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Speeding to a stop: The finite-time singularity of a spinning disk
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The final stages of a coin spinning on a flat surface have recently been prdptgedvoffatt, Nature
(London 404, 833 (2000] as an example of a finite-time singularity, wherein the precession rate of the
symmetry axis of the coin diverges as it comes to a stop. We report measurements by high-speed video imaging
of the rolling motion of disks and rings on a variety of surfaces. We find that the precessiof) raterges
as a power law in timef)(t)(t—t,) ", wheret, is the instant the motion ceases. The expomewaries
between 2.7 and 3.2 under different experimental conditions. The value a$ well as the systematic
dependence of precession rate on coefficients of friction, establishes that the primary mechanism of energy
dissipation is rolling friction rather than air drag, as previously suggested.
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In a system where the rate of energy dissipation is larg@rimary dissipation mechanism. Moffatt in his response
enough, all motions can cease in a finite time. There ar@oints out that viscosity of air is quite insensitive to the
systems, however, in which a kinematic variable actually infressure and therefore that these observations are inconclu-
creases toward infinity even as the total kinetic energy tendsive. Another recent calculatidi7], incorporates the effects
toward zero. An example of such a finite-time singularity isof the finite width of the viscous boundary layer, and pro-
the bouncing motion of an inelastic ball on a plane. In anduces an exponent of 2/9, rather than the 1/6 of Ref.
idealized case, where the same fraction of kinetic energy iReferencd 7] also points out that the exponent of 2/9 is also
lost on each bounce, the frequency of bounces becomes iihat obtained in the “chirping” of two neutron stars as they
finite as the ball comes to a halt in a finite time. An interest-collapse gravitationally. In this Rapid Communication we
ing many-body version of this singularity is the so-called present measurements of the spinning motion of heavy steel
inelastic collaps§1] seen in simulations of gases of inelastic disks and rings on a variety of surfaces and find that the
particles. As particles lose energy by collisions they organizgrecession rate of all these objects increase with a power law
into linear chains, and the interparticle collision rates withinas suggested by Moffaf8]: Q(t)x(t—t,) . However,n
these chains diverge in a finite time. A less-known examplevaries between 2.7 and 3.2 under different experimental con-
of a finite-time singularity is the Painléymradox 2] which  ditions rather than being equal to 6. The exponent of the
describes the motion of a rod sliding in a ring with Coulomb power law, as well as the systematic dependence of the pre-
friction, which comes to rest with a divergent acceleration. cession rate on coefficients of friction, establishes that the

In a recent papefi3] entitled “Euler’s disk and its finite- primary mechanism of energy dissipation is rolling friction,
time singularity”[4], Moffatt proposes that another example rather than the viscous drag of the air.
of a finite-time singularity might be found in the familiar ~ The dynamical problem is shown in Fig. 1. In the situa-
phenomenon of a coin spinning on a plane. A coin spun onion sketched therein, the symmetry axi') of a disk of
its edge begins to tifb] as it loses kinetic energy. In the late massM and radiusa is tipped at an angle: to the direction
stages of motion, the rotation axis of the coin precesses, with
the point of contact paradoxically rolling ever-faster as the
coin loses energy. This speeding up is evident as the sound
produced by the rolling motion becomes a whirring or chat-
tering sound just before the coin comes to a stop. In a cal-
culation that assumes that the dominant source of energy loss
is the viscous drag in the sheared layer of air between coin
and table, Moffat{3] predicts that the precession rate of the
coin’s symmetry axis is a power lawf)(t)o(t—t,)~ 5,
wheret,, is the instant at which the coin comes to rest. To our
knowledge, this power-law scaling has not been experimen- -
tally tested. Moreover, the proposed mechanism of dissipa-
tion has been a matter of controversy. A recent comr@nt \‘
on Ref.[3] reports experiments in which the time for a disk
to settle was unchanged when the disk was spun in an evacu- i 1. Geometry of spinning disk’,Y’, andZ’ are body-
ated chamber, leading them to claim that air drag was not thgyed axes, and is the angle between the norma’{ to the plane

of the disk and the vertical directich The instantaneous motion of

the disk is rotation about the diametéf that contains the point of
*Electronic address: rouyer@univ-mlv.fr contact. As the disk rolls to a stop, goes to zero, and the preces-
TElectronic address: menon@physics.umass.edu sion rate() of Z' aboutZ goes to infinity.
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Z normal to the horizontal plane. The angular velocity of '*®F

precession of the symmetry axis, denoted’bypoints along
the Z axis. If the disk rolls without slipping, there is no
angular momentum component about the symmetry axis. The
instantaneous state of motion, therefore, is rotation about the
diameter (7’) that contains the point of contact of the disk
with the plane. The angular momentum is

