = uzy + Uy, then
Ay (a,9) = 1" (u) (uzz + Uyy) = " (u) Ay (u,v).

Note, as above, that n”(u) can be expressed as a function of @ using the inverse function of 7.
Thus, the ratio %11 equals a function of @ multiplied by AA—lll. The latter is a function only of wu.
Again, we can use the inverse function of 7 to express this as a function of @, thus showing that
the ratio Ailll is a function only of @, as required. Similarly, %222 is a function only of v. We must

also show that there are five linearly independent solutions. If ¥(u,v) = U(u)V (v) is a solution in
{u,v} coordinates, then a straightforward calculation reveals that ¥(@,?) = ¥(n~1(a), ¢~ (D)) =

L'and ¢! are the inverse functions

U(n~'(@))V (¢~ () is a solution in {i, ¥} coordinates, where 5~
of 7 and ¢, respectively. We omit the proof that the transformations of the five linearly independent

solutions form a linearly independent set of solutions, but this should seem plausible.”

"Each U takes on the same value at a given (z,y) point as the corresponding ¥, and thus the functions U are
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When we see in Chapter 2, Section 2 that H is invariant under the one-parameter subgroups of its
first-order symmetry operators, this will show that H is invariant under rotations and translations.
We first observe that dilations serve only to multiply w? by the square of the dilation factor.
For reflections, we may consider only reflections over the y-axis, for all other reflections are the
composition of reflections over the y-axis and translations and rotations. If we reflect our space
over the y-axis, d, turns into —Jz, but then taking a second derivative yields 0, = —(—0zz) = Ozz-
That the w? term will remain unchanged follows from the fact that the 0., and 0Oyy terms maintain

the same form (only 0, is re-labeled as 0;z). &

We now return to the Helmholtz equation’s separable coordinate systems. If it is not already
the case that i/ =1 and V = 1 in (1.26), then there exist real-analytic functions @(u) and 9(v) such
that

[N

o (u) =U"% and ' (v) =V73.

Since U and V are both always positive (from Lemma 1.6), 4'(u) and ¢'(v) are everywhere defined.
It is clear that @/(u) and ¥’(v) are never 0, for there are no real values of & and V that would lead
to this. As a result, these functions describe a coordinate system that is shapewise equivalent to

{u,v}. We now wish to come up with expressions for @2 + 715 and for 92 + 65. Note that

u  du 1
ou w Ou U

o " duog Y4
and so
N 1
Expressions for 113, 72 and 175 are analogous, and so, (1.26) now implies that
1 1 1 1
~9 | ~2 2 2\ _ ~2 | ~2 2 2\ _
ux+uy—a(ux+uy)—m and 'U:c"‘vy—g(%"‘”y)—m- (1.31)

At this point it is important to make sure that we understand what we have just derived. Our

discovery is that if {u,v} is a coordinate system in which (1.11) is strongly separable, and thus in

essentially the same as the functions ¥. As a result, the linear independence of one set can be shown to imply the
linear independence of the other.
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which (1.26) holds, then there is a shapewise equivalent coordinate system {u,?} in which (1.11)
is strongly separable such that (1.31) holds. For the remainder of the discussion, we will consider
only coordinate systems {u, v} such that (1.31) holds.

Since, for these coordinate systems, U(u) = 1 = V(v), this in conjunction with (1.29) forces

R = +1. If we assume R = 1, then
Uy = vy and Uy = —vg. (1.32)

This means that v and v satisfy the Cauchy-Riemann equations. Thus, if we let z = x 4 iy and
w = u + v, then the mapping z +— w is conformal. If R in fact equals —1, we may achieve the
same relation between w and z merely by interchanging z and y, and so we assume that R = 1.

We define

it 1/0f Of dif 1/0f Of

in accordance with [Greene and Krantz 1997, pp. 12-17]. By the Cauchy-Riemann equations,

d
f complex-analytic <= d_Jzi =0 (1.34)

Since w is an analytic function of z, we may take its derivative. This gives

Z—Z = % (ug + ivg — i(uy + ivy)) = % (uz + vy + (v —uy)) = (from (1.32)) uy — iuy,
and thus ,
Cfl_f _ sz—f% = (g — ity) (g + iuy) = 12 + 2 = ulivl‘ (1.35)
Hence, )
]j—; — U+, (1.36)

which forces
%
dw

a’LH) <

since U; is a function only of u and V; is a function only of v.

2
) =0, (1.37)
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We now wish to express 0y, in terms of w = u + v and w = u — iv. Notice that % and %
can be defined in terms of 0, and 0,, in analogy with (1.33). Using this, we obtain that, given a

differentiable function f,
0% f
Oudv

= Z.fww - ifww-

S0, Oyy = 10w — 10pw- Thus, (1.37) now implies that Oy, ( g—fu

2) = (i — 0) (£ L) =
dz dz

Now, since 52 = 22 = 0 (from (1.33), performing the indicated differentiation and simplifying

() £ (82 (d2) £ (a5,
dw ) dw? \ dw dw) dw? \dw)

(&) (@) - () & (E)
dw dw? \dw/) \dw dw? \dw )"

The left side is the complex conjugate of the right side. The only way for this to happen is for

yields

which in turn leads to

both sides to be real. Since the left side is an analytic function of w and is always real, it must be

constant. We conclude that each side is equal to a constant A € R. Some rearranging yields

4 /dz dz d> [dz dz

Over these past few pages, we have shown in great detail how to arrive at this differential equa-
tion. We will present in some detail how to arrive at the solutions in the case where A = 0, but will

only state the solutions in the case where A # 0. Both [Miller 1977] and [Morse and Feshbach 1953]

show how to arrive at these solutions in greater detail.