Q (radians/sec)

C=1(Q-Y)Y=1QYVsine,

iy

<

o
T

wherel = Ma? is the moment of inertia of the disk about its
diameter. The precession of the angular momentum is due t
the gravitational torque,

1
[T=(aY')X(MgZ)=—MgacosaX]. (1) 0.1 [t4,] (se0) 1 10

FIG. 2. Angular velocity) (in rad/seg¢ against —t, (in seg for
a steel disk(radius,R=3.7 cm; massM =440 g m) spinning on
. d R glass (+), steel (A\), and slate ¥) surfaces, and for a steel ring
T=—=0OXL=102cosa sinaX|. (2) (O) of comparable mass and radi@isner radius, 3.75 cm; outer
dt radius, 4.5 cm; and maskl =390 g m) on a steel surface. We find

) . . the instant at which the coin finally comes to rest by finding the
From Egs.(1) and(2) we find that the precession rafk is video frame at which the image remains unchanged in all pixels.

completely determined by the angle of inclinatiarthrough  11s aliows us determing, to a precision of about ten video frames
the equation (=*1.6 msec). Variations df, within these error bars do not no-
. ticeably change the data shown above.
[Q2=Mga/(l sina)]. 3) y chang

Using the Euler equatiof8] for the disk, the torque

13

rate ) (t) versus {—t,). The triangles represent data from
five different measurements of a steel disk spun on a flat
steel surface. As shown in the figure, the data are quite re-
roducible and in this regime of time do not reflect irrepro-
ucibilities in the initial motions discussed above. In the fig-
ure we also show data for the same steel disk spinning on a
pared to the precessional motion glass surfaceép_lus sign$ and a flat slate laboratory counter-
) top (inverted triangles We also show data for a steel ring of

The energy loss mechanism assumed in R&f.is the ; o
shearing of the layer of air trapped between the disk and thgomparable mass and height spinning on a steel surface. In

surface. As the tio anale gets smaller. the viscous dissina- all cases, the data fall on straight lines on the log-log plot of
' ) Up angie g ’ >SIP Fig. 2, indicating that the data are consistent with a power-
tion rate ® ;5. increases, both because the precession ra

goes up and because the layer is thinner and has to suppor 8w description{(t)(t—t,) ™. For the best case of a
. ) . 0 SUPPOTL@. 0| isk on a steel surface, the power law spans a little over

Iarge_r gra(_j|ent in velocity. For szmall angles the dISSIpat'ontwo decades in timéeven with a video frame rate of 3000
ra'ge IS est_|mate63_] as<blviscz~_rz:z2 _.;I' he to_tal energy Of. the frames/sec, we are unable to approach more closely the in-
g?:_'/nd |S_E?1)Mgas_|nlz+glr? Sl _a—_zl\/:gasmla. '][“?r?“”g stant of the singularity However, the exponent of the power
Q(t)otht:t ;Lsg,ﬁy'e s the principal result of Ref[3]: law is not given byn=6 as in the prediction of Ref3], but

We haveo made measurements of the motions of a disk. L21es betweem=2.7 and 3.2 for the cases we have tried.
. . . . ) : . * &imilar exponents resulted when coins were used in the ex-
ring, and coins by high-speed video imaging. The disks ar

spun on a variety of surfaces, by hand. In the early stages eriment.
pun ) ety » Y : y stag Three items of experimental evidence lead us to believe
the disk’'s motion there are degrees of freedom other thaﬂ1

. L . . at the major source of dissipation in the slowing down of
those described in Fig. 1 and the associated calculation. Ini \" 41 is not air-drag, but friction at the point of contact
tially, the point of contact of the disk can roll in a larger .

. . L between the disk and the surface. First, the prefactor to the
circle thaq the one of radngzcosLu. ThJS IS apParent from a power-law decreases systematically when the disk is rolled
slow rotation of the body-fixed axes(( andY") over one  on surfaces where the rolling friction is greater the data
rotation of theZ’ axis about theZ axis. Depending on the discussed above, the glass, steel and slate surfaces are in
way in which the disk was set into motion, the center of massncreasing order of friction coefficientSince the geometry
may also have some linear momentum. However, the diskf disk and plane do not change as the material of the surface
rapidly settles into the motion described by Fig. 1, and allis varied, the prefactor would have remained the same if air
other motions appear to be damped out. In this regime werag were the dominant source of dissipation. Second, the
have not observed any significant deviations from @g.In power-law exponent for a disk rolling on a surface is ap-
Fig. 2 we present measurements of the angular precessigmnoximately the same as for a ring rolling on the same sur-

As pointed out in Ref[5], Eq.(3) clearly suggests that the
precession rate diverges asgoes to zero, i.e., as the coin
settles on the surface. Referefi@¢goes further in assuming
a mechanism for the energy loss and determining the tim
dependence of the precession r&ét) under an adiabatic
assumption that the tip angte varies slowly in time com-
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face (h~2.8), even though the layer of sheared air is limitedThis yields Q.o+~ 1000 rad/sec for our experimental pa-
to a small region along the perimeter of the ring. Finally, therameters. SinCE ¢y r.o11<Qcrossaer it Would not be possible
measured power law exponent is consistent with the prediao observe the viscous regime by being able to take measure-
tion of n=23 that would result from a simple model of rolling ments closer ta, . In order to observe the /¢ scaling over
friction where the energy dissipated is proportional to patha reasonable range one needs to reverse the inequality of the
length traveled by the point of rolling contact. If the coeffi- previous sentence and arrange parameters suclfihat ¢
cient of static friction isw, then the dissipation rate is given >Qcossaer- This is quite difficult to realize experimentally
by ®¢/iction= M g(a cosa)f). For small angles, integrating by varyinga or the density of the disk because of the weak
dE/dt=— D gicrion Yields Q(t)oc(t—ty) 3, dependence on these parameterfcyiorr/Qerossaer

We also tried to eliminate air drag as a possible source of- (7%/ap?t?)**® (assumingM ~a’tp, wheret is the thick-
dissipation by containing the spinning disk in an evacuatediess of the disk, and its density. It therefore appears that
chamber, just as in Ref6]. However, to significantly alter the frictional regime, rather than the viscous regime, will be
the viscous effects of the air, the chamber has to be evacumore commonly observed for disks spinning in @iith the
ated to the Knudsen regime, where the mean free path gfossible exception of very thin disks, where it will be a chal-
molecules is comparable to the dimensions of the disk. ~ lenging task to ensure rigidity and circularity of the disk, as

We now address the question of whether the observewell as flatness of the surface
power-law exponent is expected to hold asymptotically close Thus, in conclusion, we have shown experimentally that
to the singularity. We first note that we approach quite closghe spinning motion of a disk in its late stages does show a
to the point of singularity in the experiment: if the power-law finite-time singularity as suggested in RES]. However, the
behavior of ) (t)=(t—t,)~*"® were to persist, then we are dissipation mechanism that leads to the singular behavior is
less than three rotations from the singularity, so that anyust rolling friction, rather than air drag, when objects like
other regime of behavior would be very short lijedcross- ~ coins or the Euler disk toj4] are used. The pleasing feature
over to t—t,) 6 scaling would only hasten the ehdn of this new example of a finite-time singularity identified in
principle, it is to be expected that close to the singularityRef. [3] is that the measured power-law dependence of this
viscous drag will become the dominant dissipation mechafamiliar phenomenon is relatively robust. This is in spite of
nism since the dissipation rate from the air drdg,,. the many potential complications in the mechanics of the
«*, while that from frictional dragb ,iciion* (2. However, —contact between rolling object and coin, such as bouncing
the angular frequency at which this crossover occurs is givefontact, slippage, and acoustic radiation. Thus the measure-
by Q¢rossoer=(16Mg2u/mn)Y3(1/a), where is the vis- men_ts we present her.e of a spinn.ing _coin perhaps rgpresgnt a
cosity of the air. We calculate thatQg ossoer relatlyely clean experimental .reahzatlon of a finite-time sin-
~3000 rad/sec in our experiment, well beyond the rangdularity in a discrete mechanical system.
over which we are able to take data. Furthermore, as noted in

lsgf' [Sg{cthe V|scoushg;agureegérrrtl_e(z: {: ggée(?gri'gnhé?‘r:haengg:ﬁrl(' Moffatt, and especially A.L. Ruina for useful exchanges.
quencylleyi.ofr W vert : L.M. brought Ref.[3] to our attention, and we heard of the

ter of mass exceeds gravitgw=g. Using Eqs.(4) and(5)  painleve paradox from A.L.R. We acknowledge financial
of Ref. [3] it can be deduced that this condition implies agypport from NSF DMR CAREER 9874833 and the PRF
cutoff angular frequency of)..o1=2[ 2Mg®/2rna*]*®.  through ACS G33730.
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