Case A = 0: Our differential equation is %;(j—;) = 0. Thus C‘ll—fu = B + yw, for some §,v € C.

When ~ = 0, we have that z = a + fw (a € C). Let « = a+ib and § = ¢+ id. Then

z = (a+ib)+ (c+id)(u + iv)
= (a+1ib) + ((cu — dv) + i(du + cv))
= acu—dv+i(b+ du+ cv)

= x+41y.
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Thus, we see that x = a4+cu—dv for a,c¢,d € R, and y = b+du+cv, for b € R. This corresponds to
a translation, rotation, and dilation of the coordinates, leaving the coordinate axes still rectangular.
The transformed Helmholtz equation (1.10) is now the same as (1.1) except with w? replaced by
w?(vc2 + d?). So, if we wish to preserve the value of w? under the change of coordinates, we must
choose ¢, d so that ¢ + d? = 1, which restricts us to translations and rotations.

When v # 0, we have z = o + fw + %ywz, for some o € C. The a and [ terms translate
and rotate, and [ is also a dilation if |3| # 1. What is the effect of the v term? Consider, for the

moment, when « and 3 both equal 0 and v = 1. Then

1 1
z= 5102 =5 (u2—v2) + tuv = x + 1.
Thus, z = %(u2 — v2) and y = uv. These {u,v} coordinates are called parabolic, because the

coordinate-curves are confocal parabolas, with focus at the origin and directrix parallel to the

y-axis. The coordinate-curves take the form

u=1\/[\/22+y +x=c and v==+\\/22+y?—x=d forc,deR.

It is possible to prove (by completing the square) that all coordinate systems that arise from this
case are shapewise equivalent to the specific case we worked out, where o = =0 and v = 1.

Case )\ # 0: For convenience, we set A = 1, because varying A does not change the shapewise
equivalence class of coordinate systems, which is what we are primarily interested in. The trans-
formation is then given by the solution to (1.38) with A = 1. Since %gqb = ¢ = ¢ is a linear

dz

¥, we have 2= = (e —ve™", where 8,7 € C. We write g—; this way,

combination of e¥ and e~

subtracting the y-term, because this makes the expression for z a little nicer:
z=a+pe” +v¢ " (ae€C).

We ignore the « term, for this just moves the origin (thus leaving the coordinate system shapewise
equivalent to the one defined by the above equation with a = 0).

When v =0, let 3 = a + ib for some a,b € R. We see that
2= fetTV = utaivHh) — g — U eog(p +b) and  y = e"Fsin(v + b).
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If we define r = e"t% = /22 + 92 and 0 = v + b (which clearly preserves shapewise equivalence,
since we are merely replacing v and v with the reparametrizations r(u) and (v)), then we see that
we are dealing with polar coordinates, where the coordinate-curves of r are concentric circles and
the coordinate-curves of 6 are rays from the origin.

When v # 0 and 3 # 0 as well, we will perform a rotation and translation of coordinates to end
up with a shapewise equivalent coordinate system that is easier to describe. First, the rotation: let

0

Z = ez, where the choice of # will be made clear in a moment. This leads to

Z = fe¥ + e,

where 3 = ¢ and 7 = €?~. We choose 0 so that 35 = e*/3y = %eR > 0, where R = In (2|87|).
Now the translation: let @ = w — wg, where wy is chosen so that e=%0 = 2¢%3. Replacing @ + wy

for w, we have
5 = Be{;-i-wo +’7€_&;_w0
= (Be“")) e (ye~) eV
~ 1 ~
—e Bew 4 _eRemv,
2
The coordinate system described by Z and w is shapewise equivalent to the one described by z and
w, for the former involves just a rotation and a translation of the latter (which is described by an

affine similitude). We therefore drop the tildes in the notation:

w—R —(w—R)
2= +2e = cosh(w — R).

Replacing u + iv for w yields
z = cosh ((u — R) + iv) = cosh(u — R) cosv + i( sinh(u — R) sinwv).

From this, we see that z = cosh(u— R) cosv and y = sinh(u— R) sin v; and these equations describe

elliptic coordinates. In the x-y plane, the coordinate-curves of uw are confocal ellipses, and the

coordinate-curves of v are confocal hyperbolas.
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To summarize, we have discovered that every orthogonal separable coordinate system of the
Helmholtz equation is shapewise equivalent to rectangular, parabolic, polar, or elliptic coordinates.
For reasons that will become clear in Chapter 2, we will now briefly give the solution in polar
coordinates.

In polar coordinates, = rcosf, y = rsinf, and 72 = 22 + y2. As a result, the chain-rule gives
us that for a differentiable function f, 0, f = 0, f0,x + 0y f0,y. Clearly, then,

O, f = cos 00, f + sin 00, f = (faﬁ Qay) f= <Lam + L@,) f,

which indicates that
T

Yy x Y
=20, + Yo, = X , 1.
0 T@ —I—rﬁy \/mﬁ +\/m8y (1.39)
We also have that 0y f = 0, fOpx + 0y fOpy. Thus,
Op = —rsinf0, f +rcos00y f = (—y0, + x0y) f,
and this shows that
Op = —yOy + x0y. (1.40)

Using these two expressions, we can verify that in polar coordinates the Helmholtz equation is
written

HY = (arr - %& - %2899 + w2> T(r,0) = 0. (1.41)

If we look for solutions of the form ¥y = R(r)O(d), then, just as in Section 1, we find ordinary
differential equations for R and © that have solutions of the form R(r) = Ji;(wr) and ©(#) = e,
where J,(x) is the Bessel function defined by the power series
= (=" (5)

Jp(z) = Z 2

—=  nl(n+p)
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Chapter 2

Symmetry Operators

2.1 The First-Order Symmetry Algebra for the Helmholtz Equa-
tion

As in Chapter 1, let F denote the set of all C-valued real-analytic functions on €2, an open, connected
subset of R%. When we are referring to some specific differential operator @, we refer to its solution
set as Fo. That is, Fo = {f € F : Q(f) = 0}. We define the order of a differential operator to be
the order of the highest-order derivative in the operator, where 8;85 has order i+j. Let L be a first-
order differential operator: L = A(z,y)0, + B(z,y)dy + C(x,y) (with A, B,C € F). We can make
sense of the composition of two diffferential operators (for instance, L and Q) as follows: LoQ (often
written LQ) acts on f by LQ(f) = L(Q(f)). It is possible to show (via a tedious computation)
that the composition of two differential operators is itself a differential operator, although we will
omit the proof. Notice that composition of differential operators is clearly associative. Given two
differential operators @1 and @2, and a function f € F, we have (Q1Q2) (f) unambiguously means
Q1 (Q2(f)) and so, given three differential operators @1, Q2, and Q3, we see that ((Q1Q2) Q3) (f) =

(Q1(Q2Q3)) (f) = Q1 (Q2(Qs3(f)))-
Recall the commutator [—, —], introduced in Chapter 0. Note that the set of all differential

operators is a Lie algebra under the commutator. We say that L is a first-order symmetry operator

for Q if [L,Q] = R(z,y) o Q (= R(z,y)Q) for some function R € F.

We now prove several properties of first-order symmetry operators.
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Theorem 2.1 First-order symmetry operators map solutions to solutions.

Proof: Let f € Fy, so that Qf = 0. We have that [L,Q]f = RQf, and so LQf—QLf = R(0) = 0.
Thus, L(0) — Q(Lf) = 0, which implies that Q(Lf) = 0, and hence Lf € Fy as well. &

Lemma 2.1 Let a first-order differential operator L be of the form L = A(z,y)0; + B(x,y)0,.
Then L obeys the product rule for differentiation. That is, L(f(z,y)g(x,y)) = f(z,y)(Lg(z,y)) +

(Lf(z,y))g(x,y).

Proof: In order to show this, we calculate the action of L on a product of two functions f and g.

L(f(z,y)g(x,y)) = (Alz,y)0z + B(z,y)0y)(f(z,y)9(x,y))
= A(z,y)0:(f(z,9)9(x,y)) + B(z,y)0y(f(x,y)g9(z,y))
= Alz,y)(f(z,9)0:9(z,y)) + Az, y) (02 f (z,y)9(2,y))
+B(z,y)(f(z,y)0yg(x, y)) + Bz, y)(0y f (z,y)9(x,y))
= f(@,y)(A(z,y)0:9(x,y) + B(z,y)0yg(z, y))
+9(x,y)(A(@,y)0x f (x,y) + B(x,y)0y f (x,y))

= f(z,y)(Lg(x,y) +g(z,y)(Lf(z,y) <

Theorem 2.2 The set S of first-order symmetry operators of a given differential operator Q) is a
complex Lie algebra. That is, (i) S is closed under Lie bracket, and (ii) S is closed under C-linear

combinations.

Proof:  Let Ly, Ly € S. We first verify that [L1, L] is a first-order differential operator:

LiLyf = (A10r + B10y + C1)(A20; + B20y + Ca) f
= (410 + B19y + C1)(A2fo + Bafy + Caf)
= A1(Agzfo + Az fox + Bogfy + Bofoy + Conf + Cafy)
+B1(Azy fo + Az fuy + Bay fy + Bafyy + Coyf + Cafy)

+C1(Aafe + Bafy + Caf),
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where Ag, = 0,(Az2), etc.

Similarly,

Lolnf = As(Awwfe+ Aifoe + Biafy + Bifoy + Craf + Cifz)
+B2(A1yfx + Alfxy + Blyfy + Blfyy + Clyf + ley)

+Co(Arfo + Bify + Cif).

Notice that, in the above expressions, wherever f appears twice differentiated, its coefficient is not
differentiated at all. As a result, the coefficients of f., fzy, and f,, are the same in the expressions
for L1Lof and for LoLq f. Thus, in the commutator, all second-derivatives of f drop out, and we

are left with

(L1, La|f = (A1Ag — AsAix + Bi1Ayy — BoAvy)0, f
+(A1Byy — A Biy + B1Boy — BaByy)0y f

+(A102x — AyChgp + Bngy — BQCly)f.

The above is clearly a first-order differential operator acting on f.

(i) From the Jacobi identity, we have that

(L1, Lo, Q] + [[L2, Q), L] + [[Q, L], Lo] = 0. (2.1)

Thus, since [Ll, Q] = RlQ and [Lg, Q] = RQQ, we have [[Ll, Lg], Q] + [RQQ, Ll] + [—RlQ,LQ] =0.
Thus, (2.1) now implies that

[[L1, L], Q] = [R1Q, Lo] — [R2Q, L1 ]. (2.2)

We define the following function on first-order operators: Given L = A(x,y)0, + B(x,y)0y +
C(x,y), we set L=1-— C(x,y) = A(x,y)0, + B(x,y)0,.
Note that
[R1Q, Lolf = RiQLaof — LaRQf

= Ri(L2Q ~ [L2.Q)) f — (L2 + C2) RiQS
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= R ((La+)Q — RoQ) f — (Lo + Co) R1Qf

= (RLQ+ RiCyQ — RiRsQ) f — (LaRaQ + RiCyQ)

= RLQf = Ly(R1(QF)) - RiFaQf

= RiLQf - (RiL2(Qf) + (L(R)(QF)) = RiR2Qf  (by Lemma 2.1)

= - (Z2(R1)) Qf — RiR2Qf.
Similarly, [R2@Q, L1]f = —(L1(R2))Qf — RiR2Qf. Thus,
[[L1, Lo], Q] = (L1(Re) — La(R1))Q.

(77) Let a1,as € C. We consider [a;L1 4+ azLo,Q]. It is a property of Lie bracket that [a1L +
aslo, Q] = la1L1,Q] + [azLa, Q). Furthermore, [a1L1,Q] = a1[L1,Q] = a1 R1Q, and similarly
lag L2, Q] = a2 R2Q. So,

l[a1 L1 + azLa, Q] = (a1 R + a2 R2)Q. &

Theorem 2.3 Let Q be a differential operator of the form Q = k + Y1, Z;—L:l(cijaiaé) with
ke R—{0} and Vi,j € ZT(Ci; € F), and let L be a first-order symmetry operator for Q of the
form L = Ady + B0y + ¢, with A,B € F and c € R. Then [L,Q] = 0.

Proof:  Since L is a symmetry operator for @), there exists some R € F such that for all f € F,
[L,Q]f = RQf. Choose f(x,y) = 1. Then, since the derivative of a constant is zero, [L,Q]1 =
LQ(1) — QL(1) = L(k) — Q(c) = ¢k — kc = 0. So, we have 0 = RQ(1) = Rk, which, since k # 0,
forces R(x,y) = 0. Thus, [L,Q] =0Q = 0. O

Example 2.1

Consider for example the symmetry algebra A of first-order symmetry operators of the Helmholtz
equation (1.1). In this case, Q = H = 9y +0yy +w?, where w? # 0. Let L € A. We will characterize
the possible forms that L can assume and thereby describe a basis for A.

We write L = A0, + B0y + C, with A,B,C € F, and [L,H] = RH for some R € F. Now,
[L,H] acts on a function as follows: Given f € F, [L,H|f = LHf — HLf.
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Observe that

= 8x(fg:c +f:cg)
= fOra + f292 + f292 + fozg

= f9re +2fe9s + fozg (23)

We are now prepared to compute an expression for [L, H].

LHf

And, using (2.3),

HLf =

= (A, + By + C)(Ouaf + yy f + 2 f)

= A(f:c:c:c + f:cyy +W2fx) +B(fxxy + fyyy +w2fy)

+C(foz + fyy + wzf) (2.4)

(Oz + By + W) (ADyf + B, f + Cf)

Afzzz + 24z fro + Azafo + Bfoay + 2By fay + Baa fy
+C foe + 202 fo + Con f

F Afuyy + 24y fay + Ayyfo + Bfyyy + 2By fuy + By fy
+nyy + 2Cyfy + nyf

+w?Afy + W?Bf, + w?Cf

A(fraw + foyy + @ fo) + B(faay + fyyy + @2 fy)
+C(faa + fyy +w°f)

1245 for + (244 + 2B,) fay + 2By fyy

+(Agy + Ayy +2C3) fo

+(Baz + Byy +2C,) f,

+(Crz + Cyy) f. (2.5)

Putting (2.4) and (2.5) together, we have [L, H|f = LHf — HLf, and so,

—[L/H]f = MLf— LHf
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= 2A;fax + (2Ay +2By) fuy + 2By fiyy
+(Age + Ayy + 2C) fo
+(Byy + Byy + 2Cy) fy
+(Coz + Cyy) f

= 24,00 f + (24, +2B.)0uy f + 2B,0y, f
+(Ape + Ayy +2C)0, f
+(Bga + Byy + 2Cy)0, f

+(Crz + Cyy) f-
Recall that [L,H] = RH. Thus,
—[L,H]f = —ROysf — ROy f — w’Rf.

Since this must hold true for all f € F, we are left with several conditions that must be met by

A, B, and C. From matching up the coefficients of 0, and 9,,, for instance, we see that
24, = —R = 2B,. (2.6)
From matching up the coefficients of 0,,, we see that
24, + 2B, = 0. (2.7)

In like manner, we match up the other corresponding coefficients and see that

Az + Ay +20, = 0 (2.8)
By + By, +2C, = 0 (2.9)
Cuz+Cyy = —Ww?R. (2.10)

From (2.6) and (2.7), we have A, = B, and A, = —B,. These are the Cauchy-Riemann equations,
and thus A + iB is complex-analytic. This implies that A and B are harmonic functions of z and

y, and so Az, + Ay, = 0 and By, + By, = 0. Thus, (2.8) and (2.9) imply C; = 0 and C, = 0.
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Thus, Lemma 1.5 forces C(x,y) = k, a C-valued constant. Since w? # 0, this, in turn, forces R = 0
(2.10). This result in conjunction with (2.6) means that A, = 0, so A is a function only of y:
A(z,y) = g(y) for some g; and B, = 0, so B is a function only of z: B(z,y) = f(x) for some f.
From (2.7), we now have that f'(z) = —¢'(y). The only way for this to happen, as we saw in the
separation of variables solution of the Helmholtz equation, is for f’(x) and —¢’(y) both to equal
some constant —a € C. Thus, f(z) = —azx + ¢ and ¢g(y) = ay + b for some a,b,c € C. Putting it
all together, we have

L = (ay+0)0; + (—ax +c)0y + k

If we let P, = 0., P, = 0y, M = y0, — 20y, and I/ = 1, then the set A of first-order symmety
operators is clearly spanned by the linearly independent set S = {P,, P,, M,E}, and so S is a
basis (over C) for A, the symmetry algebra of the Helmholtz equation (1.1). We say that F is a
trivial symmetry operator, for it just maps solutions to themselves. Furthermore, it will be useful
to consider only the real symmetry operators. Therefore, we often refer to the Lie algebra A’, the
span of the basis { P, Py, M} over R, as the symmetry algebra of the Helmholtz equation.

Let us determine the commutation relations. We have that every element commutes with itself,
and furthermore P, commutes with P, so that [P, P)] = [P, P;] = 0. Finally, [M,P,] = P,
and [M, Py] = —P,. Notice that these commutation relations are the same as we saw for £(2)
in Example 0.11. Thus, A’ is isomorphic to £(2), and so we often refer to £(2) as the symmetry
algebra of the Helmholtz equation. Because of the analogy to Example 0.11, we say that P, and
P, correspond to translations and M corresponds to a rotation. We often refer to E(2) as the
symmetry group of the Helmholtz equation, although, properly speaking, (i) the symmetry group
of the Helmholtz equation really contains the set of exponentials' of the elements of A’, not the
elements of F(2) (which are matrices, not operators), and (ii) the symmetry group also contains

reflections, which are not exponentials.

The exponential of an operator will be described in the next section.
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2.2 The One-parameter Subgroup Revisited

We first remark that in order to make much of the discussion that follows fully rigorous, we would
need to investigate topics from functional analysis that are beyond the scope of this paper. For
instance, we will implicitly assume (without proof) that certain infinite sums of operators converge,
and that certain expressions correctly denote derivatives.

Now, if L is a differential operator, there is a one-parameter subgroup associated with it that
acts on functions. We define the one-parameter subgroup T,z (for a € R) associated with L in
much the same manner as in Example 0.7 — namely, with the exponential. The exponential of an

operator is just what we would expect:

Turf =exp(al)f = i (i'a"L"f) for all f € F.
= \n!

Often, we drop the f from the above expression, and write

£ ()
al = 'CL .

—\n!

Theorem 2.4 Let Q) be a differential operator, and let L be a first order differential operator such
that L =L (i.e., C =0). The following two conditions are equivalent:

(i) : L is a first-order symmetry operator for Q such that [L,Q] = 0.

(7) : Q is invariant under T,1,, the one-parameter subgroup associated with L, meaning that QT,rf =

T,r.Qf, for all f € cF.
Proof: (i) = (ii) By (i), we have that
LQ =QL.
Therefore, if we operate on the left by L, we have
12Q = L(QL) = (LQ)L = (QL)L = QL.
Similarly, if (for n > 1) L"~1Q = QL""!, then, operating on the left by L leaves us
L"Q = LQL™Y) = (LQ)L"" = (QL)L" = QL.
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So, we have shown by induction on n that for all n € N, L"Q = QL". Thus, for f € F,

1.0Qf = i (jrzrer)
- £ (b
> )

1 nrn
= > (@
— QT.Lf. (2.11)

(i) = (i) By (i), we have that for all a € R and for all f € F, T,1Qf = QTarf. So TarQf —
QT,r.f =0. When we expand this, we have

0= g (%a”L"Qf) - Qni:o:o (%a”L"f) .

And so, for all nonzero a, we have

(%) <§j (%a"L"Qf) - Qg (%a”L"f)) =0,

n=0 :

which means that

o = iy (3) (35 Girrrer) -3 ()
. 1 a® a’®
= 1@0(5) <<Qf+aLQf+§L2Qf—I—--->—Q<f+aLf+§L2f+~~>>
. 1 a® a®
= i%(&) <<Qf+aLQf+§L2Qf+--->—(Qf+aQLf+§QL2f+~~>>
= I%G) <aLQf—aQLf—|—a2 <% (Lfo—Qsz))+a3(...)+...)
= I (1@ —@rs+a (5 (PQ7-QEA) )+ )
- LQf—QLerclliL%(a(%(L2Qf—QL2f))+a2(-~)+--->
= LQf-QLf+0
= [L,Qlf.
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We have demonstrated that [L, Q] = 0 = 0Q), and thus that L is a symmetry operator for Q). &

It turns out that the set of operators {exp(L) : L € A’} is closed under composition, and, as a
group is isomorphic to E(2). If L is a first-order symmetry operator for the Helmholtz equation,
so that L = aP, + bP, + §M, then L corresponds to the matrix A = aP; + bP2 + M € £(2).
The exponential T, then, corresponds to g, = e € FE(2). Now, in accordance with Example 0.11,
the action of T, on a function can be written as follows: T, f(x) = f(xg,). A useful fact, whose

proof we omit, is that the action of Ty, on f is the same as the action of the operator T, on f:
Trf(x) = TgLf(x) = f(xg,). (2.12)
2.3 First-Order Symmetry and Separation of Variables

In rectangular coordinates, regardless of the choice of k, there exists a separated solution Wy, of (1.1)
that is a simultaneous eigenfunction of P, and P,. There actually exist four linearly independent
such separated solutions, but the existence of just one is sufficient for our purposes. Consider

U, = X1Y7, where X; = ¢** and Y] = VT =Ry,
Py (Uy) = ikWy, and P, (0)) = ivw? — k20, (2.13)

Thus Wy, is an eigenfunction of P, and F,.

In polar coordinates, a similar comment applies. Here, regardless of the choice of k, there exists
a separated solution Wy, (again, actually four such solutions) that is an eigenfunction of M. To see
why, compare to (1.40), and notice that, by its definition, M = yd, — xd, = —0y. Thus, if we let
;. = e J,.(wr), we have that

M () = —ikWy,. (2.14)

It turns out that, given an arbitrary first-order symmetry operator for the Helmholtz equation
L € £(2), there exists a coordinate system {u,v} in which (1.1) is strongly separable, such that at
least one separated solution is an eigenfunction of L and L = %. To see this, we need the following

theorems.
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Theorem 2.5 Let L = A(x,y)0, + B(x,y)0y be a first-order operator (so that A, B € F) that is
defined on an open, connected set Q € R?. Then, given xo = (z0,y0) € 2, there evist

(7) - an open set U with xg € U C Q

(73) : an e >0

(#i7) : a real-analytic map X : (—€,€)xU — Q which we will write as X¢(a,b) = (x(t,a,b),y(t,a,b))
such that

(1) : Xo(a,b) = (a,b) — that is, x(0,a,b) = a and y(0,a,b) = b;

(2) : if s,t and s+t lie in (—¢,€), then there exists an open set V with xo € V. C U such that
X (V)CU and Xs4t = Xs0 Xy on ' V;

(3) : for (a,b) € U fized, z(t) = z(t,a,b) and y(t) = y(t,a,b) is the unique solution to the initial

value problem
dx dy
—=A -
dt (:E7 y)? dt

z(0) =a, y(0)=n0.

= B(z,y),

This theorem follows from the existence and uniqueness theorems for first-order ordinary dif-
ferential equations. We will not prove it; we refer the curious reader to [Hurewicz 1958, pp. 28-29]
and [Warner 1971, pp. 37-38] (they prove this in the case where L and X are C'°°, but it is true in
the real-analytic case as well).

For (a,b) fixed, note that X;(a,b) is a curve passing through (a,b) at t = 0 (by (1)) and the
tangent vector Xj(a,b) is given by the vector field L. If we vary t € (—e¢, €), the curve Xy(a,b) is
called an integral curve of the vector field. Furthermore, the function X (¢,a,b) is called the flow of

the vector field. Now the important result is the following theorem.

Theorem 2.6 Let L = A(z,y)0, + B(z,y)0y be a real-analytic first-order operator defined on an
open, connected set @ C R? and xq = (x0,%0) be a point in Q such that (A(xo), B(xo)) # (0,0).
Then there is a change of coordinates X : U — V' such that

(1) : U is a neighborhood of (0,0) and V is a neighborhood of x¢

(2): If X(u,v) = (z(u,v),y(u,v)), then 9, = L.
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Proof:  Pick a real-analytic curve 7 such that v(0) = xo and +/(0) is linearly independent from
(A(x0), B(x0)). We may do this since, by hypothesis, (A(xg), B(x0)) # (0,0). Let X;(a,b) be the
flow of the operator L, from Theorem 2.5. Then we define X (u,v) = X, (v(v)) = (z(u,v),y(u,v)).

Claim 1
%(u,u) A(z(u,v),y(u,v))
%uw) = B(z(u,v), y(u, v))

This follows by fixing v and letting (a,b) = vy(v). Then (z(u,v),y(u,v)) = X,(a,b) Claim 1 now
follows from (3) of Theorem 2.5.

Claim 2
9z Oz
det(% %)750 at (u,v) = (0,0)
ou Ov

Proof of Claim 2:
Note that X(0,0) = Xo(7(0)) = Xo(x0) = x0 = (20,%0). Then, Claim 1 implies that %(0,0) =
A(xo) and 22(0,0) = B(

(5e0.0.5

0
o

(0

Xp). Furthermore, note that
Y

v

0.0) = ZXO.0)m0

= diXo(’Y(U))’vzo from the definition of X
v

= di’y(vﬂv:o since Xo(a,b) = (a,b)
v

= 7(0).
Since +'(0) and (A(xg), B(xg)) are linearly independent, the rows of the Jacobian matrix are linearly
independent. Thus, the determinant is nonzero, as claimed.
Now, Claim 2 implies that the map (u,v) — X (u,v) = (z,y) is a local change of coordinates in
the neighborhoods of (0,0) and (xo,yo) (by the Inverse Function Theorem). Then, Claim 1 implies
that L = 9, because the chain rule implies that 9, = g—i@x + %Qy = A0, + Boy = L. &

We have not required that the new coordinates {u,v} be orthogonal, so the Laplace operator

is written in full generality as in (1.8). More simply, we write the Helmholtz operator as follows:
H= Allauu + A128uv + A228vv + Alau + A2av + w2’ (215)
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where the A;; and A; equal the corresponding coefficient functions in (1.8). Let L be a first-order
symmetry operator. We have that [L,H] = 0. By Theorem 2.6, we have that L = 9,. We insert

this into the commutator, and find that 0, H — H0, = 0. After some simplification, this yields
Alluauu + A12u8uv + A22uavv + Aluau + A2uav =0.

This means that the above operator yields 0 when operated on any function f € F. It follows that
each of the above coefficient functions is identically 0. Therefore, A;; and A; are functions only of
v. As a result, one finds that the function V) = ¢***V (v) is a solution to H¥ = 0, as long as V
satisfies

Ag V" 4 (ikArs + Ag) V! + (=K Avs + ik Ay +w?) V = 0.

Clearly, then, LV, = ikW¥;, and so ¥} is an eigenfunction of L.

Although WUy is a weakly separated solution, the coordinates {u,v} might not be strongly sep-
arable in the sense of Chapter 1. But, it is possible to change coordinates so that we (i) preserve
Ou = L, and (7i) achieve a coordinate system in which the Helmholtz equation is strongly separable.
If we perform this change of coordinates, the new coordinate system will be shapewise equivalent
to either rectangular or polar coordinates, as we will discover below.

Below, we will define an “orbit” of a first-order symmetry operator operator. In brief, two
operators K and L will be said to lie on the same orbit if K = cLY, where g € E(2) and the
expression LY will be made clear presently. We will need some fairly involved discussion before we
see exactly why this definition of an orbit is useful, but the idea will be that operators that lie on
the same orbit correspond to shapewise equivalent coordinate systems.

Recall that the set of exponentials of symmetry operators of the Helmholtz equation is isomor-
phic to £(2). Let g = g,, € E(2), where g,, is the element of F(2) corresponding to Ty, = el
for some symmetry operator L'. Let LY = T,LT,-1, where Ty and T,-1 operate on functions as
described in Example 0.11. As we saw in (2.11), T, and TL_,1 both commute with H. Clearly, L com-
mutes with H, since all first-order symmetry operators do. Thus, in accordance with (2.12), we may
write L9 as a product of three operators that commute with H (namely, LY = T, LT, = Ty, LT 1),

and hence it commutes with H and is a symmetry operator. This follows, since L9 commuting with
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H means that (L9, H] = 0 = OH. Write L = A(x)0; + B(x)0y; x = (z,y); x' = (2/,y) = xg;
and X = (Z,7) = xg~!. Note also that L9 is a first-order operator, for L involves only first-order

derivatives, and T;; and T;-1 only change coordinates. Finally, notice that

L9192

Tyugo LT 1

= Tgl (Lg2) Tgfl

— (ng)gl )

Let Uy, = U(u)V (v) be a separated solution in the strongly separable coordinates {u,v}. Since
g € FE(2) implies that ¢ is an affine similitude and hence preserves shapewise equivalence, we
have that u’ = ug is a strongly separable coordinate system (Theorem 1.2). Since T, acts on
U, via ¢’s action on u = (u,v), we have that T, U}, is a separated solution in u’ coordinates, for
TyUk(u) = Ug(u') = U )V (V). If ¥y is an eigenfunction of L with eigenvalue ik, then so is Ty W,
for LT,W = T,LV (this follows from Theorem 2.4) which equals Ty (ik)Vy, = (ik)Ty¥. Clearly, for
¢ # 0, cL will have the same eigenfunctions as L (the eigenvalues will simply be multiplied by c):
cLVy = cikVU. Furthermore, the coordinates {, v} such that ¢cL = 0y are just a reparametrization
of the coordinates {u,v} given by L = 0,, and hence are shapewise equivalent to {u,v}. So, for

g € E(2), we have
Loy, = o(TyLT,) ¥y

= (T,L (Tgflxyk)

= CTg(Z'k)Tgf1 \I/k

= Cik\I/k.
And, of course, the coordinates given by cLY are a combination of a reparametrization of {u,v} and
an affine similitude, and hence are shapewise equivalent to {u,v}. So, as stated above, if K € £(2),
K is said to lie on the same orbit as L € £(2) if K = cLY for some ¢ € R — {0} and some g € F(2),
for the coordinates that K gives are shapewise equivalent to those that L gives.

We therefore want to find all equivalence classes of coordinate systems that we can obtain by

requiring at least one separated solution to be an eigenfunction of L for some L € £(2). Define
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g1, 92, and g3 so that T,, = exp(aP,) and T,, = exp(bP,), and Ty, = exp(§M ), where we will define
a,b,0 below. It is proven in [Hausner and Schwartz 1968, p. 66] that el Le K = ¢AK[ where

AdK(L) = [K, L]. A straightforward computation then leads to

PP =cos0P; +sinfP,, PJ®=—sin0P,+cos0P,, M% =M. (2.16)

Therefore, if a first-order symmetry operator L is of the form ¢ P, + co Py + c3M where c3 # 0,
then we claim that L9192 = c3M if a = 22 and b = —2%. This follows since g1g2 = e®PxtbPy - which
3 c3

we will write as e”’, where P = aP, + bP,; and then we have

L9 = ePLe " = AL = L4 [P L)+ [P [P, L] + [P, [P, [P, L]|] + -
= (since [P,[P,L]] =0) L+ [P,L] = L + [P,c3M] = L + c3a[P,, M] + c3b[P,, M|
= L+c(—Fy) —c(Py)
= (Clpm + CQPy + CgM) — CQPy — 1Py = csM.

. tan~1(L)if c2 £0
If, however, L = c¢1 P, + co P, # 0, then setting 6§ = {cotl(z—zz) otherwise Yields L9 = \/ 3+ AP,

1

L9 — IMp,—OM _ 0AdM [

= (from (2.16)) ci(cos 0P, + sin0P,) + co(—sin P, + cos P,)

= (c1cos0 — cpsinf) Py + (¢ sinf + ca cos 0) P,
= 0P, + \/C% + C%Py.

In the first case, where c3 # 0, L lies on the same orbit as M in the second case, where c3 = 0,
L lies on the same orbit as P,. Thus, rectangular and polar are the two shapewise inequivalent,

orthogonal, strongly separable coordinate systems that first-order symmetry analysis explains.

2.4 Second-Order Symmetry

In our conception, the main goal of this paper is to clarify the terminology in the first two sections
of [Miller 1977], and to provide enough background material and theoretical justification to allow

a reader who is familiar with the typical undergraduate math curriculum to read those sections of
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Miller’s book and hence to understand the group-theoretical explanation for the four coordinate
systems in which the Helmholtz equation is strongly separable. Because of (i) the similarity between
the way one obtains the second-order symmetry operators and the way one obtains the first-order
symmetry operators, and (i¢) the similarity of the orbit-analysis of second-order symmetry operators
to that of first-order symmetry operators, it seems that the above goal has now been accomplished.
In order to accomplish this goal, it has been necessary, in many places, to follow a line of reasoning
similar to Miller’s, with added detail or other clarifications. We stress, however, that the goal
of this paper is not to recapitulate Miller’s work. Thus, although we will present the important
results from the second-order symmetry analysis for the sake of completeness, we refer the reader
to [Miller 1977, pp. 17-22] for all details.

A second-order symmetry operator S for (1.1) is a real-analytic second-order differential operator
A110zq + A1202y + A220yy + A10, + A20, + A (real-analytic means that A;j, A;, A € F) such that
[S, H] = QoH, where @ is a real-analytic first-order differential operator. Let S denote the second-
order symmetry algebra of the Helmholtz operator H. Note that [H,H] = 0 = 0H, so H is a
second-order symmetry operator. One can show that, in fact, the product of any real-analytic
function and H is also a second-order symmetry operator. Thus, Z = {S: S = RH where R € F}
lies in S. Since (¢) Z is infinite dimensional, and (i7) all symmetry operators in Z map solutions of
‘H to 0 and hence are said to be trivial, it is useful to construct the set of non-trivial symmetries
§' = 8/Z. We compute S’ in much the same way as we compute A in the first-order case; and one

can prove that a basis over C for 8’ can be expressed as
{Poo Py M. EP2PPL MR (0 P, 1,7,

where {—, —} denotes the anti-commutator, so that {Q1,Q2} = Q1Q2 + Q2Q1.

As in the first-order case, we restrict our attention to the real Lie algebra, and furthermore, we

consider only purely second-order symmetry operators:
S@ = {P:f,PxPy,Mz,{M, P}, {M, Py}}.

The important result of the second-order orbit analysis is Theorem 2.7 below, which we will

present after defining an orbit of a second-order symmetry operator.
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First, note that the set of affine similitudes on R? forms a group, which we will denote AS(2).

Just as with E(2), we will say that given g € AS(2), T, acts on functions by T, f(x) = f(xg).

Definition 2.1 Let S and S’ be second-order symmetry operators of the Helmholtz equation, and
let g € AS(2). The construction S9 is defined to equal TyST,—1. We say that S lies on the same
orbit as S’ if S = ¢(S")9, for some ¢ € R — {0} and some g € E(2).

Theorem 2.7 Let S, = {M, P,} and Sc = M? + P;. Then,

(1) : To every coordinate system that is shapewise equivalent to parabolic coordinates, there corre-
sponds some second-order symmetry operator Sy € S of which at least one separated solution is
an eigenfunction, where S, lies on the same orbit as S,.

(2) : To every coordinate system that is shapewise equivalent to elliptic coordinates, there corresponds
some second-order symmetry operator Se € 8@ of which at least one separated solution is an

etgenfunction, where Se lies on the same orbit as S..
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